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In the préparation of this édition numerous changes hâve 
been made and a large amount of material has been added. 
Results of récent important experiments hâve been included 
and the analytical treatment has been considerably extended 
in certain directions. New expérimental data are noted in 
nearly every division o" the subject, but of especial import- 
ance are the results on bond strength, the strength of beams 
in shear, and the strength of columns. The gênerai subject 
of the deflection of beams has been treated at considérable 
length, both theoretically and experimentally. The treat- 
ment of T-beams has been extended and several diagrams 
hâve been added in Chapter V for use in designing this form 
of beam. The chapter pertaining to working stresses and 
gênerai constructive détails has been largcly rewritten, especial 
attention being given to the subject of shear reinforcement. 
In Chapter VII the treatment of continuons beams has been 
considerably amplifiée!. In the chapter on arches the mcthods 
of calculation bave lx»en more fully explained by means of 
an additional example, fully worked out, in which use is made 
of influence linos for fiber stress. A chapter has been added 
on chimneys, which includes a fairly complète analytical treat- 
ment of this subject. It is believed that the changes and 
additions which havc lx»en made will measurably enhance the 
usefulness of the work. 

F. E. T. 
E. R. M. 

^ Madison, Wis., 

(Jl April, 1909. 
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PREFACE TO THE FIRST EDITION. 



In the présent volume the authors hâve endeavored to 
cover, in a systematic manner, those principles of mechanics 
underlying the design of reinforced concrète, to présent the 
results of ail available teste that may aid in establishing coeflS- 
ciente and working stresses, and to give such illustrative 
material from actual designs as may be needed to make clear 
the principles involved. 

The work is essentially divided into two parte: Chapters 

I to VI treat of the theory of the subject and the resuite of 
expérimente, while the remaining chapters treat of the use of 
reinforced concrète, in varions forms of structures. In Chapter 

II the properties of plain concrète and of steel are considered 
to a sufficient extent to give accurate notions of their relation 
to the gênerai subject in hand. The subjecte of adhésion and 
of relative contraction and expansion are also discussed in this 
chapter. In Chapter III is given a fuU theoretical treatment 
of reinforced concrète, avoiding so far as possible empirical 
rules and methods; and in Chapter IV are presented the most 
important available teste on beams and columns, analyzed and 
correlated, so far as may be, with référence to theoretical 
principles. The subjects of working stresses and cconomical 
proportions are considered in Chapter V. In Chapter VI are 
brought together in convenient form ail the formulas and 
diagrams needed for practical use. Thcre are also included 
tables relating to reinforcing bars and a comprehensive table 
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of thc strcngth of fioor slabs. This chapter is, for most pur- 
poses, complète in itsclf , so that the reader need net refer to 
aiiy othcr portion of the work in order to use it in designing. 

Following the theorctical portions are chapters on the 
application of rcinforccd concrète to building construction, 
arches, retaining walls, dams, and misccllaneous structures. 
In thoao chapters the analysis of varions features is given, 
wh(T(» the use of rcinforccd concrète învolves problems new 
aud unfamiliar. A complète gênerai analysis of thc solid arch 
rib is also given, which, the authors bclieve, offers advantages 
over thc usual graphical method. It is primarily an analytical 
mcthodi but may be shortened by obvions simple, graphical 
aids. Stresses in the concrète and steel are readily calculated 
by the use of diagrams in Chapter VI. In the chapters on the 
application of roinforced concrète it has not been the aîm to 
ctn-er practioal constnictîon in ail its phases; for this the 
rendor is rt^forrcii to the more volummous works on the subject. 
It is ho|HHl, howcver, that as a treatment of the principles of 
design tiie \s-ork may prove of service to the student and the 
«Dgincor. 

F. E. TlTRXEAURE. 

E. R. Maurer. 
Maduon, Wu»., À^(>t., ïWi. 
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REINFORCED-CONCRETE CONSTRUCTION. 



CHAPTER I. 

TNTRODUCTORY. 

I. Historical Sketch. — The invention of reinforced con- 
crète is usually créditée! to Joseph Monîer, but his first con- 
structions are antedated by those of Lanibot, who in 1850 
constructed a small boat of reinforced concrète and in 1855 
exhibited the same at the Paris Exposition. In this latter year 
Lambot took out patents on this form of construction; it was 
regarded by hini as espccially well adapted to shipbuilding, 
réservoir work, etc. 

In 1861, Monier, who was a Parisian gardener, constructed 
tubs and tanks of concrète surrounding a framework or skeloton 
of wire. In the same year Coignet announced his principles 
for reinforcing concrète, and proposed construction of beanis, 
arches; pipes, etc. Both he and Monier executed some work in 
the new material at the Paris Exposition of 1867. In this year 
Monier took out patents on his reinforcement. It consists of 
two sets of parallel bars, one set at right angles to and lying 
upon the other, thus fomiing a mesh of bars. This System, and 
slight modifications of it, are extensively used at the présent 
time, particularly for slab reinforcement. Though even the 
early Monier patents covered principles of wide application, 
still the early work in reinforced concrète was confined to a 
oomparatively narrow field. 
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In 1884-5 the German and American rights of the Monier 
patents fell into the hands of Gemian engineers. One of thèse, 
G. A. Wayss, and J. Bauschinger at once began an expérimental 
investigation of the Monier System, and in 1887 they published 
their findings. The investigation proved reinforced concrète a 
valuable means of construction, and fumished some fonnulas 
and methods for design. From this time on, the use of re- 
inforced concrète in Austria spread rapidly, and a few years 
ago the engineers of that country were créditée! with having 
done more to develop the new construction than those of any 
other countr}'. Among thèse engineers should be mentioned 
Melan, who in the early 90's originated a System in which I or 
T beams are the principal élément of strength, providing com- 
pressive as well as tensile strength. In Germany govemment 
régulations hindered the application of reinforced concrète for a 
time, but now it is widely used in that country. Over two 
hundred Systems of reinforcement, it has been stated, hâve 
been developed in Germany alone. 

In France the Monier System was never developed as in 
countries already mentioned. Hère, as elsewhere, many other 
Systems of reinforcement were invented from time to time, 
among which should be mentioned that of Hennebique, who 
was probably the first to use stirnips and "bent-up'' bars. 
This System is in gênerai use, and the éléments of Hennebique^s 
System are probably more widely used than those of any 
other. 

In England and America the first use of iron or steel with 
concrète arose in the effort to fireproof the former by means of 
the latter. Attempting to utilizc also the strength of concrète, 
Hyatt built beams of concrète reinforced with métal in varions 
ways, and with Kirkaldy of London performed tests on such 
beams and published the results of the investigation in 1877. 
The first reinforced-concrete work in the United States was done 
in 1875 by W. E. Ward, who constructed a building in New York 
state in which walls, floor-beams, and roof were made of con- 
crète reinforced with métal to pmvide teasile strength. But 
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the Pacific Coast saw the actual early development of thîs form 
of construction. H. P. Jackson, G. W. Percy, and E. L. Ran- 
some were the pîoneer workers. Jackson has been credited with 
reinforced constructions dating as far back as 1877, but Ransome 
executed the most notable early examples. Among thèse arc a 
warehousc (1884 or '85), a factory building a few years later, the 
building of the Califomia Academy of Science (1888 or '89), 
and the muséum building of Leiand Stanford Junior University 
(1892). Percy was the architect of the last two. The muséum 
building contains spans of 45 feet and is reinforced through- 
out. This and the Academy building withstood the récent 
earthquake remarkably well — the muséum better than its two 
brick annexes. 

Other pioneer constructors m remforced concrète in this 
country were F. von Emperger and Edwin Thacher. The 
former introduced the Melan System (1894) and built the first 
reinforced arch bridges of considérable span. Thacher also 
was — and still is — a bridge-builder. His first large reinforced- 
concretc bridge was built in 1896 and was without précèdent 
hcrc or in Europe. 

America is the home of the "patent bar''. Both Ransome 
and Thacher invcnted bars known by their respective names, 
the patonted feature of which is to fumish a "grip" between 
bar and concrète; bcsides thèse two thcre are several others on 
the mark(»t dc^igned to give additional grip or bond. There are 
also patcnted bars for supplying ''shcar reinforcement". Some 
of thèse fomis hâve been introduced into Europe. 

Reinforced-concrete construction has had a remarkable 
development, particularly in the last décade, and is now re- 
gaRled by engineers and architects generally as a safe fonn of 
construction with a wido fiold of ecqnomical application. Com- 
mon practice has already established itself in some directioas^ 
and rational principlos are available for much design work. 
Outstanding uncertainties are under investigation in many 
quarters, and the time is not far distant when "good practice" 
in reinforced concrète will hâve been established. 
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2. Use and Advantages of Reinforced Concrète. — A com- 
bînatîon of steel and concrète constitutes a form of construc- 
tion possessing to a large degree the advantages of both mate- 
rials without their disadvantages. It will be désirable at the 
outsct to consider briefly thèse advantages in order better to 
appreciate the field in which this type of construction is likely 
to be niost successful. 

Steel is a material especially well suited to resist tensile 
stresses, and for such purposes the most economical fomi — 
the solid compact bar — is well adaptée! . To resist compressive 
stresses steel must be made into more expensive forms, con- 
sisting of relatively thin parts widely spread, in order to provide 
the necessary latéral rigidity. A serions disadvantage in the 
use of steel in many locations is its lack of durability; and, 
again, a comparatively low degree of beat destroys its strength, 
thus rendering it necessary to add a protective covering where 
a fire-proof structure is demanded. Steel is a relatively expen- 
sive building material, and its cost tends to increase. 

Concrète is characterized by low tensile strength, relatively 
high compressive strength, and great durability. It is a good 
fire-proof material, and therefore serves as a good fire-proof 
covering for steel. It is also found that steel well covercd by 
concrète is thoroughly protected from corrosion. Concrète is 
also a comparatively cheap material and is readily available 
in almost any location. 

In the design of structural members thèse qualities of steel 
and concrète will lead to the use of the two materials about 
as follows: For those structural mombcTs carryiiig purcly ten- 
sile stresses steel nmst be employed, but it may be surrounded 
by concrète as a protection against corrosion and fire, or moroly 
for the sake of appearance. For those members sustainhig 
purely compressive stresses concrète is fundamentally the 
better and cheaper material. With concrète costing 30 cents 
per cubic foot, for example, and steel 4 cents per pound, or 
about $20.00 per cubic foot, and with working stresses of 
400 and 15,000 Ibs/in^, respectively, the relative cost of the 
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two matenals for carrying a given loacl is as -^r^ is to ttTw)» 

or as 45 îs to 80. For large and compact compressîve members 
plain concrète will therefore naturally be used, especially where 
durability is a factor. For more slender members, however, 
such as long columns, plain concrète is too brittle a material, 
and therefore too much affected by secondary and unknown 
stresses to be satisfactory; and for such members steel alone, 
or the two materials in combination, will preferably be used. 
Steel may be used with concrète in the form of small rods 
to reinforce the concrète; or it may be used in larger sec- 
tions and simply surrounded and held rigidly in place by 
the concrète, most of the load being carried by the steel; or, 
finally, a steel column may be used and merely fireproofcd 
by the concrète. As the cost of steel in the form of rods is 
much less than in the form of built members, and as com- 
pressîve stresses can, in gênerai, be carried more cheaply by 
concrète than by steel, economical construction will lead to 
the use of the maximum amount of concrète and the minimum 
amount of steel consistent with safoty, although this })rin- 
ciple will be modified by various practical considérations. 

For thosc structural forms in which both tension and com- 
pression exist, that is to say, in ail forms of beams, the com- 
bination of the two materials is particularly advantageous. 
Hère the tensik* stresses are carried by steel rods embeddcnl 
in the concrète near the tension side of the beam. The st(»el 
is thus used in its ch(*apest form, it is thoroughly protected 
by the concrète, and the compressive stresses are carried by 
the concn^te. Concrète alone cannot be used to any appré- 
ciable extent to carry bending stresses on account of its low 
and uncertain tenacity, but a concrète beam with steel rods 
emlxMlded in it to carry the tensile stresses is a strong, economical, 
and very durable form of structure. 

From thèse considérations it foUows that reînforced-con- 
crete construction is advantageous to var\'ing degrees in dif- 
férent types of structures. Some of the most important of 
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thèse types wîll hère be noted, together with the advan- 
tages accompanying the use of reinforeed concrète in theîr 
design. 

3. Buildings, — This type of construction is especially usefui 
for floor-slabs and to a somewhat less degree for beams, gîrders, 
and columns. It îs also well adapted for footings in founda- 
tions, being more economical than I-beam footings embedded 
in concrète. 

4. Cidverts and small Girder Bridges. — Very satisfactory on 
account of its simplicity and economy as compared to masonry 
arches, and because of its durability as compared to steel 
bridges. 

5. Retaining-waUsy Dams, and Abutments, — Often economical 
for such structures as compared to ordinary masonry. Plain 
masonry structures of this kind are designed to resist latéral 
forces by their weight alone, the resulting compressive stresses, 
except in extremely large structures, being very small and 
much below safe values. By the use of reinforeed concrète 
thèse -structures can be designed of a more economical type 
and so arranged as to utilize the concrète in the form of beams, 
thus developing more nearly the full compressive strcngth of 
the material. The steel reinforcement îs fuUy protccted from 
corrosion, a factor which prevents the use of all-steel frames 
for structures of this class. 

6. Arch Bridges. — In this form of structure reinforeed con- 
crète possesses less advantage over ordinary masonry than in 
those forms where the compressive stresses are less important. 
In an arch the stresses are principally compressive, and thèse 
do not require steel reinforcement; it is only to provîde for 
the relatively small bending stresses due to moving loads, or 
as a précaution against undesirable cracks, that steel is ser- 
viceable. No large economy can be obtained through its use. 
By reason of greater simplicity and the less expensive abutments 
required, a flat-top culvert or beam bridge, with abutments 
of reinforeed concrète, îs more advantageous for short spans 
than the arch. 
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CHAPTER II. 

PROPERTIES OF THE MATERIALS. 

12. In a design wherc two or more materials are combîned 
în the same member the stresses in the différent materials 
dépend upon the elastic properties as well as upon the supcT- 
împosed loads. Therefore in making such designs a knowl- 
edge of thèse elastic properties is (juite as necessary as a knowl- 
edge of the strength of the materials. 

CONCRETE. 

13. General Requirements.— The conditions to be met in 
r(»inforced-concrete construction requîre the use, generally, 
of a concrète of relatively high grade. In this type of con- 
struction the strength of the material is of nuich greater im- 
portance than it is in many forms of plain concrète design, 
as the dimensions of the structures are more directly dépendent 
upon strength and less upon weight. A comparatively strong 
concrète is therefore found to be economical. 

It is especially important, also, that the concrète be of 
uniform quality and free from voids, as the sections are com- 
parativ(»ly small and the stabilîty of the structure, to a much 
greater extent than is the case with massive concrète, is dé- 
pendent upon th(» int(»grity of every part. Thoroughly sound 
concrète is also rociuired in order to insure good adhésion to 
the Steel reinforcement and ad(»quate protection of the steel 
from corrosion and from fire. Thèse requirements call for 
great care in the préparation and placing of the material. 

8 
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Concrète îs subject to great variations în îts propertîes, 
owing to the great variations in the character and proportions 
of its ingrédients and in its préparation. It is therefore diffi- 
eult to judge from results of tests made under certain con- 
ditions as to what niay fairly be cxpected of a concrète pre- 
pared under other conditions; so that it is very important 
that regular and systematic tests of the material as actually 
used be made during the progress of the work. 

14. Cernent. — Portland cernent only should be used; it 
should meet such standard spécifications as those of the Ameri- 
can Society of Civil Engineers. The rapidity of hardening of 
différent céments varies considerably and may be an élément 
requiring spécial attention where the structure is to receive 
its load very early or where such load is to be long deferred. 

15. Sand. — The sand should be free from clay and pref- 
erably of coarse grain. A fine sand requires more cément 
than a coarse sand for equal strength, and more water for a 
like consistency. In the case of a very fine sand the différ- 
ence may be very marked, so that unless care is taken and 
spécial tests made, the resulting concrète is likely to be porous 
and déficient in strength and adhesive power. Where the use 
of fine sand is contemplated, tests of strength may show that 
a considérable extra cost may be justifiée! in securing a coai*ser 
material. The c;ffect of size of sand is shown in Art. 19. 

16. Broken Stone and Gravai. — Both materials are satis- 
factory, but thcy should be screened to remove the dust or 
sand and to remove particles larger than the maxinmm size 
desired. Beyond this, the screening of stone to size is mide- 
sirable unless an artificial mixture is to be made, as it tends to 
increase the proportion of voids. Gravel may be sufficiently 
uniform in quality so that the sand need not be removed, but 
it will usually require screening in order to insure a concrète 
of definite proportions. 

The maximum désirable size of stone or gravel dépends upon 
the size of the structural forms and the size and spacing of the 
reinforcement, it being désirable to use as large a size of aggre- 
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gâte as wîU admit of convenicnt working. Maximum sizes of 
stone of l inch to 1} inches are eommon, but on heavy work, 
with rods widely spaced, there is no objection to still larger 
sizes. 

The crushing strength of a gravel concrète is usually a 
little Icss than one of broken stone of the same proportion of 
voids, but the différence is unimportant. The différence in 
tensile strength is not well determined, but the few tests avail- 
able indicate about the same relative différence as in com- 
pressive strength. 

17. Proportions of Ingrédients. — The proportions commonly 
used vary from about 1:1J:3 to 1:3:6 of cément, sand, and 
broken stone respectively; or the équivalent proportions if 
gravel be used. Ri cher mixtures than 1:2:4 are not eommon, 
nor poorer mixtures than 1:2J:5, although with well-graded 
material a very satisfactory concrète can be made of 1:3:6 pro- 
portions. Occasionally where the design is determined by 
other considérations than strength and cost, a very rich mix- 
ture or a poor one may be désirable, but where thèse éléments 
détermine the design, the most economical concrète will be 
a rich concrète of about the proportions above indicated. 
Customary proportions, such as 1:2:4, should not be blindly 
adoptée! . In any important w^ork a careful study of the matc^ 
riais and of the best proportions to use for economy and strength 
will be well repaie! . To secure sound and reliable work, with 
good adhésion and tensile strength, there must be no unfilled 
voids in the stone and little or none in the sand. The former 
is of more importance than the lattcT, and if cost and strength 
are to be reduced it should be done by using a poorer mortar 
to fil! the voids in the stone. For equal amounts of cément, 
the denser the mixture (or the smaller the percentage of voids) 
the stronger the concret(\* 

18. Consistency. — The tendency in al! kinds of concrète 
construction is to use a wetter mixture than formerly. Rela- 
tively dry concrète thoroughly tamped will give slightly greater 

♦ See valuable paper by FuUer and Thompson on " Proportioning of 
Concrète," Trans. Am. Soc. C. E., 1907, LIX, p. 67. 
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strcngth than a wet mixture; howcver, if not too wet the 
différence is not great, and considering the difficulty and ex- 
pense of securing the necessary aniount of taniping of the 
dr\' mixture, better results can usually be secured by usirg a 
plastic mixture. This is especially true with référence to 
obtaining a d(»nse, homogeneous concrète. The usual prac- 
tice now is to make the consistency such that the concrète will 
rec^uire only moderate tamping or puddling to bring the mass 
to a homogeneous condition. Such concrète, while somewhat 
weaker than the idéal compacted concrète, will, under actual 
conditions, be much more reliable and will be free from voids. 
In the case of reinforced-concrete work reliability is more 
important than maximum strength, and is promoted by using 
concrète of such consi^ency that it can readily be worked 
into place in the forms and around the reinforcing steel. In 
practice the consistency varies. Some use a concrète which 
requires considérable tamping and working, while others use 
a concrète which will practically flow into place. The dryer 
the concrète the doser the inspection re(iuired when the mate- 
rial is placed; on the other hand very wet concrète is not as 
strong and needs to be promptly poured to prevent sc^gn^ga- 
tion of the materials. 

19. Compressive Strength. — The compressive strength of 
concrète is dépendent upon many factors so that it is difïi- 
cult and at th(^ same time somewhat misk^ading to présent 
"average valu(*s^\ Obviously, in any important work, the 
strength should be determined under the actual conditions 
under which the concrète is used. Uniformity is qui te as 
important as averagc» strength. 

One of the best seri(»s of tests is that made at the Water- 
town Arsenal for Mr. George A. Kimball, Chief Engineer of 
the Boston Elc^vated Railway Company.* The concrète was 
ma le of five brands of Portland cément, coars(\ sharp sand, 
and broken stone up to 2.J-inch size. The concrète was well 
rammed into the molds, water barely flushing to the surface. 

♦ Tests of Metals, 18€9, p. 717. 
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The spécimens were buriecl in wet ground after being taken 
from the molds. The average results wêre as foUows: 

Tablk x\o. 1. 
compressive strength of concrete. 

Wa.tkrtown Arsenal, 1889. 



Mixture. 



Rrand of Cernent. 



Streni^h. Pounds per Square Inch. 



7 Days. 1 Month. 3 Months. 6 Montha. 



1:2:4 



1:3:6 



Saylor. . . . 

Atlas 

Alpha.... 
Germania. 
Alsen. . . . 

Average 

Saylor. . . , 

Atlas 

Alpha. . .. 
Gemiania. 
Alsen. . . . 

Average 



1724 
1387 
904 
2219 
1592 



2238 
2428 
2420 
2642 
2269 



2702 
2966 
31*23 
3082 
2608 



3510 
3953 
4411 
3643 
3612 



1565 

1625 
1050 
892 
1550 
1438 



2399 

2568 
1816 
2150 
2174 
2114 



1311 



2164 



2896 

2882 
2538 
2355 
2486 
2349 



3826 

3567 
3170 
2750 
2930 
3026 



2522 



3088 



The mixture was of 



In a séries of tests niade at the Watertown Arsenal for 
Mr. George W. Rafter, the followhig average values were 
obtained on concrète about 20 months old.* The voids in 
the broken stone were practically filled. 
damp-t*arth consistency : 

Cernent. Sand. 

1 1 

1 2 



Strength. 
4467 lbs/in2 
3731 " 
2553 " 



Results as high as indicated by the precaling values can- 
not be safely counted upon ui praotic(\ Wet concrète will show 
a lower strength than concrète as dry as that in the above 
tests, especially for the earlier periods, but the différence^ 
becomes less with lapse of time, and a fairly soft plastic con- 



* Tests of Metals. 1898. 
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crête wîll acquire about the same strength as dry concrète 
within three or four months. A very wet concrète will, how- 
ever, continue to be somewhat weaker than one containing 
less water, and while such a concrète may, on the whole, be 
désirable, its deficiency in strength as compared to maximum 
values should not be overlooked. Other variations in condi- 
tions, such as rapid drying out, or the use of very fine sand, 
for exaniple, may give results materially below those hère 
quoted. 

The following average results of a large number of tests 
in the séries made for Mr. Rafter, already rcferred to, show 
the relative strengths of dry, plastic, and wet concrète at the 
âge of about twenty months. The dry mixtures were only a 
little more moist than damp earth and required much ramming; 
the plastic mixtures required a moderate amount of ramming 
to bring water to the surface; the wet mixtures quaked like 
liver under moderate ramming. Five brands of cément were 
used: 

Consistency. Mean Compressive Strength. 

Dr>^ 2MH Ibs/in^ 

Plastic 2203 " 

Wet 2129 " 

In actual practicc results are very likely to be less favorable 
to dr}' mixtures on account of the great difficulty of securing 
adéquate tamping. 

The effoct of size of sand has beon thoroughly investigated 
by Feret. Fig. 1, from Johnson's '^Materials of Construction'', 
shows results obtained by Feret on 1:3 mortar after hardening 
one year hi f resh water. The sand used consisted of mixtures of 
varions proportions of fine (.0 to .5 mm.), médium (.5 to 2 mm.), 
and coarse (2 to 5 nmi.) sand, and in the figure the resuit from 
any particular mortar is recorded in the triangle at such dis- 
tances from the three base-lines as will represent the propor- 
tions of each size sand used. Lines of equal strength were 
then drawn in the diagram. Thus the strength of the mortar 
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în which only fine sand was used was only 1400 Ibs/in^. The 
maximum strength of 3500 Ibs/in^ was obtaîned from a mix- 
ture containing about 85% of coarse sand and 15% of fine, 
with a very little sand of médium size. This diagram shows 
in a striking manner the effect of size of sand. 




Fio. 1.— Effect of Size of Sand. 

The tests quotcd in the forcgoing wcre made on spécimens 
of cube form, which has generally becn considered the standard 
form of compression spécimen. More rccently, however, the 
prismatic form, of a height of 2 to 3 diameters, has been com- 
monly used because of its advantages in the measurement of 
distortions and in studying the results of tests on columns. 
In the prismatic form the strength will generally be from 10 
to 30% less than in the cube form, as thcre is greater frcedom 
for shearing action to take place. The results are, liowever, 
likely to be more unifonn as they dépend less upon tho nature 
of the bedding, etc. For comparison with the strength of 
concrète in a beam the cube form is satisfactory. 

The effect of varying conditions on the quality of concrète 
is well shown by results obtained at varions times in the labor- 
atories of the University of Wisconsin.* Tests made in 1906 

* See Bulletins No. 1 and 2, Vol. 4, Engineering Séries. 
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on thirty-sîx cylinders, 6X18 in. in size, of 1:2:4 concrète, 
30 days old, hand-mixed, gave an average strength of 1750 
Ibs/in^, with many results below 1500. Tests in 1907 on 
twenty-five cylinders, 10x24 in. in size, of machine-mixed 
concrète of the same kind, gave an average strength of 1940 
Ibs/in^, individual results varying from 1500 to 2600 Ibs/in^. 
A fairly fine sand was used and the spécimens were cured in 
air. More récent tests indicate that with good materials and 
careful manipulation an average strength of 2200 Ibs/in^ can 
readily be obtained on cylinders for 60-day tests. 

Considering the various results noted it may be concluded 
that under reasonably good conditions as to character of ma- 
terial and workmanship an average strength of about 2000 
lbs/in2 may be expected of a 1:2.4 concrète in 30 to 60 days, 
on cylindrical specimeas, the rate of hardening depending upon 
the consistency and the température, and for a 1.3:6 concrète 
a strength of about 1600 lbs/in2. 

It is important that the strength be determined by actual 
tests of the material proposée! to be used, and if the results are 
too low the ingrédients or proportions should be modified until a 
satisfactory resuit is obtained. Where the usual proportions 
give low results it will generally be advisable to increase the 
richness of the concrète rather than to reduce the working 
stresses. 

20. Tensile Strength. — The tensile strength of concrète is 
quite as important as the compressive strength. In fact the 
most common type of failure of a reinforced concrète beam is 
closely related to the tensile strength of the concrète. The 
tensile strength is generally from one-tenth to one-twelfth of 
the compressive strength, but this ratio varies considerably. 
The character of the material and workmanship has probably 
a greater influence upon the tensile strength than upon the 
compressive. 

Tests by Mr. M. 0. Withey on 1:2:4 concrète, 28 days 
old, gave results averaging 189 Ibs/in^, varying from 142 
to 160 Ibs/in^. The compressive strength was 1940 
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Il»/în*.* Testa by Mr. W. H. Henby t gave results as fol- 
Iowb: 

Mixture. Compreasive 8trength. Tensîle StrengtlL 

1:2:4 :iO(K) Ibs /in2 180 Ibs/in^ 

1:3:6 1800 '' 115 " 

Tests by Professor W. K. Hatt f gave the following results: 

Ki«a of Concrète. ^^^; Compres^ve Jrength, Tensil^Stj.ngth, 

1:2:4 (broken stone) 30 31 1 

1:2:5 '' 90 2413 359 

1:2:5 " 28 2290 237 

1:5 rgravel) 90 2804 290 

1:5 '' 28 2400 253 

Tests by Professer Ira H. Woolsen§ on 1:2:4 mixtures 
5 to 7 wc'cks old gave an average tensile strength of 161 Ibs/in^, 
coriipannl lo 1753 Ibs/in^ compressive strength. 

ProftîHHor Tallx)t obtained values for 1:3:6 concrète from 
50 to H4 (lays old of 178, 160, and 170 Ibs/in^.ll 

2 1 . Tensile Strength as Detennined by Transverse Tests.— 
Tlu» transvcrnc stn^ngtli of j)lain concrète dépends almost 
entirfîly upon its tensile strength, although the niodulus of 
niptiin» is eonsidcTably great(T than the strength in plain ten- 
sion owing to tlie curv^(*d fonn of the stress-strain diagram. 
Fenîtil fdund a v(»ry n(»arly constant ratio of 1.95 of modulus 
of niptnre to tc^nsih» strength. The value of this ratio will 
ordinarily ning(» froni 1.8 to 2. Transversc tests of différent 
concret (\s sliould tlien^fore show about the same relative results 
as teiisih* t(\sts. They are ni fact (juite as significant in this 
connection. 

Sonuî of the best tests on transverse strength are those 
niade by William H. Fuller, and given in fuU in Taylor and 

* HuÏÏHin \<>. 2. Vol. 1, T'niv. of Wis.. 1908. '- 

t Jour. .Vnsii. Knjç. Soc, Sept. 1900. 

t Jour. Wt'st. Soc. EufT., Vol. IX, 1904, p. 234. 

i Kn^. Nows, Vol. LUI, 1905, p. 501. 

Il HuIIetin No. 1, Univ. of 111.. 1904. 

^ Etude Ex|HTi ment aie du Ciment Armé. Paris, 1906. 
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Thompson's work on Concrète.* The following average resultl 
were obtained for 33-35-day tests. 

Mixture by Volume. ^''ofTu^Si'^'^ 

1:2.16:4.08 439 lbs/in2 
1:2.16:5.1 380 '' 

1:3.24:5.1 285 '' 

1:3.24:6.12 226 '' 

1:3.24:7.14 239 '' 

Hère we fincl the strength of the 1:3.24:6.12 mixture only 
about one-half that of the 1:2.16:4.08 mixture, indicating the 
relative weakness in tension of the lean mixture. 

The results herein given, lx)th of tensile and of transverse 
tests, indicate that the quality of the concrète has a greater 
relative effect on the tensile strength than on the compressive 
strength, the strength of a 1:3:6 mixture being not more than 
two-thirds that of a 1:2:4 mixture. Reasonable values for 
ultimate tensile strength would appear to be about as foUows: 

1 :2 :4 mixture 160-200 lbs/in2 

1:3:6 '' 100-125 '' 

22. Shearing Strength. — There is a lack of uniformity among 
writers as to just what is meant by the term '* shearing strength'', 
resulting in a widc variation in the suggested values for working 
stresses. In this work the authors will use the term as it is 
coimnonly thought of among American engincers, to dénote 
the strength of the material against a sliding failure when tested 
as a rivet or boit would be tested for shear; that is, when the 
maximum shearing stresses are confined to a single plane. 

Tests made under the direction of Professor C. M. Spofford 
on cylinders 5 inches in diameter with ends securely clamped 
in cylindrical bearings gave results as follows: 

Shearing Compressive Ratio of 

Mixture. Strength, Strength, Shearing to 

Ibs/in*. Ibs/in*. Comp. Strength. 

1:2:4 1480 2350 .63 

1:3:5 1180 1330 .89 

1:3:6 1150 1110 1.04 



* Concrète, Plain and Reinforced. N. Y., 1906. 



Slixture. 


Shearing 
Strength, 
Ibs/in». 


Compressive 

Strength, 

lbs/in^ 


1:2:4 


1418 


3210 


1:3:6 


1250 


2290 
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Tests madc at the University of Illinois on rectangular spéci- 
mens tested in a similar manner gave the following average 
results: 

Ratio pf 

Shearing to 

Comp. Strength. 

.44 

.57 

Tests made by pimching through plates gave shearing 
strengths varj^ing from 37 to 90 per cent of the compressive, 
the value depending upon the form of test-piece.* 

Tests by M. Feret on mortar prisnis gave results for shear- 
ing strength equal to about one-half the crushing strength. 

The ordinary crushing failure is really a failure by shear- 
ing, and undcr such conditions the crushing stress is, theo- 
retically, twice the shearing stress, the angle of shear being 
45°. Results of tests give a somewhat greater inclination 
than 45°, so that the crushing stress is somewhat greater than 
twice the actual shearing stress. 

We may then conclude, both from theory and from tests, 
that the shearing strength of concrète, in the sensé hère used, 
is nearly one-half the crushing strength. It is in fact so large 
that it will need to be considcred only in exceptional cases. 

Some writers used the term '* shearing stress" to mean 
quite a différent thing from that discussed above, namely, 
the comple:: action which occurs in the web of a beam. In 
this case there exist direct tensile and compressive stresses 
which at the neutral axis are ecjual in intensity to the vertical 
and horizontal shearing stresses. The limit of distortion in 
the concrète will bc roached, and failure will occur, when the 
tensile strength of the material is exceeded. Such a failure 
may perhaps be called a shearing failure, but is more strictly 
a failure in tension in a diagonal din^ction, and is so considered 
in this work. Treated as a shearing faihire the strength should 
be very nearly the same as the tensile strength of the material 
determined in the usual way. In practice the diagonal tensile 

* Bulletin No. 8, Univ. of lU., 1906. 
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stresses în a beam must oftcn be considered, but shéaring 
stresses, as such, will be dangerous only in exceptioiial circum- 
stances, such as exist where a heavy load is applied close to 
a support. 

23. Elastic Properties of Concrète. — Stress-strain Curve 
in Comjyression. — In the design of combination structures, such 
as those of steel and concrète, it is necessary to know the 
relative stresses under like distortions. Thèse will dépend 
upon the moduli of elasticity of the two materials. For purposes 
of safe design we need to know also the elastic-limit strength. 

Fig. 2 represents typical stress-strain curvTS for concrète 
in compression. Cur\^es C, D, E, and F were obtained at the 
University of Wisconsin from tests on cylinders 6 inches in 
diameter by 18 inches high. The concrète was 1 :2:4 limestone 
oncrete 30 days old. The ultimate strengths ranged from 1500 
to 2300 lbs/in2. Curves A and B are typical curves selected 
from the Watertown Arsenal tests already quoted, and repre- 
sent 1:2:4 and 1:3:6 concrète respectively. 

Unlike the elastic line for steel, the line for concrète is 
slightly curved almost from the beginnîng, the cur\^ature grad- 
ually increasing towards the end. There is, however, no point of 
sharp curvature as for ductile materials. A release of load at 
a moderate stress, such as 500 to 600 Ibs/in^, will usually show 
a small set indicating imperfect elasticity. A second applica- 
tion of the load will, however, give a straighter line than the 
first and there will be nmch less permanent set foUowing the 
release of load. After a few répétitions of load there will be 
no further set and the stress-strain line will become a straîght 
line up to the load applied. There is a limit of stress, however, 
beyond which repeated applications of load will continue to 
add to the permanent déformation and the spécimen will 
ultimate ly fail. The gênerai behavior under repeated stress 
is indicated in Fig. 3, from tests on concrète similar to those 
represented in Fig. 2. For a very exhaustive study of this 
subject the reader is referred to the work of Bach.* 

* Zeit. V. dt. Ing., 1895, etc. 
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24. Modulus of Elasiicity in Compression, — The stress- 
strain line being curved alinost f roni the beginning, the proper 
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Fia. 2. — Compressive Stress-strain Diagrams of Concrète. 

method of calculating Ûw modulus of (»lasticity needs to l)c 
considere<l. Fig. 4 is a typioal stress-strain diagram for coin- 
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pression (somewhat simplifiecl), B and C being points where 
the loads hâve been removed and reapplied. For very low 
stresses, up to perhaps 300 to 400 Ibs/in^ (a low working 
stress), the variation of the curve from a straight Une is so small 
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Fio. 3.— Stress-strain Dîagram imder Bepeatod Loads. 

that ît may be considérai as straight, and an average straight line 
may be drawn, as OT, and its slope taken as the modulus of elas- 
ticity. This line may be considered the same as the tangent 
at the origin. For higher stresses, reachîng to a point along 
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by 'h- r'.'r:^L.i:.:r -ij-<i 
or tri»^ lirir -'Ô. :v:.': ::^ 

afte-r thv r:>r f.-u- a:-: Li 
cuny*. OEff", mil *.:.> 
inati'".'!! ft.'r ^-a».-':. l-a. : '.':. 
ari'l ont: ru'.«ro L^arlv ai 



1 x^ oin: fi. ît is? oâu^ to ckduct the 

:• : r-:iâ«jQ '.>6 anii ilhide the stress 
;-[ 'r:i-:id':'Q '20. This ghres the slope 
• -- ■ri.L.-i'i'rrvil to represent the law of 
:m.^.^ ^ -A-irîii r.h^r limit of the stress bB 
•--:• r> : 1 :i'i. A m*>lified "elastic" 
•- [rjk-^rz. 'r-y i-tiuoting trom the defor- 
-■;'>♦•'/>■-* -^t. ziving & steeper eur\*e 
r'.a./hiLi a <traûrfit line. Oa the basis 
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' Def».ir:iui::oa 
FiG. 4. 



of this "olastif'' cun-i» tho inolulu? of elastîcity for stresses 
up to any givcn niaxiiiiuin wouM th»'ii Im* o.|iial to that 
iiiaxiinuni .strcs< divMnl l)y tho t'iastie «Information at that 
stn-H.s. 

ThcTO hcing nr) gênerai apreenient as to the exact ilefinition of 
the wonl "îruKhihis" for sueh niaterials as concrète, the method 
whieh «hrnild he employer! in calculating its vahie should dépend 
iiIKin llie purf>ose for which it i.< to be iised. The principal 
ine (}{ tlie iiKKhihis of elasticity in reniforced-concrete design 
ir, to déterminer thfî relative stresses carricMl l)y the concrète 
and thr* steel in e(»mpression memhers, and to fin*! the neutral 
axin. in beams. After tlie neutral axis is once found the motiulus 
doeH not (;nt<:r into tlie calculations. 
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Consider the action in the case of a column. Assumîng 
no initial stress in the steel or concrète, suppose that the 
column is loadecl so as to cause a shortening equal to 06, Fig. 
4. The stress in the concrète will be 6jB, and that in the steel 
will be equal to the déformation 06 multiplied by its modulus 
of elasticity. Upon removal of the load there may be a per- 
manent set Oa, which means that there is some residual com- 
pression in the steel (with an equal amount of tension in the 
concrète). A second application of the load will cause a 
d.fomiation ah, but, measuring from the original position, the 
déformation is 06, and this again fixes the stress in the steel. 
Hence, for the détermination of the relative stresses in steel and 
concrète, the modulus for the concrète should be the ratio of 
Bh to 06, or the slope of the chord OB, 

In th(î case of a beam the stresses in the concrète at any 
section will vary from zéro at the neutral axis to the value 
JS6, for example, at the extrême fibre. At intermediate points 
the stresses foUow approximately the law of the curve OB. 
In this case a chord OB does not exactly represent the facts, 
but the error is small, and it is the best Une to use if the rec- 
tilinear variation of stn^ss be assumed. If a cur\'ilinoar law 
is used, then the mcxlulus is supposed to be the slope of the 
tangc^nt at the origin. In neither case is it correct to use the 
sloj)e of the Une ciB, 

In referring to thèse varions methods of calculating the 
modulus, the slope of the tangent OT is generally called the 
''initial modulus." The slope of the Une OB may be called 
the ''sécant modulus." 

The value of the modulus for concrète varies greatly as 
determined by différent experimenters and for différent kinds 
of concrète. As a rule the denser and older the concrète the 
higher the modulus. 

Among the most careful experiments are those by Bach,* 
in which he repeated the loads at each incrément until there 
was practically no increase of set. 

* Zeit. V. dt. Ing., 1895. 
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The foUowing are some average results: 



ICH.n. 





Moclulus of Klajiticity. ll>«/in*. 


Kind of Concrète. 


Baiied on Ela«tic Déformation. '. Bai«ed on Total 

Déformation. 




At 114 Ibfl/in*. At .570 Ibf/in*. At .570 lb«/m>. 


1 :2i:5 (broken stone) 

1 :2^ :5 (gravel) 


4,660,000 
3,170,(K)0 
3,870,000 
3,000,000 


3,590,000 3,440.000 
2,520.000 -> '>r(^ mm 


1 :3:6 (broken stone) 

1:3:6 (firavel) 


2,990,000 
2,240,000 


2,570,000 
2,110,000 





The spécimens were 25 cm. in diameter and 100 cm. high 
and were from three to four months old. 

The average values of the modulus obtained in the Water- 
town Arsenal tests mentioned in Art. 19 were as follows: 



Table Xo. 2. 

MOnrLt'S OF ELASTICITV OF CONCRETE. 
Watkrtown .\r8Enal Tkstb, 1899. 



Mixture. 



1:2:4 



f 
1:3:6 i 



Brand of Cément. 



Moiluliifl of Elaj*tipity between Lotuln of 100 

and 600 Ibn 'in^ Batiecl on Elastic 

Déformation. 



7-10 Days. 



1 Mont h. 



Saylor. . . . 

Atlas 

Alpha 

Cîerniania.. 
Alsen 

Average. 

Savlor 

Atlas 

Alpha 

(iemiania.. 
Alsen 

Averajre. 



1.667.0(K) 
2,77S.(K)0 
l.(KK),(KK) 
2,5(K).(KK) 
2,5(K).0(K) 



2,089,(KK) 

2.273.(M)0 
1,607,(KM) 

2.273.(KM) 
1.6()7.(MK) 



1,97(),(KK) 



2.5(K),()00 
3.125,000 
2.08.3,000 

2.778.000 



3 Months. 



3.571,0(K) 
4.167,000 
4.167,(K)0 
3.571.000 
2.778,000 



2.621. (KK) 3,()51,000 



2.77S.000 
3.125,000 
2.()K.3.(KK) 
2.273. 0(K) 
2. 273. (KK) 



4,167.000 
2.778.C00 
3.571.(KK) 
2,778.0(K) 
2,77S.(KK) 



2.500,000 ; 3,214,000 



Thèse results were calculated by iising the total defonnation 
minus the set. If the total déformation he used the values 
would be reduccMl in most cases 10 to 20 per cent. 
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Tests made at the University of Wisconsin show a large 
variation of the modulus with variation in the quality of the 
concrète. Tests in 1906 on 30 prisms of 1:2:4 concrète, 30 
days old, gave an average value of 2,560,000 Ibs/in^ at a stress 
of 600 lbs/in2, using total déformation. Similar tests in 1907 
gave an average value of 3,500,000 Ibs/in^, varying from 
2,800,000 to 3,800,000. The respective average compressive 
strengths were 1780 and 1940 Ibs/in^, the latter concrète being 
considerably denser than the former.* Values still higher 
hâve been found by some experimenters, but generally the 
calculations hâve been made with référence to the tangent at 
the origin or to the elastic déformation. 

Ck)nsidering the varions results obtained and the significance 
of total déformation it would appear that for working loads 
the modulus for ordinary concrète ranges from 2,500,000 to 
3,500,000 lbs/in2, depending upon the mixture and the âge of 
the concrète. As will be shown subsequently, however, the 
value selected should also dépend upon the purpose for which 
ît is to be used,and that for most calculations relating to strength 
a value of 2,000,000 is more satisfactory than a higher value. 

25. Elastic Limit, — As stated in the preceding article, con- 
crète shows a permanent set under small loads so that, in the 
usual sensé, the material can hardly be said to hâve an elastic 
limit. There appears to be, however, a limit to the stress 
which can be repeatcd indefinitely without continuing to add 
to the déformation, and this limit may be taken as the elastic 
limit for practical purposes. From experiments by Bach and 
others, this limit seems to be from one-half to two-thirds the 
ultimate strength. In repeated-load experiments on neat 
cément and on concrète made by Prof essor J. L. Van Omum t 
it has been shown that the maximum load which may be 
repeated an indefinite number of times without rupture does 
not much exceed 50% of the ultimate strength (Art. 117). 
Thèse results show a close relation to those obtained by Bach, 

♦ Bulletins No. 1 and 2, Vol. 4, Univ. of Wis. 

t Trana. Am. Soc. C. E., Vol. LI, p. 443. Proc. Am. Soc. C. E., Dec. 1906. 
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and ît may therefore be concluded that the limit of permanent 
elasticity for repeated loads is from 50 to 60% of the ultimate 
strcngth. 

26. Comparison of Stressstrain Curve vnth the Parabola. — 
As the parabola is often used in theoretical analyses to 
represent the stress-strain curve it will be useful to compare 
some typical curves with the parabola. The form of parabola 
used has its axis vertical and its vertex at the point of the 
curve representing the ultimate strength. In îlg. 5 the curves 
shown in Fig. 2 are compared with parabolas (shown in dotted 
fines). In the case of curves C, D, E, and F the agreement is 
very close. 

27. Stress-strain Curve for Tension. — C!omparatively few 
tests hâve been made on the elasticity of concrète in tension. 
Bach found for 1.4 concrète an average value of the modulus 
of 3,800,000 lbs/in2 at a stress of 80 lbs/in2, and 3,100,000 
at a stress of 135 Ibs/in^. The ultimate tensile strength was 
185 Ibs/in^. The modulus in compression for the same con- 
crète was 3,850,000 at 80 lbs/in2.* Professor Hatt has deter- 
mined values ranging from 2,000,000 to 5,000,000 Ibs/m^, 
which were generally about equal to the values in compression. f 
Thèse and other tests indicate that the initial moduli in ten- 
sion and in compression are about the same, and as the working 
limit in tension is very low they may be assumed as equal. 
The relative strength and déformation of concrète in com- 
pression and tension is illustrated by a typical curve in Fig. 6. 

28. Coefficient of Expansion. — Experiments by Professor 
W. D. Pence X on 1-2.4 concrète gave an average value of the 
coefficient of expansion of .0000055 per dcgree Fahrenheit, 
there beîng little variation among the several tests. Tests 
made at Columbia University on 1.3:6 concrète gave values 
of about .0000005. Other experiments hâve shown somewhat 
higher results. A value of .000006 may be assumed. 

♦ Mitt. Uebcr Forsch. a. d. Gebiet des. Ing., 1907, Heft 45-47. 

t Proc. Am. Soc. Test. Mat., 1902. 

t Jour. West Soc. Eng., Vol. VI, 1901, p 549. 
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29. Contraction and Expansion in Hardening.— Many ex- 

perimcnts hâve been made relative to shrinkage and swelling 
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Fio. 5. — Stress-strain Curves Compared with Parabolas. 

of cement-mortar in hardening. In gênerai the results show 
that when hardened in air there will be more or less shrinkage. 
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but when hardened in water there is likely to be some s\i'elling, 
although results on this point are not entirely consistent. 
The richer the mortar (or concrète) the greater the change in 
dimensions. Experiments by Considère and others indicate 
that 1:3 plam mortar will shrink .05 to .15% when hardened 
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Pw. 6. — Relative strength and déformation în compression and tenâon. 

fai air for 2 to 4 months, and neat cernent from two to tliree 
limes as much. Considère f ound the shrinkage of a 1 : 8 mortar 
reinforced with 5}% of steel to be only .01%, or one-fifth the 
amount hîs tests showed on plain mortar. The few tests 
available show that the shrinkage of concrète is less than that 
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of mortar, and ît would appear that the shrinkage should be 
nearly proportîonal to the amount of cernent per unit volume, 
as the sand and stone are unaffected. 

30. Weîght of Concrète. — ^The weight of concrète of the 
usual proportions will vary from 140 to 150 Ibs/f t^, dependîng 
upon the degree of compactness and the spécifie gravity of the 
materials. Variation of proportions will affect the weight but 
little if the proper ratio of sand and stone be maintained, but 
a wet concrète when dried out will weigh less than a well-com- 
pacted concrète containing orîginally less water. For prao- 
tical purposes an average value of 145 Ibs/ft^ may be taken. 
The addition of reinforcing steel in the usual proportions will 
add from 3 to 5 pounds, so that the weight of reinforced con- 
crète may be taken at 150 Ibs/ft^. 

31. Ftoperties of Cinder Concrète. — ^The foUowing table of 
results indicates fairly well the strength and modulus of elas- 
ticity of cinder concrète. The âge of the spécimens varîed 
from 39 to 100 days. Cinder concrète wiU weigh from 110 to 
115 lbs/ft3. 



Table No. 3. 

CRXTSHING STRENGTH AND MODULUS OF ELASTICITY OF CINDER 

CONCRETE. 

Watertow.v Arsenal Tests, 1898. 



Mixture. 


Average Crushinjc Strength, 
lb8 /in ». 


Average Modulus of Elas- 

ticity between Load.s of 

100 and 600 Ibs /in 2. 


Cernent. Sand. Cinders. 


One Month. 


Three Month». 


1 1 3 
1 2 3 
1 2 4 
1 2 5 
1 3 6 


1040 

1098 

904 

724 

529 


2050 
1634 
1325 
1094 

788 


2,540,000 
1,040,000 
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REINFORCING STEEL. 

32. General Requirements. — In gênerai, reinforcing steel 
must be of such form and size as to be readily incorporated 
into the concrète so as to make a monolithic structure. To 
provide the necessary bond strength and to distribute the 
steel where needed without concentratîng the stresses on the 
concrète too greatly, requires the use of the steel in compara- 
tively small sections. This requirement, as well as that of 
economy and convenience, leads to the use of the steel in the 
form of rods or bars. Thèse will vary in size from about 
} to f înch for light floors up to IJ to 2 inches as maximum 
sizes for heavy beams or columns. Under certain conditions 
a riveted skcleton work is preferred for the steel reinf orcement, 
but this is usually where for some reason it is desired to hâve 
the steelwork self-supporting or where it is to carry an unusu- 
ally large proportion of the load. 

33. Forms of Bars. — Plain round rods hâve been used gen- 
erally in Europe for many years, and also very largely in this 
country, adhésion being depended upon for the transmission 
of stress. Square rods show about the same adhesive strength 
as round rods, but are not so convenient to use or so readily 
obtained. Fiat bars are undesirable, as their adhésion to the 
concr?te is much below that of round or square bars. 

Many spécial forms of bars hâve been devised, the prin- 
cipal object of which is to fumish a bond with the concrète 
independent of adhésion, — a "mechanical bond" as it is usu- 
ally called. Some of the most common types of such bars 
are illustrated in Fig. 7. Fig. (a) is the twisted square bar 
invented by Mr. Ransome and called by his name. It îs 
usually twisted cold. Figs. (6), (c), and (d) illustrate varions 
well-known types of deformed bars which are shaped in the 
roUing. Fig. (e) illustrâtes the Kahn bar, formed by tuming 
up strips sheared from the thin part of the bar. Many other 
devices are employed to a greater or less extent to provide a 
mechanical bond, and a great variety of combinations of forms 



133.1 



FROPERTIES OF STEEL. 



31 




(a) 






«ik 



(e) 



Fio. 7. — Deformed Bars. 
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are used in the construction of beams, floora, and columns as 
patented " Systems'*. It is the purpose hère to mention only 
the most common types of bar élément. 

34. General Quality of the Steel.— Steel used in reinforced 
work is not usually subjected to as severe treatment as that 
used in oniinary structural work. Bars must be capable of 
being bent to the desired form, but this is the only treatment 
to which the ordinary bars are subjected. In many concrète 
structures the impact effect is also likely to be less than in 
all-steel structures; consequently it is considered that a some- 
what less ductile material may safely be used, but to what 
extent thèse considérations should permit the use of steel of 
cheaper grade or of higher elastic limit is an open question on 
uhich there is much différence of opinion. The question of 
elastic limit as related to working stresses and stresses in the 
concrète is discussed in Chapter V. 

35. Tensile Strength. — As regards tensile strength the steel 
used is generally the ordinary mild or médium steel, or is a 
spécial high elastic limit material. The latter is seldom em- 
ployed where plain bars are used. The ultimate strength and 
elastic limit of thèse two gênerai grades' of material are about 
as foUows : 

ElasUc limît. Ultimate Stxength. ^"fj^^ 

Médium Steel 35-40,000 lbs/in> 60-70,000 Ibs/in» 22-25% 

H^ elastic limit steel. . 50-60,000 *' 80-100,000 " 12-18% 

In some fornLs of rods used the elastic limit is artificially 
raised by cold working. 

36. Modulus of Elasticity. — Tho modulus of elasticity of ail 
grades of steel is very nearly the samc and will be taken at 
30,000,000 lbs/in-\ 

37. Elastic Elongation. — As bearing upon déformations the 
elongation of the steel at its elastic limit will be hère noted. 
IJsing the abovo value of the modulus of elasticity the elonga- 
tion per unit hsigth of the two grades of steel at their elastic 
limit will bo as follows: 

Médium 0.0010-0.0013 

High 0015- .0020 
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38. Coefficient of Expansion.— The coefficient of expansion 
crf Steel may be taken at .0000065 per 1° F. 



PROPERTIES OF CONCRETE AND STEEL IN COMBINATION. 

39. Adhésion of Concrète and Reinforcing-bars. — The 

hîgh value of the tangentîal adhésion, or bond, of concrète to 
Steel rods embedded therein has long been known and has 
been utilized in the placing of anchor-rods, etc. It is some- 
what remarkable, however, that only recently has this property 
been made use of in the design of combination structural forms. 
Expérience has shown this adhésion to be sufficiently reliable 
and permanent to be utilized in such combination structures, 
and plain smooth bars hâve been entirely successful. Bars 
of irregular section in which adhésion is not entirely depended 
upon for the bond are also used to a large extent. Some form 
of mechanical bond is necessary where the adhésion area is 
déficient, and some engineers consider such a bond désirable in 
ail cases. 

Numerous tests hâve been made by varions experimenters 
to détermine the adhésion between concrète and plain rods 
of différent forms, with results varying from about 200 to 
about 750 Ibs/in^. The adhesivc strength is largcly frictional 
résistance and varies greatly with the roughness of the bars. 
It also varies with the quality of the concrète and the method 
of conducting the test. Usually the test is made by embalding 
the rod in a block of concrète and pulling it therefrom, the rod 
being stresscd in tension and the concrète in compression. 
This causes a maximum of elongation in the steel at the point 
w^here it enters the concrète, while the concrète is subjectcd 
to a maximum compression at this same point. This brings 
very unequal stresses upon the adhering surfaces, tending to 
a progressive séparation until the entire rod has started to slip, 
after which friction alone holds the rod. This unequal action 
is greater the deeper the embcdment. If the rod is pushed eut, 
both rod and concrète are compresfeed, although not the same 
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amount at the same point. Tests made in this way should 
therefore give higher results than where the rods are pulléd 
out. Expérimental i-esults accord in gênerai with thèse prin- 
ciples. 

Neither of thèse methods of testing is entirely satisfactory. 
What is desired is the bond strength when the concrète and 
the rods are stressed as in a beam. In this case both the 
concrète and the rod are under tensile stress throughout and 
therefore subjected to déformations similar in character and 
approximately eqioal in amount. They are a minimum at the 
end of the beam and a maximum at the centre. Thèse con- 
ditions tend to make the bond strength in a beam greater than 
that in the usual test spécimen, but other différences tend in 
the opposite direction. It has been found, in a séries of tests 
by Mr. Withey described further on, that the local compression 
to which the concrète in the ordinary block spécimen is subjected 
tends materially to increase the bond strength, apparently by 
pressing the concrète more firmly against the rod. This effect 
is so marked in some cases that the net results from the usual 
tests are considcrably higher than those made directly on 
beams. 

Resiilts of Tests by Direct Tension. — ^Table No. 4 contains in 
condensed form the results of some of the most important tests 
made by direct tension. 

Individual results show little or no effect due to différences 
în size of rod, but the adhésion for flat bars is much less than 
for round or square bars. 

In gênerai the stronger the concrète the greater the bond 
strength. Feret found an increase of strength at âge of two 
years of about 50% over that at three months, and a maximum 
value for quite wet concrète; further, that a small amount of 
corrosion increased the value. Bach found smaller values the 
greater the depth, the average value for a 4-inch minimum 
depth in 1:4 gravel concrète, three months old, being 470 
Ibs/in^. He also found greater values when the rods were 
pushed out than when puUed out 
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Table No. 4. 

BOND TESTS BY DIRECT TENSION. 







Steel Roda. 








Kind of 




DepthEm- 
bedded. 


Adhesivê 








Strength. 


Authority. 


Concrète. 


Kind. 


Sise. 
Inches. 


Inches. 


lbs/in«. 


Feret; 


1:2:4 


Plain round 


0.8 


2Î 


237 


Ciment Armê^ p. 755. 


1:2:5 


<i << 


0.8 


2} 


190 




l:3:4i 


Il II 


0.8 


2} 


237 




1:3:6 


*t tt 


0.8 


2Î 


195 


Emerson; 


1:3 


Plain round 


i 


6 


512 


Eng. NewB, Vol. LI, 


1:3 


Plain flat 


ixi 


6 


293 


1904, p. 222. 


1:2:4 


Plain square 


1X1 


10 


587 




1:3:6 


tt tt 


1X1 


10 


478 


Talbot; 


1:2:4 


Plain round 


}and i 


6 


438 


BuU. No. 8, Univ. of 


1:2:4 


i ( i < 


i and J 


12 


409 


m., 1906. 


l:3:5r 


(1 €t 


iand J 


6 


364 




1:3:5 


t t tt 


iandi 


12 


388 




1:3:5- 


Cold rolled 












shafting 


landi 


6 


146 




l:3:5i 


Mild Steel 












flat 


Axii 


6 


125 




1:3:6 


Tool-steel 












round 


i 


6 


147 


Withey; 


1:2:4 


Plain round 


Ato} 


6 


400 


Bull. Univ. of TTw., 


1:2:4 


tt tt 


Atoî 


8 


310 


1907. 












Van Ornum; 


1:2:4 


Plain round 


ito U 


25 diam. 


410 


Eng. News, Vol. LIX, 


1:2:4 


tt tt 


ètol 


40 diam. 


390 


1908, p. 142. 













Residts of Tests on Beams. — In an important séries of tests 
by Mr. Withey* at the University of Wisconsin, test beams 
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FiG. 7a. 



were arrangée! as shown in Fig. 7a, The stresses in the e.xposed 



♦ Engineering Record, 1908, LVII. p. 798. 
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rods were detennined by means of extensometers. The condi- 
tions were very similar to those obtaining in an ordinary beam, 
but the beam was prevented from failing by the upper auxiliary 
rods. Table No. 4a gives the principal results of thèse tests. 
The table also contains results of comparative tests made at 
the same time by the usual direct tension method. The last 
column gives the ratio of the two results. The rods were of 
ordinary mild steel and were free from rust. 



T«t No. 



38 

39 

40 

41 
42 
43 

7 
8 
9 

44 

45 
46 

47 
48 
49 

54 
55 
56 
57 

36 
37 



Table No. 4a. 

BOND TESTS ON BEAMS. 

University of Wisconsin, 1907. 

Concrète 1:2:4; âge 60 days (Nos. 54-57, 28 days). 



Diameter of 

Rod. 

locbee. 



Bond 

Strength. 

Ibe/in*. 



345 
298 
190 

361 
312 
186 

362 
264 
201 

207 
289 
295 

136 
174 
180 

228 
248 
222 
247 

254 

278 



Average of 

Group. 

Ibe/iD*. 

(A). 



278 



286 



276 



264 



163 



236 



266 



Average Bond 
Strength by 
Direct Ten- 
sion. Ibs/in*. 
(B) 



394 



455 



502 



487 



467 



Ratio. 
B: A. 



1.42 



1.54 



1.90 



2.99 



1.76 
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Thèse tests îndicate that the bond is not affccted by size 
of rod exeept in the case of the 1-inch size. This différence 
is undoubtedly due to other factors not explained. Excepting 
the tests on this size the results are quite uniform, the average 
of ail the 60-day tests being 275 Ibs/in^, with maximum varia- 
tions of 32% below and 32% above the average. The results 
obtained by direct tension are very much higher, averaging 
about 475 Ibs/in^, or 75% greater. Other tests to détermine 
the effect of âge of concrète gave values as follows, each resuit 
being the average from 3 beanas; J-inch rods were used: 

Age. ^°^K^^' 

7 days 216 

28 days 253 

60 days 276 

6 months 316 

It was also found that practically the same results were 
obtained for three différent consistencies, wet, médium, and 
dry, the avcrages being respcctively 250, 235, and 275 Ibs/in^. 
In actual practice comlitions would be less favorable to the dry 
mixture owing to the greater difficulty of securing a concrète 
free from voids. 

Table 4b coiitains results of important tests on beams by 
Bach,* in which the primary cause of failure was the slipping 
of the bars. Calculating the corresponding bond stress by 
e(i. (1) of Art. 92, there results the figures given in the table. 
The average resuit for the rectangular beams with straight 
rods only w^as 291 Ibs/in^, and with stirrups, 330 Ibs/iii^, For 
the T-beams the results for straight bars range from 158 to 
195 Ibs/in^. The last four beams contained bent bars, only 
one bar being continued straight to the end. Calculating the 
bond stress at the end of the beam with référence to this single 
rod gives an average value of 493 Ibs/in.^* 

» Mit. Ueber Forsch. a. d. Gebiet des Ing., 1907, 45-47. 
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Table No. 4b. 

BOND TESTS ON BEAMS. 

(Bach.) 

Concrète 1 :4; âge 6 months; beams loaded ai quarter points. 



No. 



Kind of Beam. 



ReinforcemeDt. 



CaJculated 

Bood Stress al 

besinniDit of 

Slip, Ibfl/iD-'. 



Avéras» for 
Group, 
Ibs/io^ 



2 
3 
4 
5 

161 



162 
163 
164 

165 
166 

167 

168 



Rectangular 
Beams 



T-Beams 



Straight lods ooly 

\ Straight rods and 
j stirrups 

Straight rods onl v 
1 Straight rods and 
j stirrups 

1 straight, 4 bent 
1 straight, 4 bent, 

with stirrups 
1 straight, 4 bent, 

with stirrups 
1 straight, 4 bent 



312 
300 
271 
281 

330* 



158 
182 
208 

408 
498 

545 

522 



291 

330 

158 
195 



493 



* Averafte of three. 

Excepting where bent rods were used thèse results are about 
the same as those previously quoted. Stirrups appear to in- 
crease the bond résistance somewhat, an effect that has bcen 
reported by othcrs. The high results obtained on beams with 
bent rods is important in connection with the design of web 
reinforcement, as explained in Chapter V. Inasmuch as the 
actual bond strength must hâve bcen practically the same as 
in the other tests thèse results show that where some of the 
bars are bent up so as to reinforce the web of the beam the bond 
stress on the remaning straight bars near the end of the beam 
is much less than the theorctical values obtanied by the usual 
formulas. In this case"] the real bond stress, as shown by the 
other tests, appears to be only about half the calculated values. 

Frictional Résistance, — In bond tests it is found that after 
the adhésion has failed the rod still ofifers much résistance to 
movement due to friction alone. This frictional résistance 
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varies from 50 to about 80% of the initial bond strength. 
Hatt found a frictional résistance, after starting, of 50 to 70% 
of the initial strength, and Môrsch reports such résistance as 
about two-thirds the initial. Talbot determined the frictional 
résistance in a large number of tests, finding it to range quite 
unifornily from about 55 to 65% of the initial bond strength 
for both plain round and flat rods. In the case of cold-rolled 
Steel the friction was only 40% of the bond strength. Withey 
found an average resuit of 80% for 6-inch embedment and 83% 
for 8-inch embedment. Van Omum obtained average frictional 
résistances of 83% for mild steel and 62% for high steel. 

Conclusions as to Bond Strength. — A study of the various 
results leads to the conclusion that for ordinary round or 
square bars, not too smooth, the bond strength may be taken 
at from 200 to 300 Ibs/in^, depending upon richness of mix- 
ture, âge of cément, and roughness of bar, with a frictional 
résistance of about two-thirds this amount; a much smaller 
value must be taken for very smooth bars and also for flat bars. 

40. Mechanical Bond. — ^The bond strength of bars with 
indented surfaces dépends upon the adhesive résistance and 
the compressive (or shearing) strength of the concrète. Under 
heavy stresses there is also a tendency for the concrète to 
split, owing to the tensile stresses developed by the wedging 
action of the bars. The initial movement in the case of in- 
dented bars is probably due to a slight crushing of the concrète 
under the projections. The bars cannot Ix) pullcd' throuyh the 
concrète, without shearing off an area equal to the total area 
of the indented portion and, in addition, overcoming con- 
sidérable friction or adhésion. If one-half the area is indented, 
the ultimate bond strength can then be placed equal to one- 
half the shearing strength (see Art. 22), or about one-fourth 
the compressive strength of the material. For a 1:2:4 con- 
crète this would equal 500 to 600 Ibs/in^. In tests of such 
bai-s, failures hâve usually occurred by the spHtting of the 
spécimen or the breakîng of the bar, but the results indicate 
that the actual bond strength is fuUy equal to thèse figures. 
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It appears from tests reportée! by Mr. T. L. Condron * tliat 
the maximum bond strength is not developed until a slight 
movement has taken place. This is particularly true with 
deformed bars. In the case of plain round and square bars 
embedded from 12 to 38 diameters the maximum strength was 
very nearly reached undcr a movement of ^/loo inch, as measured 
at the free end of the bar. For twisted bars the résistance 
continued to increase slightly under movements up to^'ieinch 
or more, while indental bars (the Thacher and corrugated bars) 
showed steadily increasing résistance under increased slip up to 
rupture. The actual bond stress for */ioo inch of movement was 
400-600 lbs/in2 for the Thacher and the corrugated bars, 
250-400 lbs/in2 for the twisted bars, and 175-300 Ibs/in^ for 
the smooth bars. 

Efficiency of Hooked Ends, — It is a common practice among 
designers to bend the ends of reinforcing rods into short hooks 
generally consisting of right-angle bends. The efficiency of 
such hooks in increasing the bond strength has been inves- 
tigated by Bach. Using rods from J to 1 in. in diameter and a 
length of bend of about 3 diameters and an embedded length 
of 20 ins., he found that the initial slip was only slightly 
retarded, — about as much as would be caused by the same 
length of straight bar, — but the ultimate bond strength was 
much increased, this increase averaging about 50%. When 
hooked ends arc usod they should consist of bends through 
180° with a short length of straight rod beyond the bend. Such 
hooks are found to be very effective. 

41. Ratio of Moduli of Elasticity, E«:Ec. — So long as the 
adhésion between st<?el and concrète is unimpaired the dîs- 
tortion of the two materials will be equal. Their stresses will 
then \ye proportional to their moduli of elasticity for the load 
in question, or as the ratio of /?,: Ec Taking E, at 30,000,000 
and Er at from 2,000,000 to 3,000,000, the ratio will vary from 
15 to 10. In practice various values of this ratio are used, 



* Jour. W^est. Soc. Eng., 1907, Vol. XII, p. 100. 
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depending upon the kind of concrète and the judgment of the 
designer. It shoiild also dépend upon the relative load for 
which the calcula tions are made and, to a certain extent, as 
explained in subséquent chapters, upon the methods of calcu- 
lation employed. As will be seon in Chapter IV, the value 15 
corresponds closely to actual déterminations of neutral axes 
in beams. It is tho value commonly used in German régulations 
and is also specified in the building laws of niany American 
cities. 

Equal ratios of moduli may be assumed for both tension 
and compression. 

42. Tensile Strength and Elongation of Concrète when 
Reinforced. — ^We hâve seen that plain concrète has an ultî- 
mate tensile strength of about 200 Ibs/in^ and a total elon- 
gation of perhaps V'ioooo part, corresponding to a value of 
2,000,000 for Ec. Steel stretchos this amount under a stress 
of 30,000,000/1000 = 3000 lbs/in2. Again, the safe working 
tensile stress of concrète is about 50 Ibs/in^, and if we use a 
value of Et/Ec=l5y the corresponding stress in the steel will 
be but 750 Ibs/in^. From thèse relations it is évident that 
în reinforced tension members we must either use very low and 
uneconomical working stresses for steel, or else expect the 
concrète to be of no assistance in carrying stress. 

In studying the bchavior of reinforced concrète under 
tension, and especially when constitutmg the tensile side of 
a beam, results of some experiments indicate that the con- 
crète in this condition clongates more before final mpture 
occurs than when not reinforced, and that the résistance of 
the concrète is nearly constant and at its maximum value 
for some time prcvious to rupture. The first to announce 
this principle was Considère, whose tests indicated that the 
ultimate stretch of reinforced concrète was as much as ten 
tîmes that of plain concrète. Kleinlogel,* however, was unable 
to check thèse results, he finding an elongation of practically 



* Béton u. Eigen, No.2, 1904. 
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the same amount as for plain concrète». In cxperiments of 
thi.s sort it Ls extrcmely difficult to detemiine just when the 
concrète begins to crack. The steel forces it to elongate prac- 
tically unifonnly, even after rupture begins, so that a crack 
\\i\\ open iip verj' slowly aiul will thercfore remain alniost 
invisible for some tmie. 

In some experhnents made at the University of Wisconsîn 
in 1901-2 a ver>' délicate method of detecting incipient cracks 
was accidentally discovcred. It was foimd that beams cured 
hi water which were only pai-tially drietl before testing 
would, when tested, show ver\' fine hair-cracks at an early 
stage, and morœver, by watching closely, it was observed that 
precaiing the appearance of a crack there would appear a 
dark wet line across the beam. Such a line would soon be 
foUowed by a very fine crack. A larger séries of tests were under- 
taken in the following year by a différent set of experimènters, 
who observed the same phenomenon. Careful measurements of 
extension showed that thèse streaks or "water-marks", as 
they were named, occurred at i)ractically the same déformation 
at which the concrète ruptured when not reinforced. Some 
of the n^sults are given in Table No. 5.* The beams w^ere of 
1:2:4 mixture l)y weight and were 6"X6" in cross-section by 
60 inclies span. 

That thèse water-marks were incipic^nt cracks was deter- 
mined l^y sawing oui a strip of concrète along the outer part 
of the ))eam. Fig. S. is a photograj)!! showing the results of 
this exj^ernnent. Ver>' close observation also in niany cases 
showe<l hair-like cracks appearing very soon after the appear- 
ance of the water-marks. 

Comi)anng the ()l)served and calculated elongations of the 
reuiforctnl concrète witli tliose of tlie plain concrète at rupture 
it will be seen that tlie initial cracking in the former occui-s at 
an elongation jiractically the same as reacheil by the latter at 
nipture. 

* Bulletin No. 4, KnginoiTiîig Sorics, l'iiiv. vï Wis., lîHMj. 
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Table No. 5. 

TESTS OF BEAMS âHOWING EXTEÏiSlBlUTV OF CONCRETE. 





AgP. 


Methoil 


Prfiportipniite Extension^ 


CoBij^resaiva 

Blrenirth of 

€u5ra- 


Nu. 


At Finit 

WatCT- 
mark. 


At Firal 
Visible 


8 
10 


3 mtînth^ 
1 i 


At tbjixl pointa 


.00011 
.(KM)24 


,00064 
,00046 


42M) 
2500 


L'2 


il 


tt 


.00025 


JK)06â 


2775 


' 26 


a 


il 


.01^16 


jKmntà 


;iooo 


30 


ti 


If 


,00012 


.1KJ054 


20fM) 


7 


1 nionth 


At eenler 


.00015 


.(HMX^6 


;i500 


5 


f 1 


a 1 


.00020 


,(KJ031 


3500 


13 


it 


fi 


,000<B 


JKDll 


2350 


2;i 


ti 


(1 


,0(KJ20 


JKHJilO 


2500 


35 


f 1 


II 


.00(U3 


.00053 


3150 


■?* 


If 


ri 




At rupture 
.00013 


3001) 


l* 


1 1 


ti 




1)0010 


250Î) 



* Son* 2 anci 1 wpr« plain eoncrcla beaoït. Tlic exten«<ioa» ot thé bwuri'* lottJed iîI 
ttie thinj pôïnU wore mpuurfl^i by extonliometenR; thfl«c of the t^eutcr losuled béJiiits wer« 
calculât ed ffuin deâeotîoufl. 
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Since thèse experiments were made a very careful séries 
of observations hâve been made by Bach.* He noted the 
samo "water-marks/' and his séries of tests on 85 beams of 
rectangular and T-section, of 1:4 concrète from 6 to 8 months 
old, gave very uniform results. Water-marks appeared at 
elongations of from .00006 to .00010 part. He was also able 
to detect thèse on plain concrète beams at the same elonga- 
tion and at loads about 80% of the breaking load; and on several 
tension spécimens he found the elongation, just previous to 
rupture, to b3 .00006 to .00010 part. He was able to observe 
the first well-defined crack at elongations of .00012 to .00014. 
He concludes that reinforced concrète will begin to crack at 
the same elongation as plain concrète. 

It should be said that in many cases the fîrst "water-marks" 
do not extend entirely across the tension face of the beam, 
80 that the concrète as a whole possesses some tensile strength. 

The présence of thèse minute cracks of coiffse seriously 
affects the tensile strength of the concrète, and as they appear 
at an elongation corresponding to a stress in the steel of 5000 
Ibs/in^ or less, it would seem that no allowance should be 
made for the tensile résistance of the concrète where the usual 
working stresses are used for steel. In some cases, however, 
the stresses in the steel are necessarily very low, in which case 
it may be proper to consider the tensile résistance of the con- 
crète. This limit may be placed at about 2000 Ibs/in^, corre- 
sponding to an elongation of .00006 part and a stress of 150 
to 175 Ibs/in^ in the concrète. 

In practical design the most important question which 
arises is how far a concrète may be cracked without exposing 
the steel to corrosive influences. In this respect expérience 
indicates that the minute cracks which appear in the early 
stages of the tests are of no practical conséquences. 

43. Relative Contraction and Expansion. — Température 
changes affect both the steel and the concrète. But as the 
coefficient of expansion of steel is .0000065 and of concrète 

* Zeit. Ver. Dt. Ing., 1907. 
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.000006, the two materials will be but slightly stressée! because 
of any différence în theîr rates of expansion. 

The effect of shrinkage in hardening is more serions. As 
shown in Art. 29, the hardening of concrète îs accompanied 
by more or less contraction if in air, or expansion (to a less 
degree) if in water. Concrète which is mirestramed eîther by 
Steel reinforcement or by exterior attachment wîll shrink or 
swell proportionally and no stresses will thereby be developed. 
If restrained by reinforcing material only, a shrinkage will 
develop tensile stresses in the concrète and compressive stresses 
in the steel. 

If it be assumed that concrète when reinforced tends to 
shrink the same amount as plain concrète, and that such shrink- 
age is prevented only so far as the stresses developed in the 
steel react upon the concrète and cause an opposite movement, 
then it will be found, usmg the ordinary values of the modulus 
of elasticity, that thç stresses developed in both the concrète 
and the steel will be large. Thèse stresses would be determined 
as foUows: 

Let c= coefficient of contraction of the concrète; 
/c=unit stress in concrète (tensile); 
/. = unit stress in steel (compressive); 
p= steel ratio; 

Then the net contraction per unit length as measured by 
the concrète will be c-fc/Ecj and as measured by the steel will 
be j»/E^. Thèse values are equal. Also, for equilibrium, /c = p/,. 
From thèse équations we gct 

fc^cEcT^ (1) 

' * 1 -\-np ^ ^ 

and 

i'-i <2) 

If, for example, c=.0003, i5c= 2,000,000, n=15, p=l%, then 
fe=SO lbs/in2 tension and /,=8000 IbSy^^ compression. If 
p=2%, /c=140 and /.=7000 lbs/m2. 



46 PROPERTIES OF THE MATERIALS. [Ch. IL 

It ïs doubtful if such large initial stresses actuaUy occur in 
reinforced concrète due to shiîiikage in hardening. 

The experiments of Cîonsidère on the actual contraction 
of reinforced concrète, already quoted in Art. 29, indicate 
that the déformation is less than the above theory would call 
for. For example, the observed contraction of .01% in rein- 
forced mortar would call for a stress in the steel of only about 
3000 lbs/in2, and in the concrète of only 30 to 60 Ibs/in^. In 
slowly hardening, with the steel in place, there is probably a 
graduai adjustment in the concrète which results in less internai 
stress than the experiments on plain concrète would indicate. 
Where the structure is restrained by outside supports which are 
relatively more rigid than the reinforcing steel, the stresses în 
the concrète become greater and may easily reach the limit 
of the tensile strength, thus causing cracks. (For further 
discussion of reinf orcement under such conditions, see Quêter 
V, Art. 142.) 



CHAPTER m. 

GENERAL THEORY. 

44. Einds of Members.— Structural mcmbers are, for con- 
venience, usually divided înto tension mernbers, compression 
members, and beoMS, according as the forces to be resîsted 
produce in the member simple tension, simple compression, 
or simple bendîng. Bending moment îs often accompanied 
by tension or compression, producing what are called combined 
stresses of bending and tension, or bending and compression. 
Since reinforced concrète is not used for plain tension mem- 
bers the analysis will be confined to the beam, both under 
plain bending and under combined stresses, and to the com- 
pression member or colunm. The flat slab supported on four 
sides will be considérai as a spécial case of beam. In rein- 
forccd-concrete construction the beam is the most important 
élément, bcing usai under a great variety of conditions. 

45. Relation of Stress Intensities in Concrète and Steel. 
In the following discussion it will be assumed that the con- 
crète and Steel adhère perfectly and therefore deform equally. 
Nearly ail reinforced-concrete construction is dépendent upon 
this equal action of the two materials, although simple adhésion 
is not always entirely depended upon. Many types of deformed, 
or roughenal, bars arc used so as to give the steel a grip inde- 
pendent of the adhésion, and in other cases bars are bent or 
anchoral at the ends, but in ail cases it is assumed that the 
materials adhère perfectly and therefore deform equally. 
Many tests show that under proper design this is for ail prac- 
tical purposes true. 

47 
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Sînce the modulus of elastîcîty of a material îs the ratio 
of stress to defonnatîon, it foUows that for equal déformations 
the stresses in différent materials will be as their moduli of 
elasticity. If 

/,=unit stress in steel, 
/c=unit stress in concrète, 
S, «modulus of elasticity of steel, and 
Se = modulus of elasticity of concrète, 
we hâve the fixed relation 

f./fc-E./E, (1) 

46. Distribution of Stress in a Homogeneous Beam. — ^To 

assist in forming correct notions of the action of steel reinforce- 
ment in a concrète beam, it will be désirable to consider, at 
the outset, the nature of the stresses due to bending moment 
in a plain concrète or homogeneous beam of any material. 
Considering a vertical section at any point there will exîst 
in gênerai certain normal stresses (tensile and compressive) 
and certain tangential or shearing stresses. A knowledge of 
thèse stresses on a vertical section, together with the well-known 
principle that the shearing stress at any point is of equal în- 
tcnsity vertîcally and horizontally, is sufficient for the design- 
ing of ordinary- beams. 

In accordance with the common theory of flexure, the 
normal stress on a vertical section varies in intensity as the 
distance from the neutral axis, and tlierefore the variation is 
represented by the ordinates to a straight line as in Fig. 9. 

Tlie shcaring-strcss intensity is a maximum at the neutral 
axis and is zéro at the outer fibres. At any given point in the 
section it is given by the équation 

v-VS/Ib, (1) 

in which V dénotes the entire shear at the section containing 
the point under considération, / the moment of inertia of the 
section with respect to tlic neutral axis, h the brcadtli of the 
section at the point, and S the statîcal moment of the part of 
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the section above (or below) the point with respect to the 
neutral axis. For a rectangular beam the intensity of shear 
varies as the ordinates to a parabola, as shown in Fig. 10, the 
maximum value being 3/2 times the average, or equal to 
3 7 
2'M 

If the stresses on inclined planes are analyzed, ît is found 
that the normal and shearing stresses will not be the same as 
on vertical planes; and, furthcrmore, that wherever shearing 
stress exists on a vertical plane the maximum normal stress 





Fio. 9. Fio. 10. 

will not be on a vertical section, but on an inclined one. It is 
proved in treatises on mechanics that if / reprcsents the hori- 
zontal unit tensile stress and v the vertical or horizontal unit 
shearing stress at any point in a beam, the maximum tensile 
stress will be given by the formula 

"~" (2) 



l=hfWiP+r^y 



and the direction of this maximum tension is given by the 
fonnula tan 20 = 2v/f, where d is the angle of the maximum 
tension with the horizontal. 

A study of thèse formulas shows that at ail points in a beam 
where the shear is zéro, the direction of the maximum tension 
is horizontal, as at points of maximum bending moment and 
along the outer fibres of the beam. ^^^lcrcver the horizontal 
fibre stress is zéro (at the neutral surface and at ail sections of 
zéro bending moment), the direction of the maximum tension 
is inclined 45° to the horizontal, and its intensity is equal to 
the unit shearing stress at the same place. Above the neutral 
axis of a section where the bending moment is not zéro, the 
inclination of the maximum tension is greater than 45®, becom- 
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ing 90^ at the upper or compressîve fibre. Fîg. 11 illustrâtes 
the variation in normal stress, shearing stress, and maximum 
tensilc stress throughout the entire dcpth of a rectangular beam. 
The outer nonnal or fibre stress is assumed at 200 Ibs/in^, and 
the shearing stress at the neutral axis at 150 Ibs/in^. The 




Tension 



Fio. 11. — Showing Variation of Intensities of Nonnal Stress, Shear, and 
Maximum Tension. 

variation in the fibre stress is shown by the straight line DE, 
and that in the shearing stress by the parabolic curve ACB, 
By means of eq. (2) the maximum tcnsile stresses hâve been 
computed : thèse are represented by the line AHCJE. 

Fig. 12 illustrâtes the direction of the maximum tensile 




Eia. 12. — Lines of Maximum Tension. 

stresses in a rectangular beam. The exact direction at any 
point dépends upon the relation betwcen shear and bending 
moment. Lines of maximum compression would nm at right 
angles to the Unes shown and Unes of maximum shear at angles 
of 45° therewith. 

47. Purpose and Arrangement of Steel Reinforcement. — 
The purpose of stcel reinforcement is to carry the principal 
tensile stresses, the concrète being depended upon for the com- 
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pressîve and shearîng stresses, îts résistance to such stresses 
being large. If no steel were présent the concrète would tend 
to rupture on lînes perpendicular to the direction of maximum 
tension, as shown in Fig. 12, and hence we may conclude that 
the idéal tension remforcement would require the steel to be 
distributed in the beam along the lines of maximum tension. 
At the centre of the beam, or place of maximum moment, this 
direction is horizontal for the entire depth of the beam, and 
horizontal rods placed near the lower edge of the beam con- 
stitute proper and sufficient reinforcement. As we approach 
the ends of the beam, where the shear is large, the intensity of 
the inclmed tensile stresses becomes of importance, and in many 
cases thèse stresses require spécial attention. Horizontal rods 
at the bottom are still necessary, but do not entirely reinforce 
the concrète against tension, so that spécial considération must 
be given to reinforcement in the body of the beam. The 
arrangement of this reinforcement demands careful consid- 
ération. 

For purposes of discussion, the subject of beams will first be 
treated with référence only to the horizontal reinforcement. 
The mclined tensile stresses will be considered separately. 

48. The Common Theory of Flexure and its Modifi- 
cation for Concrète.— The common theory of flexure is based on 
two main assiunptions,namely, (1) a plane cross-section of an un- 
loaded beam will still be plane af ter bending (Navier's hypoth- 
esis) ; (2) the material of the beam obeys Hooke's law, which 
is, briefly stated, ''stress is proportional to strain". From the 
first assumption it follows that — The unit déformations of 
the fibres at any section of a beam are proportûmal to their dis^ 
tances from the neutral surface. In the case of simple bending 
(ail forces at right angles to the beam) the neutral axis lies at 
the centre of gravity of the section; in the case of bending 
combined with direct tension or compression, the neutral axis 
may lie in the section or be merely an imaginary line without 
the section. From the second assumption it follows that— 
The unit stresses in the fibres at any section of a beam also are 
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proportional to the distances of the fibres front the neutral surface. 
This may be called the linear law of the distribution of stress. 

The linear law is the basis of ail practical flexure formulas 
excepting some for reinforced-concreto beams. It is true that 
wrought iron and steel are the only important structural mate- 
rials whîch closely obey Hooke's law, and they only within 
iheir elastic limits. But imder working conditions thèse mate- 
rials are not stressed beyond thèse limits, and so the formulas 
ordinarily hold. Timber, stone, and cast iron can hardly be 
said to obey Hookc's law, yet for working conditions the com- 
mon flexure formulas for thèse materials are roughly correct 
and they are in gênerai use. 

In the case of those materials which do not obey Hooke's 
law, as concrète, and for ail materials when stressed beyond 
their elastic limit, the common theory does not strictly apply. 
An exact analysis requires the use of the actual tension and 
compression stress-strain diagrams for the materials up to the 
limit of the actual stresses involved. It will be assumed stiU 
that plane sections remain plane during bending so that défor- 
mations wîU be proportional to the distances of the fibres from 
the neutral surface. The experiments by Talbot,* though not 
conclusive, bear out this assumption in the more important 
case of reinforced beams. Experiments by Schùle,t however, 
sccm to show that original plane sections do not remain plane. 
Neverthelcss Xavîer*s hypothesis will probably remain a basis 
of flexure formulas for rcinforcal-concrete beams. 

The variation of the normal stress on the cross-sectîon can 
then be represented graphically in the foUowhig manner: Let 
Fig. 13a be the stress-strain dîagram, compression above the 
X axis and tension below, for the material in question as 
déterminai by direct compresâon and tension tests. Thèse 
curv'os are plotted with unît stresses as abscissas and unit 
straîns as ordinates. Let Pig. 13& rcprcsent the beam, eut 

*Umv. of lU. Bull., Vol. II, No. 1, p. 28. 

t Mitteilungen der Matt'rialpriifungs-Ansta'.t am Pol^-technikum in Zunoht 
Vol. X (1906), p. 40. 
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on section AB where the stresses are to be mvestîgated. 
The neutral axîs is at N. Since the déformations of the fibres 
are proportional to the distances of the fibres from the neutral 
axis, Ihcse distances themselves, Ni, A'2, N3, etc., will represent 
to some scale the déformations. If the unit déformation at 
point 1 is then represented by NI the correspondîng stress can 
be determined from the diagram of Fig. 13a, using the proper 
scale in both cases. Lay off the distance la to represent 
that stress. Proceeding similarly for ail points and Connecting, 
we hâve the stress curve A'NB', which is nothing more than 
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a portion of the diagram of Fig. 13a plotted to a différent 
scale. 

49. Resisting Moment aud Inefficiency of Concrète 
Beams. — For use in the f ollowîng and other discussions on 
flexurc three important principles from the mechanics of beams 
are now recalled: 

(1) For beams rectangular in section, the average unit 
tensile and compressive fibre stresses on any cross-section are 
represented by the average abscissas in the tensile and com- 
pressive parts of the stress diagram, NBB^ and NAA', respect- 
ively (Fig. 136). Also the whole tension T and whole com- 
pression C on the cross-section arc proportional to the areas 
NBB' and NAA'] hence, according to some scale, the areas 
represent T and C respcctivcly. 

(2) The résultant tension T and résultant compression C 
act through the centroids of the tensile and compressive areas 
în the stress diagram. 

(3) When ail the forces (loads and reactions) applied to 
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the beam act at right angles to ît, thcn the résultant tension T 
cquals the résultant compression C; hencc the two stresses 
constitute a couple — "the resisting couple'*. 

Fîg. 14 îs a stress-strain diagram of a gravel concrète for 
both tension and compression. For any section of a beam 

made of this concrète, the stress 
diagram is a certain part of 
the stress-strain diagram, the 
exact part depending on the 
loading. Suppose that the loads 
produce in the lower fibre at 
the section in question a unit 
stress représentée! by 66' say, 
thcn T is represented by iV66' 
and C by an area Naa' déter- 
minée l from the principle that 
PiQ^ 14^ it must equal the area NhV. 

Hence the stress diagram is 
aa'Nb% and the unît stress on the upper fibre îs represented 
by aa\ Furthermore, ab represents the depth of the beam, 
and N the position of the neutral axis. Likewîse, when the 
unit stress on the lower fibre îsBfî' (the ultimate tensîle strength) 
and the beam is on the point of failing, T is represented by 
the area NBB', and C by the equal area NAA'; hence the stress 
diagram for the failure stage is AA'NRB, and the unît stress 
on the upper fibre is AA\ 

50. Resisting Moment. — The resisting moment of a section 
is the moment of the resisting couple which acts at that 
section. Its value is the product of the tension (or com- 
pression) and the distance ' between the centroids of thèse 
stresses. For example, at the failure stage of the beam 
above referred to the average unit tensile stress scales 
12s lbs/in2, and ÎV^=0.6ZB=0.6d, d denoting depth of 
beam. Hence if 6 dénotes the breadth of the section, 

C=r=12SX0.6dx6 = 7r).8M. 
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The vertical distance between the centroîds of the shaded 
parts {NAA' and NBR) of the diagram îs 0.64A/?; hence 
the arm of the resisting couple îs 0.64d, and the computed 
ultimate resisting moment of a beam made of the concrète 
under considération is 76.86dx0.64d=49.26d2 b-lbs., h and d 
to be expressed in inchcs. 

Partly to test the correctness of the theory of flexiire of 
concrète beams, Prof essor Môrsch * made three beams 15 X 20 cm. 
in section and several tension and compression spécimens of 
the same mix of concrète. From tests on the spécimens he 
obtained a stress-strain diagram from which he computed 
the probable resisting moment of the beams to be 3.456(P— 
3.45x15x202=20,700 kg-cm. The average of the actual 
resisting moments of the beams (determined from tests to 
destruction) was 22,100 kg-cm., an agreement to be rcgarded 
as highly satisfactory. 

The working resisting moment of a rectangular beam can 
be computed from the stress-strain diagram for the material 
in this same manncr. Fortunatcly, engincers are not called 
upon to compute resisting moments by this method. It is 
hère set forth prîncipally as a mcans of introducing important 
ideas bearing on reinforcal-concrete beams. 

51. Inefficiefwy of Concrète Beams. — WTien a beam of the 
concrète above referrcd to is loaded to the breakîng point, 
the greatest unit compressive stress in the beam is the stress 
AA'j which is in tliis case about 375 ll)s/hi2. This îs ven' low 
compared to the ulthnate compressive strcngth (2500 II)s/in2), 
and the différence mdicatcs a wasteful use of concrète. 

The unshaded portion of the stress-stram diagram (Fig. 14) 
is also significant in this connection, for it indicatcs the unused 
compressive strcngth of the concrète above the ncutral surface 
when the tcnsile strcngtli of that below is fully dcveloped 
and the beam is about to fail. 

Another way to express the inefficiency of a concrète beam 
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is to compare its ultimatc resisting moment with that which 
it would hâve if the tensile strength and elastic propertîes 
were the same as the compressîve. On thîs supposition the 
tensile stress-strain diagram would be like the compressive; 
and for the concrète of Fig. 14, the ultimate C and T are rep- 
resented by the area NYY\ and the arm of the resisting couple 
by tw ice the vertical distance of the centroid of the area NYY^ 
above N. Actual measurement of the area and distance gîves 
0^775bd and arm=0.64d; hence the idéal ultimate resisting 
moment is 7756dx0.64d=4966d2 as against 49.26d2, the actual 
value. 

To supply the dcficiency in tensile strength of concrète is 
the main purpose of steel reinforcement. A comparatively 
small amount of steel (rods or bars whose combined sectional 
area is from 1 to 2 per cent of the total sectional area of the 
beam) properly embcdded will so strengthen the tensile side 
of the beam that the great strength of the compressive side 
can be utilized. The exact amount of steel required in any case 
dépends on the elastic properties of the concrète and steel. 

52. Varieties of Flexure Formulas.— Many formulas hâve 
been proposed for the strength of remforced-concrete beams. 
The différences among them arisc principally from three sources, 
namely: (1) The method of applying the factor of safety, 
(2) the law of distribution of the compressive fibre stress in 
the concrète, and (3) the value of the tensile fibre stress in 
the concrète. In regard to: 

(1) Two views are held as to the proper method cf applying 
the factor of safety. For examplc, to ascertaîn the safe load 
for a given beam, some engineers assume workiiig strengths for 
the concrète and steel, with which, by means of a suitable 
flexure formula, they compute the safe load directly; other 
engineers compute the breaking load of the beam by a suitable 
formula and then, with référence to this load, they décide 
upon the safe load. (The pros and cons of thèse two methods 
are discussed in Art. 118.) Formulas for working conditions 
(for use in the fu^t method) are cxplained in Arts. 54-9; those 
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for ultimate conditions (for use in the second method) in 
Arts. 60-4; and those for both conditions in Arts. 65-70. 

(2) As aiready explained in Art. 48, the distribution of the 
compressive fibre stress can be represented by a portion of 
the stress-strain diagrain for the concrète. As shown m 
Art. 23, the stress-strain cur\'e for concrète up to and even 
beyond workîng stresses is nearly straight, and the most widely 
used flexure formulas for working conditions are based on the 
assumption that the stress-strain curve is practically straight 
up to workîng stresses. Formulas of Arts. 54-9 and ail other 
flexure formulas of this book (except those of Arts. 60-70) 
are based on this assumption. When the curvature of the 
stressHstrain curve has been taken into account, it has gen- 
erally been assumed to be an arc of a parabola, the vertex 





FiG. 15. — Distribution of Fibre Stress in Concrète According to Various 

Assomptions. 

beîng taken, by some, at the end of cur\^e (the ultimate strength 
end) and, by others, beyond that point. The fonnulas of Arts. 
60-70 are based on a parabolic stress-strain curve, the vertex 
beîng at the end. 

(3) As explained in Art. 42, when a reinforced-concrete 
beam is being loaded, the concrète adjommg the steel fails 
(cracks) probably always before the stress m the steel reaches 
5000 lbs/în2, and wlien the stress reaches workîng values the 
cracks wîU hâve extended wxU-nîgh to the neutral surface. 
The amount of tension remaming in the concrète at the section 
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of the crack îs comparatively small, and thîs tension being 
near the neutral surface, the resisting moment due to it îs 
also small compared to that due to the tension in the steel. 
In a certain formula for ultimate resisting moment in which 
this residual tension in the concrète is allowed for, the value 
of the term expressing the contribution of this tension is less 
than \ per cent of the total moment. It is the almost universal 
practice to neglect this tension entirely in flexure formulas; 
this practice is foUowed in this book. 

An idea of the variety of flexure formulas proposed can be 
gained from Fig. 15, which shows nine distributions of fibre 
stress in the concrète according to as many différent formulas. 
53, Notation. — Fuller explanations of some of thèse sym- 
bols are given in subséquent articles where the formulas are 
derived; see also Fig. 16. 

/, dénotes unît fibre stress in steel; 

fc *' '* *' '' " concrète atîtscompressive face; 
e, '* *' elongatîon of the steel due to /,; 
Ce '* *' shortening of the concrète due to /«; 
Eg *' modulus of elastîcîty of the steel; 
Ec '* '* '' the concrète in compression; 

n '' TSitio Es/Ec] 

T '* total tension in steel at a section of the beam; 
C '* total compression in concrète at a section of the 
beam; 
M, *' resisting moment as determîned by steel; 
Me '* resisting moment as determîned by concrète; 
M *' bending moment or resîstîng moment in gênerai; 
6 ** breadth of a rcctangular beam; 
d *' distance from the compressive face to the plane 

of the steel; 
k ** ratio of the depth of the neutral axis of a section 

bclow the top to d\ 
j *' ratio of the arm of the resîstîng couple to d; 
A " area of cross-section of steel; 
p " steel ratio, A/bd. 
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54. Flezure Fonnulas for Working Loads Based on 
Linear Variation of the Compression and Neglecting Ten- 
sion in the Concrète.— The loads being working loads, the unît 
stress in tho stecl is within the clastic limit, and the unit stresses 
in the concrète vary as the ordinates to the compressive stress- 
strain curve for concrète up to working stresses. This curve 
is nearly straight; it will be assumed straîght to sîmplify the 
formulas. The resulting errors are small, as is explained in 
Art. 70. 

55. Neutral Axis and Arm of Resisting Couple. — It foUows 
f rom the assumption of plane sections that the unit déformations 
of the fibres vary as their dis- 
tances from the neutral axis; 
hence, ejec={à-kà)lkd (see 
Fig. 16). Also 6.=/./^. and 
ec=îc/Ec] hence, introducing 
the abbreviation n, 

/, d-kd \-k 
k 



njc kd 



• = -77-.. (a) 




../.___. 
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WTien the loa<^ls and reactions 
are vertical — beam horizontal 
— the total tension and compression on th(^ section are equal, i.e., 

fsA = \Jcbkd (6) 

Eliminating fs/fe between eciuations (a) and (6) and introduc- 
ing the abbreviation pgives2/m(l-A0 =k^; this if solved for k 
gives 

k=^V2pn-\-{pny^-pn (1) 

This formula shows that the neutral axes of ail beams of a 
given concrète and of a given percentage of reinforcement are 
at the same proportionate depth, k, for ail working loads. The 
lower group of curv^es in Fig. 17 givcs k for différent values of 
p and n; thus for p =0.015 (percentage of steel = l.o) and 
n = 15, À- =0.48. The cun^os show that k increases as p or n 
încreases. 
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The distance of the centroid of the compressive stress from 
the compressive face of the beam is ^kd; therefore the arm of 
the resisting couple, TC, is given by 

jd^d-^kd, or y = l-P (2) 

As k încreases, j decreases, but not in the same ratio. Fig. 17 
shows how y changes with p for four différent values of n. It 
should be notîced that j does not vary much with p, and that 
for n = 15 and p between 0.75 and 1.0%— common values — 
the average value of / is about J. 

56. Resisting Moment for Given Working Stresses /. and fc,— 
If the beam is under-reinforced, its resisting moment dépends 
on the Steel and its value then is 

M.^T'jd^UA'jd^Upjbâ? (3) 

If over-reinforced, the rcsistmg moment dépends on the concrète 
and its value then is 

M, = C'jd^ifJbkd'jd=ifckjbd^ (4) 

To find the resisting moment in a given case, thèse values of 
M must bc compared, and the lesser one taken; but it may be 
noticed that a comparîson of the quantities /.p and ^fck is 
sufticient to détermine which of the values is the lesser. 

For approximate computations one may use the average 
values y=J and A = f; then formulas (3) and (4) become 
respectively 

M.==}A'ld (3)' 

M^^lc'lbfP (4)' 

57. Unit Fibre Stresses for a Given Bending Moment. — 
Formulas for thèse may be obtained from équations (3) and (4) 
by solving them for /, and fc respectively; M will dénote bend- 
ing moment. Or, one may reason as f ollows : Since the resisting 
moment is Tjd, 

M T 
T=j^ and /, = -j; (5) 
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also, sînce /c equals twice the average unît compressive stress 
on the section, and C'=T, 

Approjùmating as before, î.e., using average values /- J and 
A-f, formulas (5) and (6) become respectively 

r-p and f.^j, (5/ 

2T 
and /«*|6d"^^'P ^®^' 

58. Détermination of Amount of Steel and Cross^section 
of Beam for a Given Bending Moment. — If k be elimînated be- 
tween équations (a) and (6), the following formula for steel 
ratio results: 

1/2 ,^ 

P-T-7T \ (7) 






It shows that for gîven concrète and ratio of working stresses, 
p has the same value for ail sizes of bearas. Fig. 18 gives 
graphically the proper values of p for différent ratios /.//^ 
and four différent values of n. 

If a value of ;; less than that given by (7) is adopted then 
th(* cross-section, or 6cP rather, should be determined from the 
first of équations (8), if greater, from the second. (Thèse are 
(3) and (4) solved for 6cP respectively.) 

bcP^j^, bd^ = ^ (8) 

Values of k and / can be obtained from (1) and (2) or Fig. 17; 
then inserting an assunicd value of 6, d can be obtained by 
direct solution of the fomiula. 
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For Approximate Design, — To détermine the percentage of 
Steel, use (6)' in this form, p=-\\jc!ft' If a smaller percentage 
than this is decided upon, use the first of équations (8)' to 
détermine h and d\ and if a larger then the second one. 

.^ A/ ,^ M 



59. Diagrams and Examples, — Some numerical examples 
flhistrating the preceding principles will now be given, and 
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then soine diagrams will hc explaiiied by moans of which com- 
putations in such exaniples eau he whoUy avoided or nearly so. 

(1) A conoroto l)eam is 10 X 10 iiichos in cross-sootion and the tonsion 
reinforcemrnt consists of four J inch stocl rods, thoir centres beinjç two 
inehes above the lower facc^ of the heani. Tlu» workin:; stress of the con- 
crète iK'ing (KK) Ibs/in^ and that of the steel 15,(KK), what is the safe 
resisting moment of the lx»am? 

Sohitions. Th(» eross-s<^ction of one steel rod is 0.442 in*, hence 
-4 = 1.768; and as 6=10 and ^/=-14, /j= 1.7aS/ 140 = 0.0120. There- 
fore, n being taken as lô, from (1) ^' = 0.453; also from (2) / = 0.849. 
As determined by the steel, the resisting moment is (see ecj. 3) 

3/.= 15,000 X 1.7GS X0.S49 X 14 = 315,000 in-lbs. 
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Ab determined by the concrète, the resisting moment is (see eq. 4) 

Me - 300 X 10 X0.453 X 14 XO.849 X 14 - 227,000 in-lbs. 

The safe resisting moment is the latter value. 

The approximate formulas, (3)' and (4)', give respectively 

3f . = 15,000 X 1 .768 X J X 14 = 325.000 
and Afc = 600 X i X 10 X 14» =- 196,000 in-lbs. 

The approximate formula relating to the steel aiways gives a doaer 
resuit than the other. 

(2) Suppose that the beam of the preceding example is 19 in. deep 
and is subjected to a bending moment of 350,000 in-lbs. Compute the 
greatest unit stresses m the steel and concrète. 

Solutions. The steel ratio is 1.768/170=0.0104; and with n-15, 
eq. (1) gives ^-« 0.424, and eq. (3) gives /« 0.859. Therefore 
T = 350,000/0.859 X 17 = 24,000 Ibs., and /. = 24.000/1 .768 - 13,600 Ibs/in». 
Also see eq. (6), /c- 48,000/0.424x10X17 = 665 Ibs/m». 

The approximate formulas (5)' and (6)' give respectively 

/.- 13,500 and 7^ = 750 Ibs/in». 

Agîdn, of the approximate formulas, the one relating to the steel givea 
the closcr resuit. 

(3) A beam is to be figured to withstand a bending moment of 
135,000 in-lbs., the working strength of the concrète and steel being 
taken at 700 and 12,000 Ibs/in» respectively. 

Solutions. For n = 15, eq. (7) gives p = 0.0136. With this value of 
p, eq. (1) gives A: = 0.462, and hence /= 0.846. Eq. (8) now gives 

135,000 
^ 12,000X0.0136X0.846 ^'^' 

Many différent values of h and d will satisfy the last équation. If 6 ia 
taken as 7 in., then 

d»-978/7 = 140, or (f=12in. 
Finally .4 =0.0136(7 X 12) = 1.14 in^ 

The approximate formula 6' ^ives for a suitable steel ratio p— A 
700/12,000 = 0.0109. Adopting 0.011, thon 8' gives M* = 135,000/^700 « 
1157. Taking 6 = 7 in. as bofore, r/2 = 1157/7 = 165.3, or d=12.S, 13 m. 
say. Finally A =0.011X7X13 = 1.00 in^ 

The construction of the diagram-î (Plates I-IV, pages 275 to 
278) referred to will now be L^xplained and then their use. It will 
be convenient to hâve names for the quantities f,pj and ^Jcj 
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(see eqs. 3 and 4) and single symbols for them. We shall call 
them coefficients of résistance relative to the steel and the concrète 
and will dénote them by R^ and Rc respectively; that is, 

(a) R,^f^pj and (6) Re^ifJcj. 

Then the formulas for resisting moments of a given beam 
with particular working strengths /, and fc may be written thus : 

M,^R.b(P and Afc-RJxP (1) 

Sîmilarly for any particular beam subjected to a bendîng 
moment M, 

R,=^Rc==M/b(P (2) 

Likewise for any particular bending moment and working 
strengths /, and fe, the necessary section is given by 

bcP^M/R, (3) 

R being the smaller of the two coefiicients of résistance. 

In the four diagrams values of p are given at the upper 
and lower margms and values of R, and Re at the sides. The 
diagrams are drawn for four différent values of n, viz., 10, 12, 
15, and 18, as noted on the plates. 

The /, cur\^es of the diagrams are merely the plots, or 
graphs, of équation (a) for certain values of f» as markcd on 
the curves. The fc curves are the graphs of équation (6) for 
varions values of fe as markcd. For example, when n = 15, 
/. = 14,000, /c = 600, and p = l% (sce page 277), «.= 120 and 
fie=108.* 

The foregoing three examples will now be solved by means 
of the diagram, page 277 {n = lô). 

(1) The percentage of stot^l boing 1.26, we first find that vahie on 
the lower margin; then trace vertically, stopping at the first of the two 
curves fc- 600 and /« = 15,000; then trace horizontally to either side 

♦ Thèse diagrams are modcled after tfiose contributed by Prof. French in 
Trans. Am. Soc. C. E.. VoL LVI, 1906, pp. 362-4. 
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margin and read off the value 72 = 115. Finally 3/ -115x10 X 14'- 
225,400 in-lbs. 

(2) /2-3//W-350,00U/10 17*=121, and the percentage of steel is 
1.04. We enter the diagram with thèse values of R and p, find the inter- 
section of the horizontal and vertical lines through thèse values respect- 
ively, and from the steel and concrète curves adjacent to this inter- 
section estimate /, to be 13,750 and /^ 675 Ibs/in*. 

(3) We first find the intersection of the curv'es/^ = 700 and/,- 12,000; 
from that point tracing down we find p= 1.35%, and tracing horizontally 
we find /? - 137. Then W» ^M/R = 1 35,000/137 = 986, from which b and 
d may be decided upon, and then finally the amount of steel. 

6o. Flexure Fonnulas for Ultimate LoadS| Based on 
Parabolic Variation of Compression and Neglecting Tension 
in Concrète. — It is assumed that the amount of reinforce- 
ment is sufficient to develop the full compressive strength 
of the concrète without straining the steel beyond îts yield 
point; or othen\'ise expresscd, f allure occurs by crushîng of 
the concrète, the stress in the steel being still wîthin the 
yield point. Then the parabola representing the variation of 
compression is a full parabola (see Art. 26), the upper end 
(see Fig. 19) being the vertex. 




/. 



FiG. 19. 

If the amoimt of steel in a beam is such that the ultimate 
strength of the concrète and the clastic Ihnit of the steel would 
be reached simultancously if the beam wcre subjected to a gradu- 
ally mcreasing loaJ, then this will be callctl the idéal amount — 
no better terni seems available — but this amount may not be 
the best m a given ca^se. 
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In the présent connection, the two following propertîes of 
a parabola like that of Fig. 19 are useful: (1) The average 
abscissa of the parabolic arc equals two-thîrds the greatest, fc] 
(2) the distance from the centroid of the parabolic area to 
îts top equals three-eighths the total height, kd, 

6i. N entrai Axis and Arm of Resistiruj Couple. — ^The "initial 
modulus of elasticity" of the concrète (Art. 24) is denoted by 
Ec in the présent article. It is represented by the tangent 
of the angle between the vertical through N and the tangent 
to the stress-strain curve at N. And since NA represents e^ 
it follows from a well-known property of the parabola that 
/c=J-Ec6e. Also fg^E^e,, and from the assmnption of plane 
sections it follows that e,/ec=-(d—kd)/kd. Eliminating ejec 
from the above équations, and introducing the abbreviation n, 
gives 

2^r~ ^^^ 

When the loads and reactions are vertical — ^beam horizontal — 
the total tension and the total compression on the section 
are equal, i.e., 

ÎA-Iim {h) 

Eliminating /,//c between e(|uations (a) and (&) and intro- 
ducing the abbreviation 79, gives Zpn=k'^/{\ — k)\ this if solved 
for k gives 

k = \/37>M + (^/;/i)2 - Ipn (1) 

This formula shows that the neutral axes of ail beams of a 
giveii concrète and of a given pcrccntage of reinforcement 
are at the samc proportionate dopth, Â:, for their respoetive 
ultiniate loads. The lower group of curv^es (Fig. 20) giv(s /: 
for différent values of p and n; thus for p = 2% and /2 = 15, 
A: =0.60. The curv'cs show that k hicreascs as por n increases. 
The distance of the centroid of the compressive stress from 
the compressive face of the bcam is ^kd) therefore the arm 
of the resîsting couple TC is givcn by 

id = d-lkd, or ; = l-p (2) 
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Plaînly, as k încreases / decreases, but not at the same rate. 
The upper group of curves in Fig. 20 gives / for différent values 
of p and n; thus for p=2% and n = 15, /= 0.775. It should 
be notieed that / does not vary much with p, and that for 
n = 15 and p grcater than 1% the average value of / is about 
0.80. 

62. Ultimate Resisting Moment for a Given Ultimate 
Strength je — Remcmbering the assuniption made at the outset 
în regard to the amount of steel (Art. 60), it will be under- 
stood that the ultiniat(* resisting moment always dépends on 
the concrète; the va'ue is 

M,=C'jd = ifJbkdjd=Wcb(P (3) 

It should be remembered that this équation gives the ultimate 
resisting moment only if when the unit stress in the concrète 
is at the ultimate that in the steel is not beyond the elastic 
limit. 

If the beam has the ''idéal amount" of reinforcement 
before referred to, thcn the ultimate resisting moment can be 
computed from the steel by means of 

M,=^T-jd=f,A'jd=f,pjbcP, .... (4) 

în which /, dénotes elastic limit of steel. 

For approxiwate computations one may use the average 
values /=0.S0 and A- =0.52; with thèse, formulas (3) and (4) 
become respectively 

2Mc = 0.27Hfcbd^ (3)' 

M, = TOM = O.Hf,pbd^ (4)' 

63. Détermination of Amount of Steel and Cross-section of 
Beam for a Given Ultimate Bending Moment. — When a ))eam 
contaîns the "idéal amount'' of steel, the values of M given 
by (3) and (4) are equal; hence, f,/fc = 2lc/3p. If the value 
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of A; as gîven by équation (a) be înserted in thîs équation, 
then the following formula for the "idéal steel ratio" results: 



p= 



2/3 



U\2nîJ) 



(5) 



Thîs shows that p dépends only on the ultîmate strength of 
concrète and elastic limit of steel, and not at ail on the sîze 
of beam. Fig. 21 gives graphically the "idéal ratio" p for 
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différent values of the ratio /,//« and four values of n; thus 
for /. = 34,000, /c = 1700, and n = 15, p = 1.93%. 

If, in any given case, the steel ratio as given by (5), or a 
higher value, is adopted, then the concrète would crush without 
straining the steel beyond the elastic limit, and the ultimate 
resisting moment of the beam is given by (3), which value 
equated to the ultimate bending moment, il/, to be provîded 
for, gives lfcikh(P=M, or 

'^■m «» 
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From thîs d may be computed for any assumed value of 6. 
If a lower value than that given by équation (5) îs adopted 
for p, then under a gradually increasing load the stress în 
the Steel would reach the elastic liniit before the concrète 
would crush, and the formulas of this article could not be 
used to compute the ultimate resisting moment of the beam. 
See Art. 67 for solution of this case. 

Approximating as before, y=0.80 and A; =0.52, and eq. (6) 
becomes 

1.^ 3.6M 

b(P=—T— (6/ 

Je 

64. Diaçrams and Examples. — Two numerical examples 
will now be given to illustrate the foregoing principles, and 
then a diagram will be explained by means of which compu- 
tatîons in such examples can be whoUy or partially avoided. 

(1) A concrète beam is 10x16 inches in cross-section and the tension 
reinforcement consists of four }-in. steel rods, their centers being two 
inches above the lower face of the beam. The ultimate compressive 
strength of the concrète being 2000 and the elastic limit of the steel 
40,000 Ibs/irf compute the ultimate resisting moment of the beam. 

Solutions. Hère ^ = 0.0126, and for n = 15, eq. (1) gives /c«0.52 
and (2) gives ; = . 805. Hence 

Me = i 0.805 X 0.52 X 2000 X 10 X 14» = 1,096,000 in-lbs. 

It remains to test whether the stress in the steel would be within the 
elastic limit, the beam being subjected to a bending moment of 1,096,000 
in-lbs. This is done by dividing the l:)ending moment by the arm of the 
resisting couple, which gives the whole tension in the steel, and then 
this tension by the area of the steel; thus 

^'«««•««« = 97,300 Ibs-r 



0.805 X 14 
and 

^j^ = 55,0001bs./m»-/. 

Thîs result being beyond the stated elastic limit, eq. (3) does not apply 
to the problem in hand. (The ultimate resisting moment can be com- 
puted by other methods. See ex. 2, page 80.) 
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(2) A beam is to be figured to safely withstand a bending moment 
of 135,000 in-lbs., the ultimate compressive strength of the concrète 
being taken at 2000 and the elastic limit of the steel at 40,000 lb8/in^ 

Solution. With n-15, eq. (5) gives as the "idéal steel ratio," since 
A//C-20, 

2/3 

For this value of p, eq. (1) gives A? «= 0,598, and (2) gives /- 0.775. Wîth 
a factor of safety of 3, the ultimate bending moment is 405,000 in-lbs., 
and eq. (6) gives 

405,000 , 

^ "1X2000X0.775X0.598"^^ ^^ • 

Tiying 6 inches for 6, then d' - 109.3 or d - 10.5 in. ; also A - 0.02 X 6 X 10.5 
-1.26 in". 

The "coefficients of résistance" on the parabolic theory 
are /«p/ and §/c/A (sce équations 4 and 3), and using the sym- 
bols 72, and R^ as in Art. 59, 

Rê=fêpi and Rc = ^fcjk. 

The /, curvesof the (liagram(PlateV, page 279) are graphsof the 
first équation for certain values of /, as marked on the curvTS 
and n = 15. (The curves for n = 12 dififer very little f rom thèse .) 
The fc curves are graphs of the second équation for varions 
values of fc as marked; the full curves are for n = 15 and the 
dotted for n = 12. 

In using the diagram to détermine (1) the ultimate 
resîsting moment of a given beam for a spécifiée! ultimate 
compressive strength of the concrète, or (2) a steel ratio and 
size of beam to withstand a given ultimate bending moment 
with specified compressive strength of concrète, thèse formulas 
respectively should be borne in mind: 

M^Rhd? and bcP = M/R. 

The foiegoîng two examples will now be solved by means of 
the diagram. 

(1) The percentage of steel being 1.26, we first find that value on 
the lowcr raargin of the diagram, and then trace vertically to the line 
marked /c = 2000. We note that the point thus found is above the line 
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/« = 40,000, the elastic lirait of the steel of the beam, and hence conclude 
that the amount of steel in this beam is insufïicient to develop the 
full compressive strength of the concrète without straining the steel 
beyond the elastic lirait. If the elastic lirait of the steel were as high 
as 55,000 Ibs/in', we would trace horizontally from the point as 
found above to either side of the diagram and read /? = 552. Then 
A/ =/?M» = 552 X 10 X 14* = 1,087,000 in-lbs., which is the ultimate resiat- 
mg moment of this beam with the high elastic lirait steel. 

(2) We first find the intersection of the curves /c«=2000 and 
/«« 40,000 ; frora that point tracing down we find p = 2%, and horizontally 
we find 72 = 620. Then M» -3f//2 = 405,000/620 -654, from which 6 
and d can be decided upon, and finally the amount of steel. 

65. Flexure Formulas for any Load up to Ultimate» 
Based on Parabolic Variation of Compression and Neglect- 
ing Tension in Concrète (After Talbot).— It is assumée! that 
the stress in the steel îs not above the yickl point. The par- 
abola representing the variation of compressive stress îs not a 
"full one", that is, its top is not the vertex, see Fig. 22, unless 




the maximum concrète stress is at the ultimate value. As 
heretofore fc and Cc will dénote the unit stress and strain re- 
spectively at the compressive face of the concrète, and as in 
Art. 61, Ec will dénote the initial modulus of elasticity of the 
concrète. In this article // and e/ will dénote thèse sanie 
quantities at the ultimate stage of the concrète, and q will 
be used as an abbre\nation for Cc/e/, It can be show^n from 
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the properties of a parabola that: (1) The average abscissa 
to the parabola NB is (3 -g)/3(2 -g) times the greatest abscissa 
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Fia. 236. 



/cl ('2') the distance from the controid of the parabolic area 
to the top AB b (4-g)/4(3-g) times its height, hd\ and (3) 

/c='/c'(2-3)? = è(2-9)^cec (a) 
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Fig. 23a shows graphically the relation between q and the 
ratio jc/îc] thus when g = i (the concrète îs straîned to one- 
fourth its lîmit of compression) the unît stress in the concrète 
îs about 0.45 of the ultimate strength. 

The Unes NB in Fig. 236 show the distributions of com- 
prt^ive stress at a section of a beam when ? îs J, J, î and 1 
respectively as niarked. In each case N is the neutral axis 
and AB represents the unit stress on theremotest fiber. When 
q is i, the c.istribution is almost linear. 

66. Neutral Axis and Arm of Resisting Couple. — ^As în 
Arts. 55 and 61, e,/ec = {d—kd)/kdy and f^^E^e,. Elimînating 
e,/ec from thèse two equatioui^ and (a), and introducing the 
abbrevîation n, gives 

A =2(1^) ^. 

nfç k{2'-q) W 

When the loads and reactions are vertical —beam horizontal — 
the total tension and total compression on the section are 
equal, i.e., 

^/. = 6Ad/c(3-ç)/3(2-g) (c) 

Eliniinating the ratio jjjc between équations (6) and (c), and 
intnxlucing the al)breviation ;>. gives f)7>M(l— A')=^'^(3— 3)1 
which solved for k furnishes the foUowing formula: 



,._^,f^ i^v^ 0) 



It shows that the neutral axes of ail beams of a gîven con- 
crète and a given perc(*ntage of reinforcement are at the same 
l)r()portionate depth, A*, for any particular stage of loaiiing 
as given ])y q. TIuî lower group of curves in Fig. 24 shows 
how /idt^pends on /) and n for ç = i, the value taken by Talbot 
as closely corresponding to the working stage. The lower 
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group of curves în Fig. 25 shows how k dépends on q (that îs, 
on the stage of loading) for several values of p, n beîng taken 
as 15. Thus when p==0.01 and 5=0 nearly (load very small), 
4=0.42; and when g = l nearly (ultimate load), A; =0.48. 

The distance of the centroîd of the compressîve stress from 
the top of the beam îs kd(é-q)/4:{3'-q); hence the arm of 
the resistîng couple îs gîven by yd=d-A:d(4-g)/4(3-9) or 

J-1 4(3-5) ^ ^ 

The upper group of curves în Fig. 24 shows how j dépends 
on p and n, for the stage q = {. The upper group of curves 
în Fîg. 25 show^s how j dépends on q for several values of p, 
n beîng taken as 15. It should be noticed that / does not 
change much for consîderable changes în g. 

67. Resisting Moment for Given Values of fc and /,. — Whether 
the resîsting moment is determîned by the concrète or steel 
dépends on the percent agc of reinforcement; în a gênerai 
way the hîgher percentages make the moment dépend on 
the concrète and the lower on the steel. As dependîng on 
the concrète, the resisting moment îs gîven by 

Mc-^Gjd-^^^jkfM' (3) 

The value of q to be used hère must correspond with the /<. 
used, the relation between q and fc beîng given by (a) of Art. 65; 
or by Fig. 23a. As depending on the steel, the resisting mo- 
ment is 

M.^Tid^f,Ajd^f,pjbâ? (4) 

68. Détermination of Fibre Stresses /, and fc for a Given 
Bending Moment. — Formulas for thèse can be obtained by 
solving (3) and (4) for fc and /, respectively; thus 

3(2- g) M 



^' (3-3) jkbd!^ 

1.-" 



pibcP 



(6) 
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Neither fc nor /, can be detemiined directly f rom thèse, for each 
formula containsg (/ and k dcpen.l on g), which is an unknown 
in the problem in hand. An estimated value of q must be used 
for a trial solution of (5), and then with the value of fc thus 
found a better value of q may be obtained from (a) or from 
Fig. 23a, which value may be used in a second trial solution. 

69, Détermination of Amount of Steel and Cross-section of 
Beam fora Given Bending Moment, — In order that the maximum 
unit compression in the concrète, /c, and the unit stress in the 
steel, /„ may hâve certain definite values when the beam îs 
subjected to a given bending moment, a certain definite per- 
centage of steel must be used. This percentage is such as 
makes the values of the resisting moment as determined by 
steel and concrète equal. Thus equating values of M from 
équations (3) and (4) and simplifying, 

Insertîng în this the value of k fumished by (6) gives 
3-q 1 



3{2^q)fJ2-qf, 



fX2n f^'J 



(6) 



In this also the value of q used should correspond to the value 
of fc adopted as working stress. The curves of Fig. 26 give 
values of p for différent values of /,//c up to 50, q being taken 
at i 

If m any given case a value for p less than that given by 
(6) is adopted, then the resisting moment is given by équa- 
tion (4), which equated to the bending moment to be provided 
for gives ftpjhd? = M, or 

6d2 = ~ (7) 

If a greater value of p is adopted, then the resisting moment 
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is given by (3), which if equated to the bending moment givos 
jkiJid?{Z-q)/Z{2-q) = M, or 



6d2 = 



3(2- g) M_ 
3-3 jkf. 



(8) 



From the proper one of thèse, d can be computed for any 
assumed vsdue of h. 
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Examples, — (1) It is required to solve example 1, Art. 59, by the 
methods of this article, it being supposed that for the working stress 
/c-600 Ibs/in», ç = f 

Solution. As shown in the solution of the exaraple referred to, 
il «1.768 in*, and ;; = 0.0126; therefore frora eq. (1) or Fig. 24, n being 
takcn as 15, Âr = 0.466, and from eq. (2) or Fig. 24, y-0.842. Then from 
eqs. (3) and (4) 

.Vc = iix0.842x0.466x600xl0Xl4"-242,000in-lbs. 
and Af. = 15,000xl.768x0.842xl4-313,000 in-lbs. 

(2) It is required to solve example 1 of Art. 64 by the methods of 
this article. 

Solution. As disclosed by the solution in Art. 64, the stress in 
the steel will reach the elastic limit before that in the concrète would 
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reach the ultimate strength; hence the ultimate resistîng mom^tît dé- 
pends on the Bteel, The stress cxistîng in the concrète when the steeî 
is stressed to the elastir limit is ujiknown ; so ïb q. Supposing that thia 
stress in concrète ia l the uUinmte strength, g =0.5 (see Fig.23a) ; ihen, 
since j^-0,0126, and n is taken m 15, A;- 0,48 and /-0.8t3 (see Fig. 25), 
aad eq, (4) gives il/a -^820^000 in-lbs. For a bendîng moment of thia ^ 

value y the stress in the concrète would be (with the above values of ^, j\ 
and k) 1260 Ibs/m' (see eq, 5). Now for the ratio 1260/2000, q is 
ahout 0.4| k, 0.75, and /, 0.S25. Since this value of j is practically îike 
the one used in the trial computatioti, the ultimate resisting moment may 
be taken as 820,000 in4bs. 

(3) It is T^quired ta soî%ie exampîe 2 of Art, 59 by the methods of 
this article, suppoaiug the nltimate compressîve strength of concrète to 
be25001b9/in^ 

Solution. This problem can only be solved by trial becAUse ît îs 
necessary to know g at the outset, and q dépends on a quantity sought, 
/c. Supposing that the load as about a safe one, then q equals about 
J. With this value, n equal to 15, and p equal to 0.0104 (already found 
on page 60), A-0.43, and J-0.S5 (see Fig. 24), Then eq. (5) givea 
/f — 630 Ibs/in^. Now q dépends on the ratio of the working stress in 
the concrète to its ultimate strength; for the approximate ^^alue. 630, 
the ratio is 0.25, and eq, (a), or Fig* 23, gives <7^0.15. With this value 
eq. (1) gives A; -0.432, eq. (2), j^QJSM (see also Fig, 25), and eq. (5), 
/t--635 Ibs/in*. Thîa value is so near the first that f/=0.15 must be 
practically correct, and /- 0,854 may be ujsed to détermine the stress in 
the Steel. For this, eq* (5) gives /,- 13,700 lbs/in\ 

(4) It is required to solve example 3 of Art. 59 by the methods of 
this article, the ultimate compressive strength of the concrète being 
taken at 2000 lbs/ia^ 

Solution. For the ratîo 700/2000, q is about 0*2 (see Fig. 23a-) With 
n — 15 eq. (6) gives p -0*018, For this value of p, we may use either I 

(7) or (8) to compute the dimensions of the section. Choosîng (7) we 
need first a value of /, which may be obtaîned frora (2) and (1), or closely 
enough from Figs. 24 or 25; the figures give /-0,S2, and eq. (7) givea 1 

èd*- 7G3* With 6 - 7 (as in Art- 59) d is 10*5 in. 

70, Comparison of Flextire Formulas af ter Talbot with (1) 
those for working conditions as gîven in Art. 54-59, and (2) 
those for ultimate conditions as given in Art* 60-64: 

(1) The heavy horizontal lines of Fig. 25 give valu^ of / and 
k, accordlng to the linear law (Art. 54), and the curved lineg 
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those after Talbot. For 9 = 0.25 and p= 0.015, the differaice 
between the two values of / is repres«ited by ad and the dif- 
férence between the tw-o values of k by b. For ail values of 5 
op to 0,25 or 0.30 the first différence is small, and so the values 
given by the two formulas for /, must be nearly the same. The 
second différence is larger, and the two formulas for fc wîll not 
agrée so closely. An exact comparison will now be made. 
Art. 56 gîves (see eqs. 3 and 4). 



M 



//= vkjo and fé^Tû 



23/ 



M2- 



CThe primes are used to distinguish the symbols f rom the cor- 
responding ones in the other formulas.) Comparing thèse with 
eqs. (3) Mid (4), Art. 62, one gets 

LL^J .nH // 2(3-7) jk 

Wf fc 3(2-3) /a- 

As already explained, q rarely exceeds J for worklng conditions; 
with this value and n=15, the foUowing table gives the ratios 
/,'//• and fe/fc for five percentages of steel. For values of q 
less than }, the ratios are nearer unity; for 7 = 0, they are ail 
unity and the two sets of formulas are identical. 



J>- 


i%. 


i%. 


1%. 


1.5%. 


2%. 


/rV/c 


0.995 
1.092 


0.993 
1.091 


0.991 
1.090 


0.990 
1.088 


0.989 
1.086 



The unit stresses in the steel as given by the two formulas are 
practically identical. Any error involved in the formulas for 
//, bascd on the lincar law, is on the side of safety. 

(2) For loads which stress the concrète to the ultimate 
limit, the stress parabola of Fig. 22 is fuU like that of Fig. 19, 
and ry = 1. The formulas of Arts. 65-70 for this stage and those 
of Arts. 60-64 are identical. 

71. Flexure Formulas for T-beams.— The following dis- 
cussion îs based on the linear law of compression, and ît neglects 
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the tension in the concrète. The foUowing additional notation 
îs employed (see aiso Rg. 27) : 

b dénotes wîdth of flange; 

d '* effective depth of beam; 

V " widthofweb; 

t " thîckness of flange; 

z " depth of résultant compression below top of 

flange; 
p " steel ratio, -A/ftd. 

It îs necessary to distinguish two cases, namely, (1) the 
neutrai axis is in the flange, (2) the neutral axis is in the web. 



I- 



~r f -pc 



• •• 



•--•<&••* 




Which of the two cases is at hand in any particular compu- 
tation may not be apparent at the outsct. This may readily 
be determined, however, by means of certain formulas to be 
explained. 

72. Case I. The Neutral Aris in the Flange. — AU formulas 
of Arts. 54-58 (except approximate ones) apply to this case. 
It should be remembered that b of the formulas dénotes flange 
— not web — ^width, and p (the steel ratio) is A-i-bd, not 
A-^Vd {see Yig. 27). 

Approximate Formulas. — Evidently the arm of the resisting 
couple, CTj is always greater than d—^t; hence the foUowing 
approximate formulas err on the side of safety: 



M.^fMd-it) and /.=MM(d-JO. 



>^ 



î ^ ' 



' ^ ■ ■^« 



//. ' ■'>* ' ^ ■»' f '.■•/ ' . . ■/ .'i^ y -• — T":.- 1.7.. ::: ■ 

■*■* >«»#/; *»:#' » ;l > 'jirj'r-"' .».'. ;i '.11-: L'-i.."-:- " ■" '_Iilf 

■' t, •'..-' \ ,'.,' t**-', , 'À* y- 4x '.'I-' -ij.'v- - -j- -LliJr. 

s ^a) 



•■.,/!,„/■ -^ <" 

'lliii iniHi)n iiiiil riiin|iirp'siivr Awm in tho flange is 

n» I r(l ) /.(l ), tind llir wliolt» coniprcssion is 

i ^ A If I ^ '.'Al/' 

<1| |M \iiil iA\\\v \\\v whoir (nision and wliolo coni- 

^ Mil 

|>u>>l\tM \\\\ \\\\^ in'i Mon tuo oi|nal. 

', I -,^1 ,-\^r v^^ 

),luu\^^>\iu\ . U-,\\^v:^ .s'.ii.r.îxV'.N ,:^ hîv. ,>' \xo co: Aïl 
\.(M^>\xu« wJuxS wîu-'. >\*'\\\i ;**■ ^ »;:>.'> 
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Thèse give good résulta. There are no satisfactory correspond- 
ing formulas based on concrète; for determining the concrète 
stress use the formulas for rectangular beams. Usually the 
concrète stress will be relatively small, as the flangc of a 
T-beam which cornes under Case I is generally much stronger 
than the steel. 

73. Case IL The Neutrai Axis is in the Web, — The amount 
of compression in the web is commonly small compared with 
that in the flange and will be neglected in the analysis of this 
article. The formulas are thereby greatly simplified and the 
resulting error is generally very small. To provide for designs 
in which tho web is very large as compared to the flange, 
formulas which take account of web compression are given 
in Art. 73a. 

Neutral Axis and Arm of Resisting Couple, — Just as in 
Art. 55, eq. (a), 



nfc k ' 
hence we hâve, in terms of /« and fe, 



(a) 



The average unît compressive stress în the flange is 
JK+/c(l--7;^) =/«(l--^), and the whole compression is 

/.(l-r7-;)6'. And since the whole tension and whole com- 
pression on the section are equal, 

Eliminating /,//« between équations (a) and (6) we get an 
équation which when solved for k gives 

nA + W"^ 

*-- ;sT6r- • •••••• p) 
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Substituting pbd for A we also dcrive the form 






t\2 

(3) 



The arm of the resîsting couple îs d— « (see Fîg. 27). The 
distance z is equal to the distance of the centroid of the shaded 
trapezoid from the top of the bcam, that \a, 



We also hâve 



2k -^ 



jd-d-z, (5) 



and, by substitution from (3) and (4) we bave, in terms of 
t/d and p, 

The neutral axis will be at the junction of web and flange 
when i/d = k. 

On Plate VI, p. 280, are plotted curves for values of k and / 
for varions vahies of p and of the ratio ild. The value of n 
is taken at lô. This diagram, as well as cq. (6), shows that 
j is aflfected very little by changes in the amount of steel. 
The diagram also givcs on the right hand margin the values of 
/•Ifcf corresponding to the varions values of k as deterniined 
from eq. (1). The curves for k and j end at points where 
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k^t/d. They become horizontal at thèse points and the 
values of k are equal to those for rectangular beanis. (See 
Fig. 17, Art. 55). 

Resisting Marnent and Working Stresses. — If the beani is 
under-reinforeed, its resisting moment dépends on the steel; 
if over-reinforeed, on the concrète. Thèse two values of the 
moment are respectively 



M.=f.Ajd, 



(7) 



If one is in doubt which of thèse to use when about 
to compute the resisting moment of a given beam with 
Bpecified working stresses, then both values should be 
computed and the smaller taken as the resisting mo- 
ment. 

The unit stresses, /, and /c, produced by a certain bending 
moment M in a given beam can be computed by solving (7) 
for/, and/c or from 



^'~n'l-k' 



f-L. 

Î>V 
V~2Ïd/d. 



(8) 



Approximate formulas corresponding to (7) and (8) can be 
established as follows: From the stress diagi'am in Fig. 27, 
ît is plain that the arm of the resisting couple is never 
as small as d—^t, and that the average unit compressive 
stress is never as small as J/c, except when the neutral 
axis is at the top of the web. Using thèse limiting values 
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as approximations for the true ones, we hâve as substitutes 
for (7) and (8) 

M»=AMd-ht) 



-W j 
l-ht) J 



(7y 

Mc=hJJbt{d- 
M T 20 

The errors involved in thèse approximations are on the side of 
safety, for (7)' pves values smaller than (7), and (8)' larger 
ones than (8). Satisfactory approximate results may also be 
reached by assuming a 6xed value of \d for the arm of the 
resisting couple jd. 

730. Formulas Taking irUo Account the Compression in the 
Web. — When the web is very large compared to the flange it 
may be désirable to use more exact formulas than those already 
given. In this case the formulas for the position of neutral 
axis, arm of resisting couple, and moment of résistance be- 
come as foUows: 



jj j 2ndA + ib-b')P / nA + (b-b')t \^ nA + (b-b')t 
*""^ b' "^V &' / b' 



(9) 



b(kdfi-m+b'Ukd-t)^(t + '^)^ 
{kd-t)^ ' 

jd=d-z; (11) 



^" bt{2kd-t)+b'{lcd-tp ' ^^^^ 



Mc=:^[(2kd-t)bt+{kd-t)2b']jd 
Equations (12) also ^ve /, and fc for given values of M. 



(12) 
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74- Problems of Design— Eûher Case I or IL — In practice, 
various forms of problems will arise: (a) The dimensions may 
be given, to find the safe resisting moment of the beam or 
the stresses in the steel and concrète under a given load; (6) 
the dimensions of the flange may be given, together with 
the loading and specified working stresses, to détermine suit- 
able web dimensions and steel area; (c) the loading and work- 
ing stresses may be given, to détermine suitable proportions 
for the entire beam. 

(a) Where ail the dimensions are given,* the value of k 
and j are found from eqs. (3) and (6), or from Plate VI, and 
thence the values of the moment of résistance from eqs. (7), 
or the fibre stresses from (7) or (8). If the value of k is found 
to be less than t/d then the problem falls under Case I and 
the formulas for rectangular beams apply, or the approximate 
formulas of Art. 72 may be used. 

(6) Generally the fiange has been predetennined as it is 
usually formed by a portion of the floor slab which is already 
désignée! . A suitable web must then be determined, together 
with the necessary amount of steel; and finally the fibre stress 
in the concrète must be calculated to ascertain if it is within 
the specified working liniit. The depth and width of web 
are selected with référence to shcaring strength, space for the 
necessary rods and other considérations, as fuUy explained in 
subséquent articles. The depth having been selected, the 
value of j is estimated and the amount of steel. A, approxi- 
matcly determined by eq. (7). The amount of steel being 
known, the value of ] can be determined by eq. (6) and then, 
if necessar\', the value of ^4 corrected by eq. (7). The value 
of k should also be found from eq. (2) in order to ascertain if 
the beam falls under Case I or II. The stress in the concrète 
îs then found from eq. (8). 

In estimating the value of / use Plate VI, or a value of J 
may be assumed, as for rectangular beams. 

(c) When ail parts of the beam are to be selected on the 
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basîs of given working stresses it is convenient to first sélect 
suitable proportions for the web, as in Case (6). A flange 
thickness is then assumée! such as to give satisfactory pro- 
portions between l and d. The value of t/d is then known 
and k and / can be determined from (1), (4), and (5). The 
area of steel and the breadth of flange is then found from 
eq. (7). The smaller the value of t the smaller will be the 
flange area required, but too slender proportions are to be 
avoided, as explained in Chapter V 

Examples,— il) A T-beam has the following dimensions: 6—48 in., 
/=6 in., d = 22 in., and 6' «10 in.; the steel consista of six î-in. roda. 
If the workmg strengths of steel and concrète are 15,000 and 600 Ibs/in* 
respectively, and n= 15, what is the safe resisting moment of the beam? 

Solution. The area of the steel is 2.65 in', and jo = 2.65/ (48X22) - 
0.0025. Supposing this beam to faU under Case I, we find k from Fig. 17 
(or eq. (1), Art. 55) to be about 0.24, hence kd^ 5,3 in., and the neutral 
axis is in the flange, that is, the case was correctly guessed. Now 
y=l - Jik«0.92; hence (see eqs. (3) and (4), Art. 56) 

3/,- (15,000X2.65)(0.92X22) -806,000 m-lbs., 

and Afc-300(5.3X48)(0.92X22) - 1,545,000 in-lbs., 

The safe resisting moment hence dépends on the steel, as it usually 
does in T-beams. The approximate formula gives 3/,= 795,000 in-lbs. 

(2) Change / of the preceding example to 4 in. and find the safe 
resisting moment. 

Solution. Evidently this beam now falls under Case II. Equation 
(2) gives ifc- 0.247 and (4) 2-1.61 in. From (7) 

A/, = 15,000X2.65(22 - 1.61) =950,000 in-lbs., 
and 3/c= (600/5.44)3.44(48X4) (22 - 1.61) = 1,485,000. 

The values of k and ; may also be found from Plate VI. 

The approximate formulas (7)' give il/,=716,000 and A/c- 1,152,000 
in-lbs. 

(3) Suppose that the diameter of the rods in example (1) is 1 in., 



y^^%i^ ~m;i:?r 



>-•-.. ^ -:s-»^ -*• 



^ ^ . ' **^^^ ^Ké^m^ Miw ^.r f -M.iH» i— 3fc_ Ofc -:■ 

./ V ' '•- 

>' / V/ .-^^ ^/''^ ', - :T,> n. 
/^/z //////// /////^ /// t/ Vf/ //// /;>^ ijr« iH^/rfl.rr^.—^j r==*5i:«. 

^ "' '' ' ^'^^ ^tff^-'ihS* »// tifihity^t' f.o f\ui\A*', a graphitai 
n\-ih',h hi Oo ffni.'innf tnontf'hi a*', ij< dorif; hy rrir?arw of PlaU-s 
/ / /, ' Ir«/f0^ V/ AMiiMfnln^, how^vcr, tt mnglc value of n 
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the values of the resisting moment or coefficient of résistance 
may readily be représentée! graphically. It will be convenient 
to consider as variables the values of /,, /., and the ratio i/d, 
or thickness of slab to the effective depth of the beam. From 
eq. (7) we may write 



-f'i'-éùh <''' 



M_ J^ t \ t 



In this équation k and j are functions of /, and/c, as appears 
from eqs. (1), (4), and (5). Plates VII- XI are plotted from 
this équation, assuming n = 15 in ail cases. Each plate contains 
values of MjhdP for a certain value of /, and for varions values 
of fc and tld. On the same diagram are also given values of 
k and values of j. The former are given by the dotted curve 
in the right-hand part of the diagram, and the value corre- 
sponding to a given value of fc is to be read off on the axis 
for ild. This value of A; is, in fact, the value of lld which 
brings the neutral axis just to the lower surface of the flange. 
Thèse diagrams are particularly useful in solving problema 
under cases (6) and (c). Art. 74; they are not adapted to 
case (a). Plate VI gives ail the information needed for this 
case. 

^xamp^.— Examples (4) and (5) given in the previous article 
will now be solved by raeans of thèse diagrams. 

(4) Use Plate IX. The value of il/ /M» = 480,000/ (24X18») =61.6. 
For this value of M/bd^ and for t/d = i/lSy we find from the diagram 
/c^about 470 Ibs/in' and /- .91. Then, as before, A -= 480,000/ ( 15, 000 X 
.91X18) -1.95 in' 

(5) Use Plate IX. For/c = 600 and t/d^i/lS, we find 3f /M'=85, 
whence 6-480,000/(85X18*) = 17.4 in.; also, y=.90 and .4 = 1.97 in'. 

(6) Using the same depth of beam as in Ex. (5) what will be the effect 
on the amount of concrète and stcel of changing the flange thickness to 
3 inches and to 5 inches ? From Plate IX we find, for //d=3/18, M/bd^^ 
74, whence 6 = 20.0 in., y = .92 and .4 =1.93 in'. For W=5/18, Mlhd:^ 
93, 6 = 16.0 in.. /=.91 and .4 ^'- 1.95 in'. The volumes of the concrète in 
the flanges are, for the flange thicknesses of 3, 4 and 5 in., respectively, 
60, 69.6, and 80 sq. in. The steel areas vary but little. 
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75. T-beams Double-reinforced.— T-beams are often con- 
tînuous over their supports; at such places the bending moment 
îs n^ative, and the flange îs under tension and the lower part 

'of the web under compression. Not only îs tensile steel pro- 
vîded, but some steel is always left in the web (see Chap. VII) ; 
that is, the beam îs reinforced in compression, and îs said to be 
double-reinforced. For a discussion of double-reinforcement 
see the following articles — ^particularly Art. 79 — in which Ihere 
is explained a simple method for determining the effect of the 
compressive steel on the stress in the tensile steel and the com- 
pression in the concrète. 

76. Beams Reinforced for Compression.— The compression 
in the concrète îs assumed to follow the linear law and the 
tension in it îs neglected ; the formulas then apply to workîng 
conditions only. In addition to the notation already adopted 
(see page 58), let 

A* dénote the cross-sectîonal area of the compressive re- 

inforcement; 
p' dénote the steel ratio for the compressive reinforcement, 

that is A' lhà\ 
/,' dénote the unit stress in the compressive reinforcement; 
C dénote the whole stress in the compressive reinforcement; 
d! dénote the distance from the compressive face of the 

beam to the plane of the compressive reinforcement,- 
X dénote the distance from the compressive face to the 

résultant compression, C-\-C\ on the section of the beam. 

77. Neutral Axis and Arm of Resisting Couple. — From the 
rtress diagram (Fig. 28) it appears that U.Me'^{d—kd)/kd, or 



/-n^A*. (1 



Similarly, f/ /nfc=^{kd-d')/l:d, or 



k-d'i'd 
U^n — —fc (2) 
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For simple flexure, the whole tension T and whole compression 
C+C are equal, henee 

f.A = hfJbkd+fM' (a) 

Inserting the values of /, and f/ from (1) and (2) in (a) gives 
an équation whîch may be written thus: 

k'+2n(p+f)k=2nip+p'dyd), .... (3) 



fcV? 




and from this the neutral axis of a given section can be located. 
The lower group of curves in Fig. 29 gives values of k for several 
values of p and ail values of p' up to 2%; n is taken at 15 
and d'/d as 1/10. Thus for p = 2% and p' = 1.5%, A; =0.434. 
The arm of the resisting couple is the distance between T 
(see Fig. 28) and the résultant of the compressions C and C. 
It follows from the principle of moments and the law of dis- 
tribution of stress respectively that 



^"" l + C'/C ^' 



, C 2p'n{k-d'/â) 



from which z can be computed for any given section, 
the arm jd=d—z or 

]=-a-z;d) 



Finally 



(4) 



The upper group of cur\^es m Fig. 29 gives values of j for sev- 
eral values of p and ail values of p' up to 2%; n is taken at 
15 and d'/d at 1/10. Thus for p=2% and p'-1.5%, y=0.875. 



jâKin. 
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78. Resisting Moment and Working Stresses. — ^K the tensîle 
reinforcement is low, the resisting moment dépends upon it, 
and is given by 

M, = /,i4/d = /,p/bcP (6) 

If the compressive reinforcement is low, the resisting moment 
dépends upon *t and the concrète, and is given by 

Me - i/cA(l - ik)b(P + hYbd(d-d') ; 

but /«' bears a certain relation to fc (see eq. 2), whîch inserted 
in the preceding équation gives finally 

M, = [k(i-lk)-{'np'{k-dyd)(l-dyd)/k]fcbd'.. . <6) 

The unit fibre stress in the tensile steel produced by any 
bending moment M can be computed from 

and those in the concrète and compressive steel from /, and 
équations (1) and (2) respectively. 

Fig. 29 shows that the neutral axis is nearer the compressive 
steel (A; < 0.55) unless the percentage of tensile reinforcement 
is quite high and the compressive low; thus for p = 3%, the 
neutral axis is nearer the compressive steel unless p' is less 
than 3/4%, and when p = 2%, it is nearer for ail values of 
]/. Now smce the unit stresses in the tensile and compressive 
steels are as the distances of the steels from the neutral axis, 
it foUows that the unit stress in the compressive steel is gen- 
erally less than that in the tensile, that is /«'</«. 

For approximate compiitations one might use the average 
values /=0.85 and A' = 0.45 in équations (5), (6), and (7); 
then they would become respectively (w =15) 

il/. = 0.85p/.bd2^ (5)/ 

.V,= (0.19+10.5p0/c6d2, (6)' 

/.=^l.lS.V/p6d- (7)' 



96 GENERAL THEORY. [Ch. IIL 

79. Détermination of Amount of Compressive Reinforce- 
ment. — Thîs problem présents itself as follows: From the cir- 
cunistances of the case, the beam needs so much tensile steel 
that the compressive concrète, if iinreinforced, would be stressed 
too high, and it is necessary to employ compressive reinforce- 
mcnt to reduce the stress in the concrète; the percentage of 
reînforcement necessary to lower the stress a certain amount 
is dcsired. 

An explicit formula for this percentage is too cumbersome 
for practical use, but a diagram (Plate VI, page 280) can be 
constructed from which the desired quantity can be easily 
determined. The construction of such a diagram will now be 
explained. 

Let /, and /c dénote the unit stress in the tensile steel and 
the concrète respectively, kd the depth of the neutral axis, 
and jd the arm of the resisting couple, CT, when there is no 
compressive reinforcement (see Fig. 16); also let //, //, hfd^ 
and fd dénote the same quantities when there is compressive 
reinforcement. Then 

jM Mk 

''''n(d-kd)^idAn{l-ky 

A f/ /a^A/d Mk' 

^^ '' 'n{d-k'd)^fdAn{l-ky 

From thèse the relative réduction in fc due to the addition of 
compressive steel is found to be 

/,-// jl^l-k 
fc ^ Jk 1-fc' ^^^ 

Sîncc j and k dépend on p, and f and A-' on p', the équation 
funiLshes the relation bctween relative réduction in concrète 
stress and the percentages of steel. The relative réduction 
(/e— /c')//c dépends largely on the percentage of compressive 
steel and for a given value of this percentage the réduction is 
practically the same for ail ordinary pcrcentages of tensile 
Bteol (from J to 3%). Plate VI, page 280, gives values of 
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this réduction for différent values of compressive steel from 
to 2%. As heretofore, values n = lo and d'/d = 1/10 were 
used. 

Addition of compressive steel reduces the stress in the ten- 
sile steel. The relative amount of this réduction is given by 

i^^lÀ (9) 

The group of curves (Plate XII) gives this réduction in per 
cent (right-hand margin) for différent percentages of tensile and 
compressive steels as noted. (For illustration of the use of 
this diagram, see example (3) foUowing.) 

Examples. — (1) A beam of which 6 = 12 in., (i-18 in., and (i'/rf-Vio 
has 2i% of tensile steel and 1% of compressive. If the working strengths 
of steel and concrète are 15,000 and 600 Ibs/in* respectively, what is 
the safe resisting moment of the beam? 

Solution. From Fig. 29, A; -0.5 and y-0.85; therefore 

M, » 15,000 X0.025 XO.85 X 12 X 18» - 1,238,000 in-lbs., 
and 
3/c= (0.5 X0.417 + 15 X0.01 X 0.4 X 0.9/0.5)600 X 12 X 18» -736,000 in-lbs., 

which is the safe resisting moment. 

(2) Suppose that the beam of the preceding example were subjected 
to a bending moment of 1,000,000 in-lbs. What are the working stresses 
/c, /., and //? . 

Solution. As in example (1), A; = 0.5 and /«0.85; therefore (see 
eq. 7) /• = 1,000,000/0.025 XO.85 X 12 X 18* = 12,100 Ibs/in*. From équa- 
tion (1), /c = (12,100x0.5)-i-(15X0.5) = 810 Ibs/in', and from équation 
(2), //= 15(0.4/0.5)810 = 9720 Ibs in^ 

(3) In a certain design of a beam it is necessary to use 2.5% of 
tensile steel and this would resuit in a stress of 1200 Ibs/in» in the 
concrète; it is necessary to reduce this to 900 by adding compressive 
steel. How much additional steel is required? 

Solution. (See Plate XII.) The desired réduction of the compressive 
stress is 25%. We find this value at the left side of the diagram, then 
trac(î horizontally to the concrète curve, and then down to the lower 
margin, reading there 0.0%, the required quantity. From the last point 
we trace up to the 2.5% steel curve and then to the right margin, where 
we note about 4.5*^o réduction in tensile steel stress due to 0.9% com- 
pressive steel. 
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80. Flexure and Direct Stress. — When the résultant, R, of 
the extemal forces acting on one side of a section of a beam is 
not parallel to the section, then, in gênerai, there exist both 
direct and flexural stresses at the section. The exception 
obtains when the résultant passes through the centroid of the 
section (transformed, as explaîned below, if the section is rein- 
fo rced unsymmetrically); in this exceptional case the fibre 
stress is wholly direct. 

In concrète work, the direct stress is always compressive. 
Combination of direct compressive and flexural stress gives 
résultant fibre stress which is either (1) ail comptression or (2) 
part compression and part tension; thèse cases are discussed 
separately below. Whether a given R will produce fibre stress 
falling under case (1) or (2) dépends on the eccentricity * of R, 
the relative amounts of steel and concrète at the section and 
on n. If the reinforcement is symmetrical, steel imbedded a 
depth equal to 1/10 the whole depth of beam, and n is 15, then 
for eccentricities lower than those given in the table, case (1) 
obtains, and for higher, case (2). 



p= 


O^i: 


i% 


1% 


H% 


2^0 


e/A= 


i 


0.187 


0.202 


.214 


0.224 



In addition to notations already adopted, tlie foUowing will be 
used (see l\, 30) : 

R dénotes the résultant of ail tlie extemal forces acting on 
a beam on either side of the section under considéra- 
tion; 
e dénotes the eccentric distance of R; that is, the distance 
from the point where R cuts the section to the middle 
of the section; 
N dénotes the component of R normal to the section; 



* By tho eccentricity of R is meant the ratio of the distance between 
the centre of the section and the point where R pierces the section to the 
whole height of the section. 
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M dénotes bending moment at the section; it equals Ne or 
the sum of the moments of ail the extemal forces about 
the horizontal line through the middle of the section, 
but when the transfonned section is used, the moment 
axis must be taken through its centroid; 
A' dénotes the area of the steel nearer the face of the con- 
crète most highly stressed; 
d' dénotes the distance from that face to the plane of this 

Steel; 
A dénotes the area of the steel at the other face; 
d dénotes the distance from the former face to the plane of 

this steel; 
h dénotes the whole height of the section; 
p' dénotes the steel ratio A' /hh] 
p dénotes the steel ratio A/bh; 

u dénotes the distance from the face most highly stressed 
to the centroid of the transformed section; 
At dénotes the area of the transformed section; 
It dénotes the moment of inertia of the transformed section 

with respect to its horizontal centroidal axis; 
le dénotes the moment of inertia of the section bh with 

respect to that axis; and 
/, the moment of inertia of the sections of the steel with 

respect to the saine axis. 
8i. Transformed Section. — By the transformed section of a 
reinforced concrète hoam is meant the actual section with the 
areas of the rcinforcenient replaced l)y concrète M-fold and in 
the planes of the reinforcemeiit. Thus if Fig. 30 a represents 
an actual section, 30 6 rei)resents the section transformed, the 
areas of the upper and lower whigs of the latter section being 
respect ively n times the areas of the upper and lower rein- 
forcements. 

(A prisni of steel of a given area and one of concrète of n 
times the area are equally rigid as regards simple tension or 
compression; hence a reinforccMl-concrete l)eani and a \)\am 
concrète beam whose section is that of the first transformed are 
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equally stiff in so far as stiffness dépends upon fibre stress, and 
in certain cases, as stated later, the fibre stress in the reinforced 
beam can be computed from those in the plain concrète beam. 
In those cases, the actual section and the transformed section 
are équivalent, ideally at least. Actually, the two beams are 




Fio. 30. 

not equally strong because of dangerous stresses in the wings 
of the transformed section.) 

Referring to Fîg. 30 it will readily be seen that 



h/2+nj)d+np'd' 



u — • 



(1) 

(2) 



1 -i-np +np' ' 

/c-è&[w3 + (A-ti)3] and I.'A(d-u)^+A'(u-dy. (3) 
If the reinforcement is symmetrical, then u=A/2 and 



Ic = ^J)h^ and I.^2A{ih-d')^. 



(?y 



82. Case L The Fibre Stress is Wholly Compressive, — (a) 
The unit fibre stress in the concrète can be computed just as 
though the beam were homogeneous, but the transformed 
section must be used in the computations if the beam is rein- 
forced. The unit stresses in the steel will be ?i times those in 
the concrète in the planes of the reinforcements respectiv.ely. 
Thus the unit direct stress in the concrète is N/At; the unit 
flexural stress in the concrète highest stressed is Mu/U) that 
in the concrète adjoming the reinforcement highest stressed 
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Ib M{u—d')/Ii; and that in the concrète adjoining the other 
reinforceinent is M{d—u)/If The combined unit stiesses are: 



N_ Mu 



,, N nM(u-d') 
N nM(d-u) 



(4) 

(5) 
(6) 



Thèse équations — ^and the stress diagram, Fig. 31 — show that 
/, is always less than /,', and // is always less than nfe', hence 
the unit stresses in both steel reinforc^nents will always be 
8afe if /c is a safe value. 





Fio. 31. 

(6) The method employed for simple flexure, suitably modi- 
fied, leads to fonnulas net involving the transfonned section, 
as will now be exi)lain(>d. 

From the stress diagram (Fig. 32) it will be seen that 



and 



U'=nU\-d'/kh), 
U -nUH-d/kh), 

/e'=/.(l-lA-). . 



(7) 
(8) 
(9) 
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From the condition that the résultant fibre stress equaJs N, 

¥fc+U)bh+fM'+f.A^N; 

and from the condition that the moment of the total fibre 
stress about the centroidal axis equals M, 

From thèse équations it is possible to compute the unît fibre 
stresses /c, /., and // in a given case. 

When the reinforcement is symmetrical the équations simplîfy 
greatly, and they lead to the following formula: 

12k(l -\-2np)e/h = 1 +24npa^/h^ +6(1 +2np)e/h; . (10) 

they also give the following formula for fc or M: 

6^ = à^l+24npaVA^) (H) 

When d7A=l/10, and n = 15, Fig. 33 gives values of 1/k 
for différent values of eccentricity and percentage of steel; 
thus fore/A = 0.1 and p = 1.5%, 1/A;=0.63o, hence A: = 1.57. 

83. Case IL There is Some Tension at the Section. — (a) If 
the tension m the concrete is so small as to be permissible, and 
this tension is taken account of m the computations, then the 
unit film> stresses m the concrete and stcel, if reinforcement 
is prosent, may be computed by the method explamed under 
Case T.* 

The combmed unit stress m the remote tensile fibre is given 

by 

., M{h-u) X 

,^..__ _^_, (j2^ 

♦ It is assuineiî that tlie linear law of variations of the unit flexura] 
•tivsiKNS hoUis for the tension as well as compression. 



§83.] 



FLEXURE A-ND DIRECT STRESS. 



103 













0.05 








o.to 








a.i5 












































Xv 


r^ 


z 


li; 




































/^. 


-^/ 


-i^ 


1 
































jt 


V^ 


^p 


^c^ 


y 


































/ 


<^^ 


Wi- 


?^ 


^ 
































x^^ 


'î^^ 


n 


•9 


























ii 


i^/ 


4 


<^ 




/ 




































y// 




































f / X J 


/A 


// 


































^ 




// 




/ 




































// 


















H 


S 
























y^ 




















A 
























// 




















i 




















J 




^/ 




































/ 






















h 




















v 






































/ r // 


/// 




















,1 


^, 




















W/ 


r 




















i 


















{rm/r 






















e 


















^j////j 
























« B 


















Vû 


// 






















A 


^ 














1 


'//m 


y 






















,U 














n 




w 


























^ 














m 


// 


























S 














fffi 






























Se 














7/M 


























N 


s*^ 














m 






























î^ 














//// 






























£ 










l 


w 






























£ 










\à 
















5f* 










W ' 






T 


^^£i r 4 — 1 — ï — 1 ^- 








5 

o 








m 











< 


1 


h 


1 


R 


W^ 








•5C 








i 












i 











' — 






1*' 






—1 




r 










'^J 


T » 


1 


"/ " 








g 






f/j 












k 

AU Vtttuffl of Je »f« 

rf-î-A — y^iu - 










1 






11} 
























1 ffj 




















a 




/ 


\f/ 




















^ 




1 


1 
























( 










































/// 












































/// 








































1 


// 








































■i 


i 










































1 










































/ 










































A 










































' 









































0.05 



0.10 
Eccentrlcity t/h 

Fio. 33. 



0.15 



104 



GENERAL THEORY. 



[Ch. III. 



and /, as gîven by (5) îs compressive or tensile according as its 
value îs positive or négative. 

(&) If the tensile stresses are so high that it is advisable to 
n^lect the tension in the concrète, then a method similar to 
that used heretofore in simple flexure is simplest. The trans- 
foimed section is not used. (Fig. 34) dénotes a horizontal 
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axis at mîd-depth of the beam, M the moment sum of ail the 
extemal forces on one side of the section with respect to that 
axis, and N, as before, the algebraic sum of the components 
of those forces perpendicular to the section. Fiom the stress 
diagram, it follows that 



and 



f'Mu-') 



(13) 



Since the résultant fibre stress equals N, 

and smce the moment of the fibre stress about the horizontal 
axis through equals M, 

From thèse four équations k, fc, /„ and // can be determmed 
for a given section, reinforcement, M, and N, 
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// the reinforcement is symmetrical, then the équations 
sîmplîfy. The value of A; is given by 

The greatest unît compressive fibre stress m the concrète is 
given by 

M 1_ 2pn a^ 

6A2/,"12^^^"^^^"*"T"Â2' • • • • Clo) 

and the unît stresses in the steel are given by (7) and (8). 
From (7), or the stress dîagram, it îs plain that /,' is less than 
nfc even for unsynmietrîeal rcinforcements. 

When d'/h = 1/10 and ai = 15, Fig. 35 gives values of k for 
différent values of eccentrîcity and percentage of steel; thus 
forc/A = l, and p=0.8%, A; = 0.42. 

84. Diagrams. — ^To facilitate the applîcatîon of équation (11) 
(Casel), and eciuation (16) (Case II), Plates XIII and XIV, 
pages 287 and 288, havo been constructed. 

In the first diagram, values of the eccentrîcity, e/h, are 
given at the upper and lower margins; the ordinates from 
the lower margm to any curve are values of (1 + 24n7)a-//i-)/12A; 
(see équation 11), and hence of M/bh^fc ,for the value p marked 
on that cur\T. Thus when e/h = 0.1 and p = 1%, M/hh-fc = 0.087. 

The dotted portions of the curves correspond to eccen- 
tricities which involve small tensilc stress in the concrète and 
belong strictly to Case II. The values of the unit tensile stress 
fc can be calculated from équation (12) or from 

lljldih^l^i (17. 

}c kh k ^' ^ ■• 

1/k being obtained from équation (10), or from an extension of 
the appropriate curve in Fig. 33. 

In the second diagram, also, values of the eccentrîcity e/h 
are given at the upper and lower margins; the ordinates 
from the lower margin to any solid curve are values of 
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Eccûntricîty, e^, for 0pper Qpotip of Oiirv#i; 




0.2 Ù^'i 

Eccontriclly, e/^,for Lower Group of Curves. 

Fio. 35. 
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'^k{3-2k)+2pna^/kh^ (see équation 16), and hence of 
M/hh^fcj for the value of p marked on that curve. Thus 
when e/h^\ and p = l%, M /bh% = 0.187. 

The dotted curves in the second diagram enable one to 
estimate the ratio of the unît stress in the tensile steel to that 
in the concrète, /,//<., for most eccentricities and percentages 
of steel. Thus when e/h = l and ^«=0.5%, we find e/h = l 
at the top or bottom and then trace vertically to the 0.5% 
curve and note the point of intersection. This pomt falls 
between the curves /,//c=20 and 25, and the ratio is about 21. 
For values of e/h and p, which bring the "point " to the left 
of the line /,//«= 15, /, will be less than 15/c, and hence less 
than the working strength of steel for ail ordinary allowable 
values of fc. No shnilar curves for /,//« appear on the first 
diagram because that ratio is always less than 15, and hence 
the unit stresses in the steel (both upper and lower) are within 
safe values for Case I, if fc is safe. 

85, Examples. — It is supposed in thèse that the steel is 
îmbedded a depth of one-tenth the total height of the beam, 
and that n = 15, so that the diagrams on pages 287 and 288 apply . 

(1) A beam is 12 in. wide, 30 in. high, and contains 1% of steel 
above and an equal percentage below. At a particular section, the 
résultant R is 80,000 Ibs., its inclination to the axis of the beam is 5®, 
and its eccentric distance is 4.5 in. Compute the unit fibre stresses 
in the concrète and steel (/c, /•, and /•')• 

Solution. The cccentricity is e//? = 0.15, and il/ = 80,000 cos 5*^ X4.5 = 
358,650 in-lbs. The beam falls imder Case I because this cccentricity 
gives a " point " on the 1% curve of page 287, but not on that of page 288. 
Tracing horizontally from the point we read A//6/i7c— 0.112; hence 

. 358 650 rt/x^ n_ /• « 

The unit stresses in the steel are less than 15/c — 4500 Ibs/in*. Their 
exact values can be computed from équations (7) and (8); the value of 
k for use in them can be easicst obtained from the diagram on page lO.'i. 

(2) Change the ecccntrioity of the preceding example to 15 in. and 
solve. 

Solution. The eccentricity is e/h « 0.5, and M - 80,000 cos 5** X 15 - 
1,195,500 in-lbs. The beam falls under Case II (see page 288), and for 
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ibe ecœntridtj 0^ nnd 1% à( slcel the diâgnm ^tbb M Jhkit^OJTl; 
bence 

' 12X30*X0.171 ^' ™'"* 

TIm; interaectioa of the l^c curre and the 0^5 eccentricity fine Ces to 
the ieft of the curve /«//< «15;' henœ the unit stress in the teosile steei 
h ]tm thari 15x(>47-^70 ibs/in'. The exact value can be eomputed 
frorn e^juation 13; the value of k for uâe in it can be obtained easiesi 
from the diagram on page ^ 

(3) The breadth of a beam is 12 in. and ita height 24 in. At a certain 
fection the bending moment is 450,000 in-lbs., and the ecœntric distance 
is 4 in. The working strength of the concrète being 600 Ibs/in% how 
much Steel reinforcement, if any^ is required? 

Solution. The eccentricity is e/h'=\, and hence the beam would 
be on the border between Case 1 and II even if no steel weie used. ^th 
Steel, the beam falls under Case I, and 
3/ 450,000 

6AVc"l2x24'x600" 

Entering the diagram, page 287, with this value and tracing horizontally 
to the 0.107 eccentricity vertical, we find their intersection and note 
tliAt it fallH Ixïtwcen the 0.6 and 0.8% curves; about 0.7% of steel there- 
fore i» required. 

(4) In example (3) change the eccentric distance to 12 in. and 
solve. 

Solution. The eccentricity is e/A — J, and the beam falls under 
Ca«e II (sec page 288). M/hh^je bas the same value as in example (3); 
h<*nc^. entering the d'iagram i^nth that value and tracing horizontally 
to the 0.5 eccentricity vertical, we find their intersection and note that 
it fallH Ixîtwecn the 0.2 and 0.3% curves; hence 0.3% is the required 
arnount 

(At firHt thought it may seem that more steel is necessary in example 
(4) than in (3) Ixîcauwe of the greatcr eccentricity in the former example. 
Htit it Hhould Ix: notcd that the thrust N is much less in (4) than in (3), 
itH viiIucH Ixîiiig 3//c — 37,500 and 112,500 l^^s, respectively.) 

86. Shearing Stresses in Reinforced Beams. — In Art. 46 
th(î variation ni shearing stress in a homogeneous beam was 
diH(!USH(Hl and the gênerai fonnula given for the intensity of 
Hh(»ar at any point (see ecj. (1)). In a reinforced beani the 
variation in shcar difTers froni that in a homogeneous beam 
owing to the concentration of tensile stress in the steel. The 
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gênerai formula for shearing stress may, however, stîll be used 
if the transformed section be employed; that is, if the area 
of the Steel be multipliée! by n and considered équivalent to 
concrète at the same horizontal plane. The tension area of 
the concrète should be neglected. A simpler method for 
présent purposes is the following: In Fig. 36 is represented a 
short portion of a beam where the total vertical shear is V. 
Let v= horizontal (or vertical) shearing stress per unit area 
at the neutral axis, and let 6=width of beam. Other quan- 
titîes are suflBciently indicated in the figure. C=T and C = T\ 



W'dJr-*^, 




Nratral Plane , 



FiG. 37. 



The total shearing stress on any horizontal plane between the 

Steel and the neutral axis will be equal io T'-^T and the stress 

T-T 
per unit area=v= , „ . From equality of moments we 

hâve the relation 7dZ= (7"— T)jd, whence is derived the expres- 
sion 

" (1) 



v= 



bjd' 



The shearing stress given by eq. (1) is the same at ail points 
between the neutral axis and tho steel; above the neutral axis 
the shear follows the paral)olic law as in a homogeneous beam. 
Fig. 37 represents the law of variation for the case under 
discussion. 

Using 7/8 for an approximate value of ; (see Art. 65) we 
hâve approximately 

8 V 



"=7w' 



(2) 
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that is, thc shearing stress ai the neutral axis O^ual to the 
maximum) is one-seventh or about 14% more than the aver- 
age value. 

87. Beams Reinforced for Compression. — In beams reinforced 

for compression formula (1) will still apply, the value of jd 

bcing the distance between the tensile steel and the résultant 

of the compressivc stresses as shown în Art. 77. In this case 

j is somewhat greater than in the previous case and v is more 

V 
nearly equal to the average shearing stress j-i, 

88. T-i)eams. — ^Here again formula (1) still holds true, / 
rctaining its gênerai significance. As shown în Art. 73, ; may 
be taken as closely equal to the distance from the steel to 
the centre of the flanges of the T; hence 

''^6'(d-èO ^^^ 

It is to bo noted that in the T-beam the shearing stresses 
aro pmotically tlic same as in a rectangular beam of the same 
dopth and having the same width as the stem of the T. The 
slab aîds in reducing the shear only by its effect in increasing 
slightly the vahie of /. 

89. Workimj Formula. — Since the value of / varies only 
withiu narnïw liniits it is quite as satisfactoiy for comparative 
puqïosi^ and f(^r puq^oses of design to use the average value 
of the shearing stR^ss, 

'^=^ (4) 

în \\\nv\\ h is the bnwdth and (/ is the net depth of the beam. 
In T-beams b is tlio bnvulth of the stem and d is the total 
ilepth fn>m top of beam to stei^l. The true maximum shear 
Nvill ironemlly be fn^n 10 to 15 por eent higher tlian the aver- 
age value thus vletenniiu\l. 

90. Kfftrt of Shtar on the Tau^Ue Strvsse.^ hi the Concrète. — In 
Art, 40 it was shown that în a liomocene^nis lM?am the direo- 
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tion of the maximum tensile stresses is horizontal at the lower 
face and becomes more and more inclined as the neutral axis 
is approaehed, reaching an inclination of 45° at that place. 
In the reinforced beam we hâve assumed, for purposes of 
design, that there is no tension in the concrète. While such 
possible tension will add very little to the resisting moment 
of the beam it is désirable to consider it hère in relation to 
the shearing stresses and the résultant effect on lines of prob- 
able rupture. The shearing stresses determined in the pre- 
ceding article hâve been calculated on the assumption of no 
tensile stress in the concrète, but the effect of such tension 
on the distribution of the shear is very small and need not be 
considered. 

To détermine the amount and direction of the maximum 
inclined tensile stresses at any point, eq. (1), Art. 46, is still 
applicable. In this case large shearing stresses exist imme- 
diately above the steel, hence the maximum tensile stresses 
become considerably inclined as soon as we leave the Une of 
the steel, the exact direction depending upon the relation 
bctwcen the shear and the horizontal tension. Exact calcula- 
tions are impossible, since the actual horizontal tension in the 
concrète is unknown. AMiîle the steel is assumée! to carry ail 
tension the concrète will in fact be stressed in accordance 
with its defomiation up to the point of ultimate déformation 
and rupture. AMiere the steel has a stress of its full working 
value of 12,000 to 15,000 Ibs/in^, the defonnation will much 
exceed the ultimate déformation of the concrète and rupture 
niust occur, but at points where the steel stress is low, as for 
examplc near the end of the beam, the concrète may be intact. 

Suppose, for example, the stress in the steel is 3000 
lbs/in2. If the modulus of elasticity of the concrète in ten- 
sion is 1,500,000 the stress in it will be 3000/20 = 150 lbs/in2, 
which is not far from its ultimate strength. Suppose further 
that the unit shearing stress in the lower part of the beam is 
100 lbs/in2. By ^q^ ^2) of Art. 46 the résultant maximum 
tension will be ^=J(150)+Vi- 1502 +1002= 200 lbs/in2, and 
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will hâve a direction mclined 26J° from the horizontal. Thîs 
stress niay exceed the ultimate strength of the concrète and 
the resuit will be an mclined crack. At points nearer the 
neutral axis the horizontal tensile stresses become less and 
the inclined tension approaches the value of the shearing 
stress and its inclination approaches 45°. The resuit of thèse 
înclinetl stresses is likely to be a progressive tension failure 
in an inclined direction which the horizontal rods are not veiy 
effective in preventing. 

Excessive stresses of this kind are prevented in various 
ways. Obviously they will be reduced by keeping the hori- 
zontal tension small through the use of considérable horizontal 
steel at points of heavy shear, by keeping the shearing stresses 
low, and by various means of directly carrying the inclined 
stresses by spécial reinforcement. 

91. Ratio of Length to Depth for Equal Strength in Moment 
and Shear, — For any given values of per cent of steel and of 
working stresses in shear and direct stress there is a definite 
ratio of length to depth of beam which will gîvc equal strength 
in moment and shear. The strength of beams of greater rela- 
tive length will be determined by their moment of résistance, 
while that of shorter beams by their shearing résistance. The 
ratio of length to depth for equal strength dépends on the 
method of loading. 

For Single Concentrated Loads. — ^In this case the shear F, due 
to a given load W, is JTF, and the moment M îs iWl. Hence 

W = 2V = 4M/l (a) 

From Art. 89 we hâve V = v'bd and from Art. 56 
Mt=^ft]j)b(P, in which i'' = safe average shearing stress and 
/,= working stress in steel. Substitut ing, we hâve 

from which 

d V' (1) 
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For a Uniformly Distributed Load a sîmilar process gives the 
ratio 

1=^^ C2) 



For Beams Loaded uith Equal Loads at the Third Points, 

l 'iJ.jP 



(3) 



In the case of continuous girders thèse formulas will apply 
if l be taken as the length betwecn points of inflection. 

Taking, for example, p = 0.01, 1^ = 50 lbs/in2, and /. = 15,000 
Ibs/in-, and using an average value of 7/8 for /, we hâve the 

following ratios for ^: 

For concentrated loads -r— 5.25. 

a 

For uniformly distributed loads j==10.5. 

For double concentrated loads 3- = 7.87. 

a 

92. Bond Stress. — ^The stress on the bond between steel 
and concrète (Fig. 36, Art. 86) will be equal to T-T on 
the length dL 

If U dénote the bond stress per lineal inch, we then hâve 

^ dl ' 
whence we dérive 

^=1 (1) 

The bond stress per unit area wîll be equal to V dîvîded by 
the sum of the porîmeters of the steel sections. Or, îf 0= 
perimeter of one bar, So = suni of perimeters and w = bond stros.s 
per unit area, we hâve 

V 
n = ir-^ (2) 
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92a. Bond Stress for Compressive Reinforcement. — The ques- 
tion of bond stress for compressive reinforeement will seldom 
come into considération. In this case it may also be calcu- 
lated by formulas based on the shear at the section, but it is 
necessary to take account of the compression carried by the 
concrète, and the formula is the gênerai formula for horizontal 
shear, involving the statical moment of the concrète area and 
the équivalent steel area about the neutral axis. 

By this gênerai fonnula the horizontal shear per lineal inch 
at any horizontal plane is proportional to the statical moment 
of the effective area outside such plane about the neutral axis. 
At the neutral axis this shear per lineal inch has been shown 
to be vb=Vljd, The shear between the compression rods and 
the concrète, or the bond stress desired, will therefore be equal 

V Statical moment of équivalent steel area _, 

to -.Xrf—rTT—} rn? -' • The total 

jd Total statical moment of compression area 

moment of the compression area equals the total moment of 

the tension area, which is nA(l-k)d, where A is the total area 

of tensile steel. (See Art. 76 for notation.) The moment of 

the compressive steel is equal to nA'{kd-d'). Hence, for bond 

stress of compressive steel, 

y A'jkd-d') 
^-jd^An-m ^^^ 

That is, the bond stress per lineal inch for the two steel areas 
will be proportional to the areas times their distances from 
the neutral axis. Since the compressive steel will generally 
be nearer the neutral axis than the tensile steel it foUows that 
if the compression bars are no larger in diameter than the 
tension bars, the bond stress will always be less than that in 
the tension bars. 

926. Variation of Bond Stress in Beams. — The theoretical 
results assume that there is perfect adhésion and that the 
stress in the steel is taken over by the concrète at ail points, 
as called for by the usual theory. They show that the bond 
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stress îs a simple function of the shear and varies therewith. 
Thus, in a beam supporting a single concentrated load, the 
shear and bond stress varies, as shown in Fig. 37a. In this 
case the bond stress is uniform from loail to end of beam. For 
a distributed load the variation is as shown in Fig. 37&. The 
value is a maximum at the ends and decreases towards the 
centre. Thus if a reinforcing rod carries a certain stress S at 

1 



Fio. 37a. 



ffiïlÏÏnîTîTrTrr. 



■^"^^^Miuijiju 



FiQ. 376. 



the centre, in the first case the bond stress per lineal inch will 
be uniform and may be calculatcd by the formula C/ = S-î---. 



Or, by (Hi. (1), it is l^^=^=Ç- 
l. 



But S = ^ = ^f. Hence 

ja ]d 



~=^ 



U = S-^ljy as abovc givon. In the second case the shear and 

bond stress is not uniform and hence the bond stress is not 

to be calculatod by dividing the stress *S s 

by 1/2. It is a maximum at the end 

whero it is e(|ual to twice the average 

value. In practice, a beam will |have 

some length beyond the theoretical contre 

of bearing, and the rods will extc^nd 

entirely through the beam. This doubt- 

less modifies the bond stress near the 

end, somewhat as shown by the dotted 

lines in Fig. 37c, some stress boing carried by the rod b(»yond the 

theoretical centre of bearing, thus reducing the maximum bond 

stress below the theoretical value. In the case of continuons 



î 

z n 

Fia 37c. 
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gîrders the bond stress is still a maximum at the support and 
is measured by the shear, although the stress may bc com- 
pressive (the incrément of stress is still of the same sign). Con- 
tinuons rods would tend to modify the bond stress, as shown 
in Fig. 576, Art. 123, thus reducing the maximum on both 
sides of the supix)rt, and the maximum compression in the 
Steel. The stress in the concrète will be increased. For dis- 
cussion of anchored rods see Art. 123. 

92c. Deflection of Reinforced Concrète Beams.— Deflection 
formulas for homogeneous beams can bc interpreted semi- 
rationally to make them applicable to reinforced concrète beams. 
So interpreted they yield results in fair agreement with actual 
measured deflections. (See Art. 112a.) 

General Theory. — As is well known, a concrete-steel beara 
under full working load contains one or more cracks at or near 
the section of maximum bending moment or else the condition 
there is near the cracking stage, and to compute the maxi- 
mum unit fibre stresses at such section, engineers rightly 
assume the présence of a tension crack, and, in effect, that 
it has extended to the neutral axis. Since the deflection 
dépends on the stress at ail sections, and the cracked sections 
are comparatively very few, a deflection fonnula should be 
baseil on the intact section. It may be thought that a cracked 
section influences the deflection more than an intact one, the 
idea is correct, but the effect of incipient cracking on the 
deflection is not as great as on the fibre stress at the section. 
Thèse effects are entirely différent in "order of magnitude," 
the first is not noticeable at ail in careful measurements on 
deflections due to increasing loads, whereas the latter certainly 
would 1h» if fair measurements of fibre stress ai a section 
of a U»am were possible. To simplify certain relations, 
it will be assumetl that the depth of the intact section for 
use in the deflection formula extends from the top of the beam 
to the centre of the steel, this in effect assumes ail sections 
cracked from the bottom to the centre of the steeL 

Deflection formulas for homogeneous beams imply that 
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the material of the beam obeys Hooke's law ("stress is pro- 
portional to straîn")» up to working stresses at least, and that 
the moduli of elasticity of the material for tension and com- 
pression are equal. While it is true that concrète does not 
obey the law strictly, still its stress-strain relation for com- 
pression is nearly linear up to working stresses. But the stress- 
strain relation for tension is far from linear, and the assumption 
that it is, herein made for simplicity in formulas, must be 
regarded as a rough approximation. It is true that the "initial 
moduli" (Art. 24) of concrète for compression and tension are 
nearly equal, but the deflection of a beam dépends on the 
elongations and shortenings of ail the fibres, and hencc not 
upon initial modulus but on some sort of a mean value. This 
is not the modulus corresponding to the mean unit fibre 
stress, but certainly the average or sécant modulus is nearer 
correct than the initial or the modulus at the maximum unit 
stress. 

The formulas also imply that the moments of inertiâ ôf 
the cross-sections of the beam are equal. This condition is 
not fulfilled in most reinforced concrete-beams, duc account 
being taken of the steel, because of présence of bent-up rods 
and stirrups. Still the amount of steel in, and hence the 
moments of inertia of, sections in the middle third or middle 
half are commonly constant; and since the middle half con- 
tributes nearly 85% of the maximum deflection in the case of 
a simple beam constant in section and uniformly loaded, and 
82% when the beam is loaded at the two outer points, it must 
be that a small change in the moments of inertia of end sec- 
tions of a simple beam would produce a much smaller change 
in the maximum deflection. In fact, if a simple beam is uni- 
formly loaded, for example, and the moment of inertia of 
sections in its middle half is /i, and that of sections in its 
outer quarters is hi then its maximum deflection is 
TrP(67/2-f 137i)/6144£/i/2; and if the sections are uniform 
and the common moment of inertia is /i, then the maximum 
deflection is ôWP/EIi 384, hence the ratio of the deflections is 
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(67/2 + 13/i)/80/2, and if h and h differ by 10^, say, the 
maximum deflections differ by less than 2^ . 

For the reasons stated above, the deflection formulas for 
homog^neous beams will be usc*d for reinforced-concrete beams, 
but moiiified in acconiance with the foUowing assumptions : 

1. That the représentative or mean section has a depth 

equal to the distance from the top of the beam to the 
centre of the steel: 

2. That it sustains tension as well as compression, both 

foUowing the linear law: 

3. That the proper mean modulus of elasticity of the con- 

crète equals the average or sécant modulus up to the 
workingcompressive stresi?: and 

4. That the allowance for steel in Computing the moment of 

inertia of the mean section should be based on the 

amount of steel in the mid-sectioa^. 
Ç2</. Dejiection of Rectangular fieaw>\— For homogeneous 
beams the deflection formulas commonly involve the load or 
the maximum unit fibre strpss. The foUowing are correspond- 
ing formulas for rectangular reinforced concrète beams: 



ri WPn 
and 



"-iïfi <■) 



■>-ïùr^< « 



or 



Cztt d a 

In thèse the notation is as f oIIow>? : 

D=maxiniiî:îi dedeetiou if desinxl in înches, the units 

specint?ii bti'-w shouîd bo ust\i : 
{» = brvaiith of :h-? so'-'tion in. : 
(f =depth et :he section lo th^:- ot^uire of the steel Jn.>: 
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Ci=«the numerical coefficient în the formula for deflectîon of 
homogeneous beams, ciWP/EI, depending on the 
loading and support (see page 126) ; 

C2=the numerical coefficient in the formula for maximum 
bending moment, C2WI, also depending on the loading 
and support (see page 126); 
^,=modulus of clasticity of the reinforcing steel (Ibs/in^); 

J?=modulus of elasticity of the concrète (Ibs/in^); 

n= ratio of the moduli of elasticity of steel and concrète; 

p= steel ratio (area of steel section -^6d); 

a = a numerical coefficient depending on p and n; 

fc — greaXest unit compressive stress in the concrète 
(lbs/in2); 

/,=greatest unit tensile stress în the steel (Ibs/in^); 

A;=proportionate depth of the neutral axis (see Fig. 16); 

y=proportionate distance of the centroid of the compres- 
sive stress from the steel (see Fig. 16). 

Theschedule (page 126) gives values of ci/E^ for use in for- 
mula (1) and values of Ci/C2^, for formulas (2) and (3) for cer- 
tain standard cases more or less close approximations to which 
are met in practice; and the diagrams (Figs. 37/ and 37^) 
furnish values of n/a, kjy and pj. It is recommended that 
8 or 10 be used for n in the first diagram (see Art. 112c); in 
the second that value of n is to be used which the computer 
prefers in his own formulas, tables, or diagrams for the strength 
of beams. Thèse two values of n will probably be unlike; 
the apparent inconsistency is discussed at the close of this 
article. 

Example 1. — A concrète beam resta on end supports 16 ft. apart, 
the breadth of its section is 10 in., the depth (to the steel) is 15 in., 
the reinforcemcnt consists of four J-in. rods extending along the whole 
length (and stirrups). What is its probable dcflection when sustain- 
ing a uniform load of 10,000 Ibs., including its own weight? 

The amount of steel is 1.767 in^ hence /) = 1.707 ^- 100 = . 012. 
Entering the diagram (page 124) at percentagc 1.2, tracing iipward 
to the n—8 curve say, and then horizon tally, it is found that n/a = 76. 
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From the schedule (page 126) ît b found that Ci/^« -0.000434/1,000,000. 
h^ce from eq. (1) 

.000434 X 10.000 X 192» X 76 

1.000,000X10X15» ="7 m. 

EiampU 2.— The deflection of the beam described in the precedmg 
example is desired. (1) when it is loaded so that the workingcom- 
pre93i\*e fibre stress is 500 lbs/in\ and (2) when the worldng stress io 
the Steel is 14.000 Ibs. in'. 

(1) From the schedule it is seen that c,/c,i?«». 00347/ 1,000,000, and, 
as in example 1, n/a» 76. Entering the diagram (page 125) at 
p»1.2^ and tracing upwards to the n^lôkj curve (a value of n much 
osed in strength formulas), and then horixontally to the kft, we find 
that kj is .38; hence from eq. (2), 

.00347X500X192'X.38X76 
^" 2X1,000,000X15 -06 m. 

(2) Entering the dîagram at p»1.2% and tracing upward to the 
«->15p; curve and then horiiontally to the right we find that py».0102; 
hence from eq. (3) 

.00347X14.000X192»X.0102X76 
^" 1,000,000x15 -.09 m. 

Arudysi^ for Formulas and Diagrams.^Since the total 
toision (m concrète and steel) and the total compression are 
equal (see Fig. 37d), at any section, 

Al9o/, 'n=/cvl-i). k and .4=pM, and thèse values substituted 
in the first équation yield one from which it foUows that 

1^^ 

2-2fî:) W 

Hie naoment of înenîa, wîth respect to the neutial axis, of the 
part of section in compie^on is J^iV, that of the concrète 
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section în tension is ^(l-'k)^dP, and that of the weighted steel 
sections îs practîcally nil(l—A)2d2; hence 



or 

and 



7= J[i3+ (l-A;)3+3np(l - A:)2]6d3, 
a=J[i-3+(i_i)3+3np(l-A)2], . . • . (5) 
D=ciWPIEJ=ciWPnlE,b(Pa, 



which is eq. (1). 

From eqs. (4) and (5), the value of a for any values of p 



n— 



< b H 



0:' 



-m. 




Fio. 37(i. 

and n may be computed; a sufficient number of thèse were 
thus computed to détermine the nja curves in Fig. 37/. 

The transformation of the deflection formula (1) (in terms 
of the load) into (2) and (3) (in terms of the working unit 
stresses /c and /, respectively) wiU now bc made. For this 
purpose, strength formulas based on cracked sections (see 
Fig. 16) and a linear variation of compression are used. Thèse 
well-known strength formulas based on concrète and steel are 
respectively, M=^fckjbd^ and M=f^pjbâ? (see page 56). 
Since M^C2Wl also, W=^^ckjb(Plc^=fipibcP/c^. Thèse two 
values of W substituted in eq. (1) yield eqs. (2) and (3) re- 
spectively. 

The formulas for k and / of Fig. 16 are also well known; 
they are (see Art. 55) 



A; =» V2pn + (pn)2 — pn 



(6) 
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and 



J = l-i*. 



(7) 



By means of thèse the values of kj and pj can be computed 
for any values of p and n; a suflBeient number of thèse were 
thus computed to détermine the kj and pj curves of Fig. 37^. 

Choice of différent values of n in n/a and kj or pj for use 
in any particular case is not an inconsisteney. The first value 
dépends on the unit fibre stresses at ail points of the beam, 
and when the numerieal value is chosen from experiments on 
deflection, then n becomes also a sort of empirical coefficient- 
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making correction for varions errors in the déduction of the deflec- 
tion formula . whereas the second dépends on the unit stresses in 
the crackeil section and when its numerieal value is chosen 
from experiments on the strength of beams, then it also becomes 
in part an empirical coefficient correcting errors of approxima- 
tion in the strength formulas used. 

92f. Détection of 7'-6€a//k^.— Under the four assumptions 
statcvl in Art. 92c, the deflection formula for T-beams in terms 
of the load becomes 

^ CxWPn 

""'i-b^-p (i> 

în which 5 îs a coefficient depending upon the steel ratio and 
n, b width of flange, d depth to steel (see Fig. 27); other 
symbols are explained în Art. 92J. 
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In accordance with assumption 2, the neutral axis of the 
représentative section will be in the web, or stem, generally, 
as is implied in Fig. 37e. Then the total tension and com- 
pression at the section arc given by 

T^b\l'k)d ifc{l-k)lk+pbdrïfcil-k)lk 

and C=Wè[/c+/c(l-</M)]+6'(ftd-Oi/c(l-</feO. 

Since T=C, their values may be equated; the resulting équa- 
tion leads to 

* v vt t ^^' 

The moment of inertia of the concrete-steel section, the sted 
area being weighted n-fold, is given by 

and if ^ be used to dénote this coefficient of bcP, then 

^=è[A:3-(i-^)^A;-^)%|(l-fc)3+3pn(l-A;)2]. (3) 

Example. — A T-beam rests on end supports 10 ft. apart and sustains 
loads of 5000 Ibs. at ils third points. The dimensions of the section 
are 6=16 in., 6' =8 in., (i = 10 in., and ^ = 3J in.; and the reinforcement 
consists of three î-in. square bars. What is the probable deflection due 
to the load? 

Solution. The steel ratio is .011; and with n=8, eq. (2) gives 
fc«.485, and eq. (3) gives ^ = .0835. Now for loads at tWrd points, 
Ci=23/1296; hence 

23 10,000X120' 8 

^"1296 30,000,000X16X10» 0.0835"'"^*°' 
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SCHEDULE OF COEFFICIENTS. 



D-c^Wl^/Kl 



'4- 



iW 



w 



il 



w" 



w 




« 



■^ 



f 



.00932 



.0054 



In millionths. 






-1 .0111 I .0111 



-i .00417 ' .00834 

I 



.000094 i .00278 



.000434 .00347 



-A .000301 ' .00160 



-i .000180 



±1 



.000173 



.000087 



.00144 



.00139 



.00210 



♦ For f, = :iO,000,000 Ibe /in' ir this schedule. 



93, Strength of Columns-— Concrète columns neecl rarely 
be calculateil as long colunins. In onlinan- construction 
the ratio of length to least width will seldom exceeil 12 or 15, 
while the n.^ults of tests indieate little or no différence m 
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strength for ratios up to 20 or 25. It wîU be désirable thea 
to detennine first the strength of a reinforced column con- 
sidered as a short column. If the conditions recjuire it a gên- 
erai column formula may thon be applied to provide for cases 
where the length is excessive. 

94. Methods of Reinjorcemeni, — Colunms are reinforced în 
two ways: (1) by means of longitudinal rods extending the 
full length of the column, and (2) by means of bands or spirally 
wound métal. In the first case the steel aids by carrying a 
part of the load directly, the stresses in the two materials 
being proportional to their moduli of elasticity. In the other 
case the steel supports the concrète laterally, preventing latéral 
expansion to a greater or less degree, and thus strengthening 
the concrète. Usually both methods are more or less com- 
bined, the longitudinal rods being frequently bound together 
at intervais by circumferential bands of some sort, and on 
the other hand hoops or spiral wire being conveniently held 
in place by longitudinal rods. Experiments show that both 
types of reinforcement are effective in raising the ultimate 
strength of a column, but conclusive results hâve not been 
reached as to the true relative effect of différent types and 
amounts of reinforcement. 

95. Columns wiOi Longitudinal Reinjorcermmt. — ^As long as 
the steel and concrète adhère the relative intensities of stress 
in the two materials will be as their moduli of elasticity, using 
the modulus as explained in Art. 24. 

Let A dénote total cross-section of column; 
Ac " cross-section of concrète; 
Ai " cross-section of steel; 
p " ratio of steel area to total area=*A,/il; 
fc " stress in concrète; 
n " ratio of moduli of steel and concrète at the 

given stress f^^EJEc] 
P '' total strength of a plain colunm for the stress /«; 
P^ " total strength of a reinforced colunm for the 
stress fc. 
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TIUMI P=fcA (a) 

tuul F^fcAc+UA,^fc{A-pA)+fcnpA, 

\\\mm> r^f^A[l + {n^l)pl (1) 

fixuii \\\\\v\\ also 

Ç^l + (n^l)p (2) 

Tho n^latîve îiicivase ui strength caused by the reiiiforce- 
mont k 

— p- = l'i-l)/> {^) 

The elHstîc limit of tho stiH^, if low, may afftx*t the iilti- 
maio striHijrili of the ci>hunn. The vakie of R is then 

r^f^\,^f^As, ^4) 

îuwhich/rt k the elastie Hmit streiigth of the steel. (See 
Cha^^ter IV for turther ilkeus5>îou of ihk iiuestiou.^ 

KÀj. ^'*^ k ovHiYwiîrtit to ifc>o m deienuming the relative 
:«rvtî^h v^' a rvHuforvtxl a^ evHiimrwl to a plain evuiereie col- 
tuvjti tor a ^\>Hi {vret*i\ra$^* v»t sttvL Thiu^ if ;> = 1*'7' ainl 

•/ Ix w^^ hâve 77 1-0-14-1.14. Thii5 a rvHiiforvi?mem of 

î'\ :::vr*0A><>> :he strvr^th by 14-.;. 

Frtv. th^-^*:^ r^iart/'ti^ i: k <<vu rh^t the r\^tatiw iner^akse 
ùx <:rvr^:h cik;i>*:\l by a dvwi a:i;v\i:i: v^' mtitorvt^iuen? dépends 

ujvc: :hc ^^ rk*j:vi >:r\^^^ ixrtv,L5^?U* u: the v.vticrvte si 
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/•"W/c- The followmg table shows the various working stresses 
in the steel corresponding to various values of working stress 
in the concrète and to various values of the modulus Ee, thero 
is given also the percentage increase in strength for each one 
per cent of steel. 



Table No. 6. 

LONGITUDINAL REINFORCEMENT OF COLUMNS. 



lb«ym.« 


1 
Ibs/m» ' 


Ratio ofModuIi, 
n 


Ibe/in» 


Percentage locreaac 

in Strength for 

each 1% Rein- 

foroement. 


300 
400 
500 
600 
800 


750,000 
1,000,000 
1,500,000 
2,000,000 

1,000,000 
1,50(),(KX) 
2.000,000 
2,500,000 

1,000,000 
1,500,000 
2,(K)0,000 
2,500,000 

1,500,000 
2,000,000 
2,500,000 
3,000,000 

2,000,000 
2,500,000 
3.000.000 
3,500,000 


40 
30 
20 
15 

30 
20 
15 
12 

30 
20 
15 
12 

20 
15 
12 
10 

15 
12 
10 
8.6 


12,000 
9,000 
6,000 
4,500 

12,000 

18,000 

6,000 

4,800 

15,000 

10,000 

7,500 

6,000 

15,000 

10,000 

7,200 

6,000 

12,000 
9,600 
8.000 
6,900 


ô9 
29 
19 
14 

29 
19 
14 
11 

29 
19 
14 
11 

19 

14 

11 

9 

14 
11 

9 

7.6 



From this table the relation among the various quantitîes 
may be clearly appreciated. It is to be noted that the work- 
ing stresses in the steel must be relatively low except in the 
unusual combination of high working stresses in the concrète 
with low modulus. High-grade concrète, permitting high work- 
mg stresses, will hâve a high modulus. For further discussion 
of the relations of working stresses, see Chapter V. 
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ExampUs.—H) What will be the saf e strength of a column IS'^XIS* 
in cross-section which is reinforoed with 1^% of steel, the working stress 
in the concrète being 400 Ibs/in». Take n-15. 

From eq. (1) wb hâve 

F'-400X15X15 X (l + 14X^) -90,000(1 +0^1)-108,900 Ibs. 

The strength of the plain concrète column would be 90,000 Ibs., and 
the relative increaae in strength is 21%. The stress in the steel would 
be 15X400-6000 Ibs/m». 

(2) The area of a column is 120 sq. in., load to be carried is 60,000 
ibe., and working stress on the concrète is 400 Ibs/in'. What peroentage 
of Steel will be required? Take n-15. 

The safe strength of a plain concrète column would be 120X400— 

48,000 Ibs. Hence, fromeq. (2), =^-^-l + (15-l)p. Henoe 

/60 



p-(^-l) -^-H-l^rc 



96. Columns vrith Hooped Reinforcement. — Whenever a 
material subjected to compression in one direction is restrained 
laterally, then latéral compressive stresses are developed which 
tend to neutralizc the efîect of the principal compressive stresses 
and thus to increase the résistance to rupture. Were the com- 
pressive stresses equal in ail directions there would be no rup- 
ture (as there would be no shear). The strengthenîng effect 
of latéral banding dépends then upon the rigîdîty of the 
bands, that is, upon the amount of steel used and its closeness 
of spacing. Tts elastic limît may also affect the ultimate 
strength of the column. 

On the basis of the relative latéral and horizontal défor- 
mation of the concrète (Poisson's ratio) it is possible to deduca 
a theoretîcal relation betweeu the latéral and the longitudinal 
stresses, and thence the portion of the longitudinal stress 
remaining unbalanced. Lct /i=Poisson's ratio, /«.«unbal- 
anced or exccss of longitudinal over latéral compressive unît 
stress, /c' = total longitudinal unit stress, /,= unît tensîle stress 
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in Steel, p^steel ratîo (reinforcement to be closely spaced). 
We find approximately 

U-l.{l+^) (1) 

and 

/a«/m/c* (2) 

Récent experiments by Talbot indicate that Poîsson's ratîo 
for concrète îs quite small, probably not greater than A or J. 

* Démonstration. (See Johnson's "Materials of Construction".) — Let 
/f Poisson' s ratio; p=-steel ratio considered as a thin cylinder of équivalent 
area surround ing the concrète; il«— cross-section of this steel cylinder; 
r— radius. Then 

At — pirr* and thickness of cylinder ■» -Ç-- =» p— . 

With no Steel banding the stress fe would cause a proport ionate latéral 
/ / 
sweUing of Vrjct. If the actual stress in the steel is /« then the compression per 
Ac 

sq. in. developed in the concrète by the steel reinforcement— ^p—-^r«^ 

This compression caused by the banding is equal in ail horizontal directions, 
and has the same efifect on distortion as two pairs of equal compressive forces 
acting on two sets of faces of a cube. The résultant latéral compression due 

to thèse horizontal forces is equal to ^ (1 — n). Combining this compression 

with the latéral swolling caused by fc we hâve the net latéral déformation 

equal to ^ /« — ^^ (1 — /O- This net déformation must equal the actual 

déformation in the steel under the stress /«, which is ^ or -~p. Hence we 

£/$ ntéc 

hâve 

Ee 2Ec nEc 

A part of fc' may be considered to' be balanced by the latéral compression 
of ^; it is the unbalanced portion only which is significant. Call this 

unbalanced portion 7^; then /c'-/c-f-^. Then eliminating /, from thèse 
two équations we find for fc the value 



132 GENERAL THEORY. [Ch. III. 

At the latter value eqs. 1) and (2) would become fc'=/« 
(1 + np/16), and /, = Jn/c. Comparing thèse équations wîth those 
of Art. 95 ît would appear that wîthîn the lîmît of elastîcîty the 
hooped reinforcement îs much less effective than longitudinal 
reinforcement; in fact it would seem that very little stress can 
be developal in the steel under elastic conditions as hère 
assumed. Such reinforcement may, howcver, be quite effective 
în increasing the ultimate strength of a column. 

Results of tests appear to accord in a gênerai way with 
thèse theoretical relations. Hooped columns hâve a relatively 
large déformation, reaching at an early stage a déformation 
equal to the maximum for plain concrète. Under further 
loading the concrète is prevented by the banding f rom actual 
failure, but continues to compress and to expand laterally, 
increasing the tension in the bands, the elasticity of the bands 
rendering the column in large degree still elastic. Final failure 
occurs upon the breakage of the bands or their excessive 
strctching. Bandcd columns thus exhibit a toughness or 
■ ductility much grcatcr than other forms, but without a cor- 
i-esponding increase in stiffness under lower loads. Ultimate 
failure is likely to be long postponed after the first signs of 
rupture, and the column will sustain greatly increased loads 
even after the entire failure of the shell of concrète outside 
the bands. 

Considère has inade extensive theoretical and expérimental 
investigations of hooped columns, from which he concludes that 



We also hâve 



f'^np(l-2!0+2^'' ^^ 



For oïdinaiy values of p eqs. (a) and (b) are reduced appraximately to 

/c'-/.(l+'^) (I) 

and 

/«-/'W/e (2) 
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the ultîmate strength is gîven by the formula 

F=/cA+2.4/;,p^ (5) 

in which/c is the strength of concrète and/,i is the elastic-limit 
strength of the steel. This formula virtually counts the steel 
worth 2.4 times as much as in longitudinal rcinforcement. 
(For further discussion sce Chapter IV.) 

96a. Cdumns vrith both Longitudinal and Hoaped Reinforce- 
ment.— From the theoretical considération of the preceding 
article it would appear that the addition of bands or hoops to 
columns having longitudinal rcinforcement would not hâve a 
large effect upon the déformation of such columns up to the 
point of failure of the columns without hooping. Tho effect 
of such hooping would be rather to increase the ultimate possible 
déformation and, to a less extent, the ultimate strength. It 
would thus insure the integrity of the concrète up to a déforma- 
tion corresponding to the elastic limit of the longitudinal 
steel, but below such limit it can hardly come nmch into action. 
Results of tests discussed in Chapter IV bear out thèse con- 
clusions. 

966. Long Cohnnns. — For columns of such a length that 
flexural strength and stiffncss become of importance (more 
than about 20 diametcrs) the working stress should be reduced 
by the use of a long column fornuda. Until more data are 
available from tests, the authors would propose the use of the 
theoretical form of Rankine's formula which is, for pivoted 
ends, 

in which P' is the strength of a short column, and / and E are 
the ultimate strength and the modulus of elasticity of the 
concrète. This fornmla gives results matcrially too low when 
applied to steel columns, but it is believed that it is not too 
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conserva tive for material like concrète. The value of flE 
fihould, for conservative design, be taken at its maximum 
rather than minimum value, say Viooo, giving finally the 
formula 

P" ?^^yT-, (2) 



1+ 



io,ooo\ 



,c-r 



For fixed ends the constant in the denominator may be 
made V 20000 giving 

'^-i;ioiy- <'* 

20,000 \r>/ 

It may be observed that if formulas be derived from the 
Kankine-Gordon formulas for steel columns, by taking account 
of the différence in ultimate strength and modulus of elasticity 
of the materials, the resulting formulas would contain con- 
stants of very nearly the same value as for steel, namely, 
V 18000 and Vaeooo. The low values above given represent a 
larger degree of safety, which is to be desired. For a value 
of Ijr of 100, or a length of about 30 diameters, the formula 
for pivoted ends gives an ultimate strength of two-thirds that 
of the short column. Because of the fact that it is difficult 
to secure thoroughly homogeneous concrète, and that variations 
in quality will affect the strength of long columns more seriously 
than any other structural form long columns should generally 
be avoided. 



CHAPTER IV. 

TESTS OF BEAMS AXD CX)LUMNa 
BEAMS. 

97. Methods of Failure of a Renif orced-concrete Beam. — 

A reinforced-concrete beam tested to destruction will usually 
fail in one of three ways: 

(a) By the yielding of the steel at or near the section 
of maximum bending moment. 

(6) By the crushing of the concrète at the same place. 

(c) By a diagonal tension failure of the concrète at a 
place where the shear is largo. 
Methods (a) and (6) may be called ''moment" failures. Method 
(c) is sometimes called a shear failure, but this tcrm is some- 
what misleading, as the concrète in such cases does not fail by 
shearing. 

(a) As a beam is progressively loaded and the steel has 
reached its yîeld point any further load will rapidly increase 
the déformation. The effect of this is to open up large cracks 
în the tension side and to raise the neutral axis. This causes 
a rapid increase in the comprossive stress in th(î concrète and 
ultimate failure soon occurs by the concrète crushing. Such 
yielding may also resuit in final failure l)y diagonal tension 
if large shear exists near the place of maxinmm moment. In 
this case the primarj' cause» of faîlun» is th(» yi(»Iding of th(» st(»el 
and such failure may propcTly be oallcMl a t(»nsi()n fîiilur(\ The 
additional load carricnl after the yiold point is r(\ach('d dc^pcnds 
on the excess strength of the concrète, position of loads, and 

1.S5 
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other causes, but ît is usually not large and cannot be safely 
consîdered. The yield point of the steel may therefore be con- 
sidered its ultimate strength for reinforcing purposes. 

(6) If the beam is relatively long and the amount of steel 
is sufficient so that the crushing strength of the concrète is 
reached before the yîeld point of the steel, a faîlure by crushing 
is likely to resuit. In this case tension cracks may appear, but 
will not become large. Fig. 38, (a) and (6), illustrâtes methods 
of failure (a) and (6) respectively. 
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Fio. 38.— Methods of Faflure of Beams. 



(c) Diagonal tension failures are likely to occur whenever 
large shearing stresses exist together with considérable hori- 
zontal or moment stresses, and when no spécial provision is 
made for such conditions. This is especially likely to occur 
în beams of relatively great depth, beams havîng a ratio of 
depth to length of more than about 1:10 beîng lîkely to fail 
în this way if no spécial pro\asion is made for web rein- 
forcement. 

Fig. 38, (f), illustrâtes the typîcal diagonal tension faîlure 
where only horizontal bars are used. The initial crack forma 
at a. This gradually extends upwards in an inclined lîne and 
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a little later the concrète bcgins to faîl in a horizontal tension 
crack just above the rods, progressing from a towards the end 
of the beam. Tension along this Une is brought about by the 
new conditions existing after the concrète has become cracked 
along the diagonal Une and the normal diagonal tension has 
thus ceased to act. UsuaUy this horizontal crack rapidly ex- 
tends to the end of the beam and the failure is complète. In 
other cases the diagonal crack may extend to the top of the 
beam, allowîng the part on the right to drop down and causîng 
final failure. In such a case the concrète on the left may remain 
intact. Figs. 39 and 40 are photographs representing " diagonal- 
tension "f allures. 

A rupture of the concrète on a diagonal Une also causes 
an increase in the stress on the rod at a, as shown more fully in 
Art. 108. This may resuit in a failure of bond, especially if 
the support is too near the end of the beam. 

Final failure thus of ten results from stresses which are devel- 
oped after initial failure has occurred, and while the cause 
of final failure is important from the standpoint of ultîmate 
strength, yet of more importance in design is the initial failure 
and its cause. Other conditions besides those already men- 
tîoned may influence final failure so as often to mislead the 
observer as to the cause of the initial failure. 

98. Minor Causes of Failure. — Slipping of the bars may 
cause failure, but under usual conditions it will not occur; 
and as it can readily be obviated by propcr construction it need 
not be considered as limiting the strength of the beam. Failure 
by the shcaring of the concrète near tho support is posvsible where 
the load is very close thcreto, but as the shoaring strength of 
concrète is about onc-half tho crushing strength, such failures 
are exceedingly unlikely and need rarely bo considérée!. The 
usual so-called "shear" failures an^ in n^alîty diagonal-tension 
failures. 

99- Tests of Beams Gîving Steel-tension FaHures. — The 
diagrams of Figs. 41 and 42 présent in a roughly classîfied form 
results of the most important tests on reînforced-concrete beams 
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în which the failure appears to hâve been caused primarily by 
the yieldîng of the steel. In such a case the strength of the 
beani is dh-ectly proportîonal to the elastic-lîmit strength of 
the Steel, and hence the tests hâve been classified as nearly as 
practicable with respect to this limît. The tests are thus 
divided înto four groups accordmg te values for the elastic 
liniit as given in the dîagrams. On each of the dîagrams are 
drawn theoretical curvas of strength usîng values for the steel 
stress corresponding to the elastic limit for the group. The 
f ull Une is based upon the paraboHc law of stress variation, the 
fuU parabola being used; the dotted Une is based upon the 
straight-line law of stress variation. The value of n was taken 
at 15.* 

Considcring the nature of the material and of the tests the 
agreement between theory and expérimental results is very satis- 
factory. It is to be expected that the theoretical values 
should represent minimum rather than average results, since 
the strength of a beam as determined by the elastic limit of the 
steel should be at least equaled, and generaUy sUghtly exceeded, 
în a test if failure does not occur in some other way. If the 
conditions are favorable the strength may considerably exceed 
that corresponding to the elastic Umit of the steel, and in a 
few tests the steel has been puUed apart before complète col- 
lapse has taken place. Such excess of strength cannot be 
counted upon, however, as is weU indicated in the diagrams. 



* The sources of information are ais follows: 

1. Boston Transit Commission, Fourth Annual Report, 1904. 

2. Bulletins Xos. 1 and 4, University of Illinois, Engineering Ex- 

periment Station 

3. Jour. West. Soc. Eng., Vol. X, 1905, p. 705 (C, M. & St. P. R'y 

Co.'s tests). 

4. Jour. West. Soc. Eng.. Vol. IX. 1904, p. 239 (tests of M. A. Howe). 

5. Bulletins No. 4, Vol. 3, and Xo. 1, Vol. 4, Elugineering Séries, 

University of W isconsin. 1907. 
e. Pn>c. Am. Soc. Test. Materials, Vol. IV, 1904, p. 508 (Univ. of 

Penn. tests). 
7. Eiuj. Record, Vol. LI, 1905, p. 545 (Purdue Univ. tests). 
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In the tests of the Boston Transit CommissioD, which range 
uniîormly high, the conditions were favorable, inasmuch as 
the beams were testée! with center load. The concrète was 
also of very high grade, having a crushing strength of about 
4000 lbs/in2, thus enabling the steel to elongate very con- 
siderably before final failure occurred through the crushing 
of the concrète. 

No distinction has been made in thèse diagrams between the 
différent grades of concrète employed. Variations in concrète 
will affect the results only by slightly affecting the position 
of the neutral axis, and hence the resisting moment of the 
steel, and by postponing somewhat the final failure, as noted 
above. 

Later tests by Talbot * gave tension failures iu which the 
calculatecl steel stress closely agreed with the yield-point of the 
métal. His test« also showed a somewhat higher strength for 
a center load than for loads at two or more points. 

100. Results from hidividudl Tests, — Numerous tests of 
beams havc been made in which extensometcrs hâve been used 
to measure distortions so that the déformation of the steel 
and of the extrême fiber of the concrète could bc calculated 
and the neutral axis determined. Results of such measure- 
ments of déformations and also of center deflections are shown 
in Figs. 43 and 44 for two typical l^eams. In Fig. 43 the 
proportions were such that the failure occurred by diagonal 
tension; neither the steel nor the concrète was stnvssed to the 
limit of failure. During the fii-st stage of the test, up to a load 
of about 2500 pounds, the déformations in both steel and concrète 
are proportional to the loads. I^{) to this point the tension 
déformation has not been gn^at enough to b(^gin to rupture 
the concrète, but v/ith increasing loads and dc^formations 
the concrète begins to fail, as shown by the appearance of 
minute cracks (the ''water-marks" discussed in Art. 42), indi- 
cated on the diagram by the lettei's W M. The déformation 

* Bull. No. 14, Univ. of Ul. 
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at the first " water-mark" in thîs case was about .00018, corre- 
sponding to a stress of 270 Ibs/in^, assuming a modulus of 
elasticity of 1,500,000. The first visible crack appeared at the 
point marked C 

The failure of the concrète in tension takes place somewhat 
gradually and causes a graduai increase in the rate of déforma- 
tion as indicated by the curved part of the diagram between 
loads of 2500 and 4000 pounds. After the concrète has ceased 
to offer any considérable résistance in tension the déformations 
again become nearly proportional to the loads, but at a différent 
ratio from that obtaining previously, giving nearly straight lines 
for both Steel and concrète — in this case to the end of the test. 

In Fig. 44 the amount of steel was small and a tension 
failure occurred. This is indicated by the great déformations 
at the end of the test. The curves in the carly stages of the 
test are vcry similar, in gênerai form, to those in Fig. 43. 

In the case of a compressive failure the curve for compres- 
sion shows an increased rate of déformation towards the end, 
somewhat similar to the diagram for simple compression. 

ICI. Position of Neutral Axis and Value of n. — Référence to 
the analysis of Arts. 55 and 56 show that in the calculation of 
the strength of reinforced beams the détermination of the 
position of the neutral axis is of prime importance. This 
being known, the strength can Ixî dctermined witli little uncer- 
tainty. In determining the position of the neutral axis 
eq. (1) of Art. 55 shows it to dépend only upon the amount of 
steel uscd and upon the ratio E^jEc or n, The only élément 
of uncertainty is the value of Ec. This is the modulus of elas- 
ticity of the concrète in compression and it might be considérée! 
sufficient to take the value as determined in the ordinary 
compression test. However, the variation of Ec for différent 
stresses, and the effect of the tensile stresses in the concrète 
below the neutral axis (a stress which is properly not allowed 
for in the resisting moment), make it désirable to com|)are 
expérimental déterminations of the neutral axis with theo- 
retical position for various assumed values of Ec or of n. 
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Many experiments hâve been made in which the position of 
the neutral axis has bcen determined. Among the best are 
those by Bach* made on 1:4 gravel concrète, 6 to 7 months 
oid. The beams were 2 m. long and 30 cm. deep and were 
loaded at quarter points. The ohserved positions of the neutral 
axis (values of A), at varions loads are given in the following 
table: 

POSITION OF NEUTRAL AXIS. 
(Values of k.) (Bach.) 



No. of 


Percent 
Remf. 


Values of k for Varioi» Proportàons of THMuaitirAl VaIdm. 
Ultimate Lond. *«»««»«»• v«h^ 


Bemn». 


Initial 


iLoad. 


i LoMl. ' 1 Load. 


FoULoad for m» 12 for »«1S 


5 
3 


54 
0.43 
1.32 


.56 
.59 
.59 


.53 
.55 
.55 


.43 
.47 
.45 


.33 
.31 
.44 


.31 
.28 
.46 


.30 
.27 
.43 


.33 
.30 
.46 



The theoretical positions are also given for n=12 and 
n= 15. The value of E for thb concrète, at a load of 600 Ibs/in^, 
as determined by compression tests, was 3,300,000 Ibs/in^. 

Similar tests hâve been made on T-beams by Bach and 
also by Wlthey.f AU of Bach's tests and those on T-beams 
by Wlthey are piotted in Fig. 44a. 

In R^. 45 and 46 are piotted in a différent form results 
of varions tests on rectangular beams. On the diagrams are 
also piotted the theoretical positions of the neutral axis for 
varions values of n. The fuU Unes are based on the straight- 
Une stress variation assumption, and the dotted Unes on the 
assumption of a paraboUc law in accordance with Professor 
Talbot's method (see Art. 65). The dotted Unes hâve been 
drawn only for a single value of 15 for n. For a three-quarter 
load the dotted Une for w = 15 would coïncide very closely with 
the fuU Une for w = 20. The value of q has been taken at i, 
*, and I, respectively. 



♦ Mit. ûber Forsch. a. d. Gebiet des Ing.. 1907, 45-47. 
t BulL Univ. of Wis., 1908, Vol. 4, No. 2. 
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It will be noted that for the lower loads and the small 
percentages of steel the neutral axis is more uncertain and 
generaliy lower than for the higher loads and larger percen- 
tages. This is due to the relatively large influence of the 
tensile strength of the concrète in such cases. The T-beam 
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tests show relatively little of this effect owing to the small 
area of concrète in t(msion. 

Froni thèse results it appears that a value of 15 for n is 
not too large for calculations of strength of beams under the 
usual assumptions. This value is the one niost generaliy 
used, but a value of 12 is also frequently employai. The 
value of 15 corresponds to a value of E^ of 2,()0(),00(), which 
b somewhat low as detormined by compressive tests. 
A value of n=10, corresponding to £'=3,000,000, does not 
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aceonrl with résulta from beoding tests. If the oonqnrison 
between measured and calcukted positions of the neutral axis 
be made on the basis of the parabolic law ol stress variation the 
results will differ considerably in the latter stages cl the tests, 
but very sli^tly at the quarter load. It shoold be noted, 
however, that it b only with the high percentages ci steel that 
the concrète stress reaches nearly to its ultimate vahiei and 
hcnce is the only condition where the full parabolic law can be 
expected to give consistent and rational results. 

In some of the tests whose results are piotted hère the con* 
crête was eut away from the steel for the measured distance, 
lea\âng it exposed. The position of the neutral axis was very 
slightiy affected. 

I02. Observée and Calculated Stresses in SteeL — Where 
the neutral axis îs determined by extensometer measurements 
a check upon theoreticai results can be obtained by calculating 
the stress in the steel in two wajrs: (1) from the observed 
defonnations at the plane of the steel, and (2) from the known 
bending moment and known position of the neutral axis. In 
the first calculation the tensile strength of the concrète, which 
is neglected, causes some error, especially under lîght loads, 
and in the second calculation the exact position of the centroid 
of pressure in the concrète, especially in the later stages of the 
test, is to a srnall degree uncertain, but as the variation in 
steel stress is only about 2%, usîng the two extrême assump- 
tîons of stress variation, thîs source of error is not great. Table 
No. 7 présents several représentative results derived from such 
calculations. The stresses calculated from moments are based 
on the assumption that the concrète takes no tension.* 

T(»sts bave been made at the University of Illinois and at 
the Tniversity of Wisconsin in which the rods hâve been exposed 
for a considérable distance along the conter of the beam, and 
thus hâve been much less affected by any possible tensile 
stress in the concrète. Measurements of extension made in such 



♦ For further data see Table No. 12, Art. 112. 
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show little variation from those made on the ordinary 

Table No. 7. 
STRESSES IN STEEL REINFORCEMENT. 



beam. 



Aathorit9 


BdDforoement. 


Obwnred 

Position of 

NeuUalAxis. 


CalcuUted Stren in Steel, 
Ibfl/in». 


From 
Moments. 


From Exten- 
sions in Steel. 


Talbot: 

Bull. Univ. of 
/«., 1906. 


.74 
1.23 
1.60 
1.66 
1.84 
1.84 


.410 
.470 
.501 
.505 
.606 
.552 


33,100 
35,000 
29,500 
30,600 
25,600 
28,300 


36,000 
36,000 
35,400 
30,000 
27,200 
30,000 


Withey: 

Bud. Univ. of 
Wis., 1907. 


2.9 
2.9 


.670 
.^0 


35,200 
31,600 


36,000 
33,000 



Consîdering the nature of such experiments the results 
obtained may be considered as according with theory very sat- 
îsfactorily. 

103. Compressive Stresses in Concrète hi Beams and 
in Compression Spécimens. — ^An important question relating 
to proper workîng stresses is whether the ultimate compressive 
strength of concrète in a beam is the same as determined by a 
direct compression test. 

The results of certain tests îndicate that the compressive 
strength and ultimate déformation in a beam may be some- 
what greater than in a prismatic compressive picce; and il 
would secm that the différences in condition are sufficient to 
make such a différence possible. In a compressive spécimen 
the matcrial îs free to shear in any direction, thus limiting 
the strength of the spécimen to its weakest shearing plane. In 
a beam the (shear) failure is practically confined to planes 
perpendicular to the side of the beam. Furthermore, in a 
beam the material is not subjected to the secondary stresses 
due to possible poor beddîng of the test spécimen or non- 
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parallel motion of the listing machine, as is the case in compres- 
sion tests. 

In most of the tests reported both the beams and the ac- 
companying compression spécimens hâve been hardened in 
air. Under thèse conditions there is usuaUy some drying-out 
efifect resulting in a weaker concrète than if hardened in water, 
and owing to the smaller dimensions of the compresdve spéci- 
mens the effect will be greater with them than with the rela- 
tiveiy large beams. Many tests hâve therefore shown a com- 
pressîve strength of concrète in the beam considerably greater 
than results obtaîned on cubes. When both beam and cube 
are hardened in water the results do not differ greatly. The 
foUowing are some results obtained on tests made relative 
to this point* The beams wero 52" X 6" net section and 
5 ft. span. They were reinforctnl with 2}% of steel and 
gave compressive failures. The cubes were 4 inches in dimen- 
sion and the cylinders 6" in diameter by 18" hîgh. 



Hardened in air le, 
Hardened in water < ^ 



Str 



I in Concrète at Rupture, Ib*. in*. 



Beam. 



Cube. 



1770 
1460 

1810 
1850 



1187 
1350 

1450 
1750 



Cylinder. 



1380 
1295 

1265 
1680 



The stresses in the beams were calculâtes l on the basis of the 
parabolic variation of stress, the neutral axis being determined 
by extensometers. 

It will be seen that in case of the spécimens hardened in 
air there is a marked différence in strength, but where hanlened 
in water the différence is much less. The différence is hanlly 
suflacîent to warrant much considération in the détermination 
of working stresses.! 

♦ Bulletin No. 1, Vol 4, Engineering Séries, l'niversity of Wisconsin, 1907. 
t For furtber dAta see Table No 12, Art. 112. 
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104. Conclusions Regarding Moment Calculations. — 

The comparison of experiniental results with theoretical analjsîs 
herein givcn shows that the simple l)eam theory as gcîiierally 
employeil, neglecting the tcînsion in the concrète, can be used 
with confidence. In particular, the results appear to show 
that calculatecl on the basis of such theory the yielcl point 
(cominonly called the elastic liniit) of the steel may safely be 
taken as its ultîmate strength in reinforced beams; that the 
erushing strength of concrète as tleterinined by tests on cubes 
hanlenecl under exactly similar conditions as the beams will be 
fully realized in the l)eam; that for working loads the straight- 
line law of stress variation is sufficiently exact; that th(» value 
of n niay be taken at about 15, but that great accuracy in this 
respect is unnecessary; that for ultimat<î values, especially 
where the concrète is near failure, the parabolic assumption 
of stress variation may w^ll be used. 

105. Tests in which Failure Occurred by Diagonal Ten- 
sion. Influences Affectimj Failure hij Diagonal Tension. — The 
strength of a ])eam in diagonal tension is not a simple function 
of the shear, l)ut as shown in Art. 90 it dei)ends also upon the 
horizontal tension or bending-moment stresses in the concrets. 
Thèse will in tum dépend u{)on the actual Ix^nding moment 
at the section of failure and thc^ amount of horizontal reinforce- 
ment a large percentagc? of reinforccîment reducing the horizontal 
déformation and therefore the tension in the (*oncrete and 
tending to strengthe^n the beam as regards failun* in diagonal 
tension. The strength of the l)eam therefore dépends upon the 
relation l)etwe(^n shear and bending moment and upon the 
amount of n^inforcement. The chief factor is, however, the 
shearing stress. 

From the preceding considérations it is évident that the 
nature of the loading will influence the strength of the beam. 
Most structures are calculated for uniform or approximately 
unîform loading, and in expcTimental work tw^o concentrated 
loads applied at the third points are commonly used as repre- 
senting roughly the conditions w^hich exist in the uniformly 
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loarled beam. Fig. 47 represents the variation in moment 
and shear in a beam loaiie-J at the third points, while Fig. 4S 
fihows similar cunes for a unifonnly loa»Jed beam. It is 
to be note<l that in the first case maximum shear occurs where 
maximum moment exists. while in the latter case maximum 
ehear occurs at the point of zéro moment. In the former case 




Shear 



Fig. 47. Fig. 48. 

diagonal-tension failure wîll occur just outside the loads. while 
in the latter case it will occur nearer to the support where the 
moment is considerably Icss than the maximum. Conditions 
as to shear are therefore somewhat more favorable in the con- 
tinuously loa<led beam. A single concentrated loatl causes less 
shear for a given moment than the double loail, and is there- 
fore more favorable as regards shear. 

As continuons beams are commonly useil in buiklîng con- 
struction it will be useful to note hère the variation in shear 
and moment in such a beam. Thîs is shown in Fig. 49, and it 
will be seen that the conditions hère are (juite unfavorable, 
large shear occurring near the supports where the négative 
bending moment is large. 

Whether a beam will fail from moment stressc^s or shearing 
stresses will dépend largely upon its relative length and depth. 
For any given distribution of loads ami given st nasses there îs 
a definîte ratio of length to depth for equal strength as given 
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in Chap. III, Art. 91, but by reason of the variation in shearing 
strength due to the direct effect of moment and amount of 
Steel, thèse formulas can be considered as only roughly approxi- 
mate. 

io6, Methods of Web Reinforcement. — There are in use 
many methods of placing steel in the web so as to reinforce it 
against inelined tension failure. The various methods may, for 
convenienee, be divided into thrce groups: (1) Reinforcing 
métal placed at an inclination; (2) Reinforcing métal placed 
vertically; (3) Miscellaneous methods. 
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(1) Thcoretically the most effective way to reinforce against 
tension failure in any direction is to place reinforcement across 
the Unes of rupture, or in the direction of the maximum tensile 
stresses. In the case of web tension the lines of maximum 
stress varj'' in direction, but it is not practicahle or necessary 
to hâve tho inclination of the reinforcing rods exactly the same 
as the lines of maximum tension, and various arrangements 
will serve to accomplish the pur pose. The most common 
method is to use several rods for the horizontal reinforcement 
and then to bend a part of thèse upwards as they approach the 
end, where they are not needed to resist bending stresses. Such 
an arrangement is shown in Fig. 50, (a) and (b), Separate 
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action of web tension and web compression at right angles to 
each other. Unless the unit stresses in the steel be made very 
low, however, it is likely that the concrète bas received excessive 
tensile stress even under working conditions, and may be assumed 
to be ruptured more or less, in the same manner as on the tension 
face of the beam at points of maximum moment. At least the 
distortion in tension will be greater than in compression, and 
there will be a vertical movement of the concrète on the left 
of the crack, a, downwards with respect to the part of the right, 
and the vertical rod 2 will be brought into direct action if 
looped^ around or attached to the horizontal bars. Such a 
rod may then be more effective (allow of less vertical movement) 
than the inclined rod. Practically, there is no great différence 
in the^ffectiveness of the two forms of reinforcement if closely 
spaced so as to be in position to prevent excessive déformation 
aU along the lower portion of the beam. To secure thoroughly 
effective reinforcement in this respect requires very careful 



f Si i i 






FiG 50« 



-il 



.*-«^ 



arrangement of tho rods and faithful exécution of the work. 
The action of vertical stirrups in resisting vertical defornia- 
tion and the extension of inclined cracks is very well illus- 
trated in Fig. 50a, which represents the conditions which 
developed in a test of a beam. The cracks are numbered 
in the order of their appearance, final failure occurring at 
crack No. 4 and being due to inadec|uate web reinforcement. 
The stirrups were stressed beyond their yield-point. 

Vertical stirrups spaced a distance apart equal to or 
greater than the depth of the beam will give little aid in 
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the prévention of diagonal cracks between successive stirrups 
although they may provent final failure by the extension of a 
crack horizontally along the reinforcîng rocls. Stirrups should 
be looped around the horizontal rods so as to be firmly anchored 
at their lower end (or upper end at points of négative moment), 
where the stress is a maximum, but attachment to the rod is 
net necessary, as the office of the stirrup îs to prevent vertical, 
or nearly vertical, distortion. The value of a stirrup unless 
anchored or looped at the top is lîmited by its strength of 
bond, and as its hngth is not great tliis point may need con- 
sidération. In some tests at the University of Wisconsin final 
failure has result(»d from slipping of th(» stirrups. Stirrups 
matle of small sections or bent in loops are advantageous in this 
respect. WTiere srparate indined reinforcement is used there 
îs danger of its slipping along the horizontal rods if the 
inclination is too great. If attachée! to the horizontal rods, 
however, sucli reinforcement is very effective, not only with 
respect to shear but also in increasing the bond strength of 
the main bars. 

Bent rods alone are apt to be of limitée! value, owing to the 
dîfficulty of pro^^ding rods close enough together. Conven- 
ience of horizontal reinforcement calls for comparatively few 
rods of large sizc, wliich provides too few for effective diagonal 
reinforcement. Where ]arg(* rods are bent up the length of 
the bent end should be made sufficient, by bending at a small 
angle, to develop the requisite bond strength. Some tests of 
beams show faiJure of bond in the case of short bent rods. In 
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the case of continuons girders it îs convenient to extend the 
beat rod horizontally at the top over the support to fumîsh 
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tension reinforçement. A ven- satisfactor}' arrangement of 
web reinforçement is a combination of bent rods and vertical 
stimips, and especially is this the case in continuous-beani 
construction. Tests of varions arrangements, so far as the 
authors hâve been able to find, show the best results from this 
method under the ordînarj- conditions and proportions. Web 
reinforçement of woven wire or expanded métal should give 
good results. 

io8. Effect of Stirrups on Stress in the Horizontal rods. — 
A careful study of the distribution of stress whîch exista 
after a beam begîns to rupture on a diagonal Une wîll show 
the fact that a stirrup, whether vertical or incUned, wiU relieve 
the stress in the horizontal rods at the point of rupture. Thus 
în Fig. 52, if the concrète no longer has tensile strength, the 
value of the tension T in the horizontal rods at the Une of 
rupture, if unaided by the stirrup stress aSi or S2, is equal to 
Vx/a, the same as its value was at section N before rupture 
began. The moment of the stress ûi the stirrup about the 
point A, whether the stirrup be vertical or inclined, serves to 
reduce the value of T. Without the stirrup there is therefore 
more danger of failure of bond near the ends of the beam. 

109. Results of Tests. — In Table No. 8 are given in a clasd- 
fied form the most important tests o.^ rectangular beams which 
lend information on web stresses and web reinforçement. The 
référence number în the first column refers to the list of authori- 
ties on p. 121. In this table are given the si^ificant facts as 
far as practicable, although a detaileJ inspection of the reports 
referred to is necessary for a thorough study of the tests. The 
kind of failure denoted as a "shear failure" is so called for 
convenience; they are diagonal-tension failures brought about 
by large shearîng stresses and hence may be measure<i by the 
shearing forces présent. The average shearing stress on a 
vertical section at fîûlure is given. ^\Tiile the maximum shear- 
ing stress is somewhat greater than this (Art. 89) the average 
stress is practically as good a standard of measure and is much 
more readily calctdated. Where the failure was not a shear 
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failure the figures for shcaring stress are valuable as îndîeatîng 
what the maximum stresses were, although the beam may 
hâve withstocxl stîU larger stresses if failure had not oeeurred 
in some other way. 

Straight Reinforcement Only. — The tests of Professer Talbot, 
Professor Marburg, and Mr. Harding gîve values of from 95 
to 12S lbs/in2 undcr quite a variety of conditions. Mr. Carson, 
with specîally good concrète, secured values of about 200 in the 
case of high-elastic-limit deformed bars and 182 for plain bars, 
which, however, failed in tension. In the Univcrsity of Wiscon- 
sin tests on overhanging beams, whîch represented beams of 
great depth, those with straight bars gave a value of 161 Ibs/in^ 
and double reinforced beams values from 155 to 194 Ibs/in^, 
depending upon the per cent of steel used. Other tests by 
Talbot * in which straight bars only were used gave resuits 
for average shear as follows : 



No. of Tests. 


Kind of Concrète. 


AveraKe Shearing Stress iv') at Rupture, 
Ibs/in». 


Minimum and 
Maximum. 


Average of Group. 


2 

11 

4 

1 
4 


1:2:4 

1:3:5J^ 

1:3:6 

\'A:7\ 

1:5:10 


117-122 
71-124 
83-92 

46 
54-64 


120 
90 
88 
46 
58 



The amount of steel varied from 1 to 2.2%, but this had 
no apparent effcîct upon the strength, ail beams faiiing in diag- 
onal tension. Stirrups spaced 12 in. apart on 10-in. beams 
show(Ml littie or no strengthening effect. Professor Talbot 
estimâtes the viaximum shearing strengt.h (which is about 15% 
greater than the average vahies above given) at J to J of the 
tensile strength of the concrète. The very low values obtained 
in the case of the poorer concrètes sliould l>e noted. 
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As stated in Art. 105 the amount of horizontal steel has a 
direct bearing on shear failures for the reason that large areas 
of Steel witli low unit stresses permit less extension of the con- 
crète than sniall areas with high working stresses. This eflfect 
is shown in a marked manner in a séries of tests made at the 
University of Wisconsin on smaU mortar beams of 1 ' 3 mixture» 
The beams were 3"X4J" in cross-section and 4 ft. span length. 
Loads were applied at two points a varjdng distance apart. 
Only straight reinforcement was used, amounting to 1.41%. 
The tensile strength of the material was high, being 490 Ibs/in*. 
The results were as f ollows : 



>istance Apart 


Average Sbeariog 


of Loads. 


Stress. 


Inrhes. 


Lbs/in'. 


Centre Load. 


177 


12 


200 


24 


220 


32 


316 


36 


512 


40 


850 


44 


1035 



The increase in strength as the loads approached the supports 
must be due largely to the decrease in moment stress and 
conséquent distortion, which is essentially what occurs when 
large areas of steel and low working stresses are used. 

Beams mik Web Reinforcement,— Mr. Hanling's tests inciuded 
only bent rods, and with thèse \'er}' consiilerably hîgher ultî- 
mate values were obtainetl than for straight rods, averapng for 
the three groups 190 Ibs/ln^. Plain bars, bent, gave tension 
failures, thèse bars being of lower elastic limit than the deformed 
bars. Thèse results are therefore of négative value. In some 
of Mr. Hanling's tests the inclined bars puUeii out. the bent 
ends being relatively short, as indicatetl m the sketches. An 
inspection of the deflection cur\-es of thèse beams wîU show 
that thoee in which the rods were not bent were the stiffer 
beams, owing to the greater average amount of steel carrjnng 
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the bendîng moment. Mr. Carson's rcsults avcrage 227 
Ibs/in^ for curved bars and from 220 to 338 Ibs/in^ for 
straight bars with stirrups, the strength increasing with in- 
creasing per cent of métal. The stirrups were T'Xj" straps 
spaeed about 7 in. apart. Tests by Talbot in which curved 
and inclined rods were used, but in which no rods continued 
straight for the entire length of the beam, showed results 
very little better than for straight rods.* 

A référence to Table No. 13 will show the effect of stirrups 
on the ultimate strength and niethod of failure of Ix^anis rein- 
forced for compression. In the tests of Mr. Withey the lx*nt 
rods alone gave 258 Ibs/in^ and stirrups alone average 240, 
while the combination gave 334, with a tension failure, show- 
ing still greater web stresses possible. Expanded métal, as 
used, proved too weak, as it pulled apart at a shearing value 
of 240 Ibs/in^. T-beam tests described in Art. 110 indicate 
that a value of 350 Ibs/in^ may readily be roached with stin 
and bent rods even with a relatively poor concrète, 

The importance of tensîle strength în the concrète should 
be noted in this connection, as the diagonal tension or shear 
failure is the one to be most feared and therefore most care- 
fuUy guarded against. 

lie. Tests on T-Beams.— The reinforcing of T-beams re- 
quires spécial care in providing against shearing stresses. Where 
a floor slab forras the upper part of a beam thcre will usually 
be ample strength in compression for any depth likely to be 
selected. The design of the stem of the T, or the beam below 
the slab, is therefore largely a question of providing sufficient 
concrète and reinforcement to take care of the shearing stresses. 
In thîs case, therefore, it is important to pro^^(le a strong web 
for shearing stresses, as the strength in this respect will com- 
monly détermine its size. In Tables Nos. 9 to Ua are given 
the most important tests on T-beams known to the authors. 
The percentage of steel is calculated with référence to a rectan- 



* Bull. No. 14, Univ. of 111., 1907. 
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gular beam having a cross-section equal to the circumscribing 
rectangle. 

The yield point of the plain stcel in the tests of Table 
No. 9 was about 37,000 Ite/in^, and its ultimate strength 
51,000 lbs/in2. a load of about 19,000 Ibs. would stress the 
Steel in the beanis having .84% reinforcenient to the yield 
point. This limit is exceeded only in the last three of the list. 
In thèse beams inclincd stirrups were used, placed in a notch 
in the bar, in ail other séries the stirrups were placed vertically. 

Reviewing thèse experiments we note, first, the results with 
straight bars and no stirrups. The beams having the .8-iiL 
rods and the Thacher bars developed a value of 119 Ibs/în* 
average shearing stress, while the .4-in. rods tleveloped 198, 
the différence being due doubtless to the différence in bond 
strength, although the previous experiments cited would îndi- 
cate that not much greater value than the latter figure could 
be expected from straight bars only. 

Notîng the next five beams, ail hâve straight rods and 
vertical stirrups, No. 4 having stirrups spaced 8" apart, while 
the others hâve a spacîng of 4" or less near the support. For 
the former a value of 205 Ibs/in^ w^as reached, while the three 
others averaged 341, ail being nearly the same dcspite the 
variety of bars used. No. 9 had bent bars and no stirrups, 
gîvîng a strength of 252, w^iilc No. 10 had bent rods and stirrups 
rather wîdely spaced, developing 334. Nos. 11-14 had inclined 
stirrups attached to the bars and ail but the first gave hîgh 
values of over 450 for the shear. 

In thèse tests it should be noted that a load of 16,000 Ibs. 
would develop in the rods a thcorctical stress of (8000 x20)/4.2 = 
38,000 lbs/in2. For the .8-înch rods this would requîre an 
average bond strength of about 38,000/(2xîX7:X25i) = 
320 Ibs/in^, about ail that could be expected. The .4-inch 
rods w^ould be stressed one-half as much în bond. The spacing 
of stirrups in No. 10 was too great to be entirely efficient. The 
inclined attached stirrups gave the best results in thèse tests, 
but whether simîlar results would be obtaîned where strength 



!70 



TESTS OP BE.\MS AND COLU3IX3. 



ICta. IV 






îiz 



1: !IS 

i 11^ 



1^ 

-=1 






o 



c X x^ 

Sir 

■à b S « 



Si 

i 






* ^"2 "^ 'S =3 ^ 




'- 



k--»-. 






1^1 :ipiiliilili 



an 



is 



le 



ir 



J5 
6 



» -re5-r^c5à?irc3c2 — ri 



f^2 



25X3 



S s- I 



5 s. 



S. 
2: I 



^ <: : : 2hc < : g.^ 









"" " 5;: 






Ë, 






.if- Ë. 

5C- 5=- 



<- S 



3C' 



SS3S?3S?§g§gg£3îJg§ 



-«C^CO'«J<»0«t^XCiO-MC^cO'»»'M5« 



i iioj 



TESTS ON T-BEAMS 



171 



Table No. 11. 
T-BEAM TESTS AT THE UNIVERSITY OF ILLINOIS .♦ 

Concrète, 1:2:4; âge about 60 days; comp. btrength of cubes» 1820 
tt>t/in'. 

Steel: yield point of plain round — 38300 Ibs/in^; of Johnaon bars— 
63800 Uw/in*. 

Sue of beams: thickness of flange — 3} in.; thickness of web— 8 in.; 
depth to center of steel- 10 in.; total length— 11 ft.; span length— 10 ft.; 
WÎdth of fiange varied. 

Stimips: made of i-in. Johnson bars; five stirrups at each end spaoed 
6 in. apart. 

Loads applied at third points. AU faflures were steel tension failures. 



Num- 
bar. 


Width of 


Percent- 

Reinforce- 
ment. 


Number and Sii* 
of RodB. 


ToUl 
Breaking 

Load. 
Pounda. 


Average 
Shearing 
Stress on 

Section 
8"X10" 

lbe/in«. 


StreMin 
Steel. 
Ibs/in*. 


1 
4 
7 
3 

6 

8 
2 
5 




' 16 
24 

32 


1.05 
1.10 
1.10 
0.93 

0.92 

0.92 
1.05 
1.05 

0.97 


3 î" Johnson 

4 î" Plain round 
4 1" << ti 

4 î" Johnson 
f 5 }" Plain round 
1 (2 bars bent up ) 
( 5 î" Plain round 
\ (2 bars bent up) 

6 }" Johnson 
! (\ î" Johnson 
\ (2 bars bent up) 
f 7 î" Plain round 
\ (3 bars bent up) 


46700 
32410 
30100 
55700 

39300 

40100 
80500 
83300 

50900 


293 
203 

188 
347 

246 

250 
503 
521 

318 


64300 
41500 
38100 
57500 

40700 

41200 
55700 
57400 

37600 



of bond was not in question cannot be stated. In case of weak 
bond an attachée! inclinée! stirrup virtually adds much to the 
bond strengtli of the l)ar. 

In Table No. 10 are given further results of tests. In the 
first four tests the supports were placée! too near the enels of 
the beam (4 inches) with the resuit that aft<?r the initial crack- 
ing the bars soon pulled out. After reelucing the span length 
to 5 feet no further trouble in this respect was experienceel. 
The résulta correspond closely with those given în the otber 
tables. 
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Table No. 11 contains results of récent tests by Professer 
Talbot. The maximum values of shearing stress are imusually 
high and indicate very effective web reinforcement. As no 
shear failures occurred the possible limit of strength of web 
was not determined. The excess of stress in the steel as com- 
pared to the yield points should be noted, due in large measure 
no doubt to the excessive compressive strength of the flange 
and the thorough web reinforcement. 

Table No. 11 a contains results of additional tests on T- 
beams made at the University of Wisconsin. In thèse tests 
the yield point of the corrugated bars was about 48,000 Ibs/in^ 
and that of the |-in. rods was 41,000 Ibs/in^. Thèse limits 
correspond closely to the stresses in the steel at failure, except- 
ing in the case of beams Gi and G2 which failed by shear. The 
table contains results of value with respect to shearing stresses 
and the use of stirrups and bent rods for shear reinforcement. 
In the progress of the tests the occurrence of the first diagonal 
crack was carefully noted and the maximum shearing stress 
at this load is calculated and given in the table. It will be 
noted that there is a fairly close agreement between this value 
and the tensile strength of the concrète as given in the next 
column. The average value for the maximum shearing stress 
is 179 lbs/in2 whereas the average tensile strength is 187 Ibs/in^. 
This would indicate that in spite of stirrups the concrète is 
likely to open up at a diagonal tensile stress about equal to its 
usual tensile strength. The table also gives the shearing 
stress at ultimate load, both the average and maximum stress 
(at neutral axis and below) being given. The web reinforce- 
ment was effective in preventing shear failures, excepting in 
the case of beams Gi and 62 where no bent rods were used. 
ïn ail other cases the web reinforcement was ample and hence 
no conclusions can be drawn as to relative value of the différent 
kinds of reinforcement. The wire mesh gave good reinforce- 
ment and was convenient to use. In beams Gi and G2 failure 
by diagonal tension occurred, the stirrups breaking at the 
maximum load. Thèse tests indicate that by the use of bent 
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rods and stirrups an averagc shcaring strength of 400 Ibs/in^ 
can readily be developed vvith good concrets. 

111. Conclusions as to Sbearing Strength. — From the avail- 
able data it would appear that with ordinary concrète and no 
web reinforcement the ultîmate average shearing strength is 
about 100 Ibs/in^ and that this strength can readily be in- 
creased by the use of web reinforcement to 300 to 400 Ibs/in^. 
The latter figure may, from our présent knowledge, be taken as 
about the maximum value with ordinary, closely spaced web 
reinforcement. It appears also that the shearing strength of a 
T-beam is about the same as that of a rectangular beam of the 
same depth and a width equal to thewidth of the stem of the 
T. It is to be understood that the shearing stress is hère used 
mcrely as a convenient mcasure of the diagonal tensile stress, 
which is really the stress involved. Thîs beîng the case it would 
be incorrect to take any account of the shearing strength of 
the Steel in dcsigning the reinforcement, as is sometimes done. 

112. Beams Reinforced for Compression. — Generally 
speakîng, it is more economîcal to carry compressive stresses 
by concrète than by steel, but limitations as to size sometimes 
makes it désirable to strengthcn the compressive side of a beam. 
In cases, also, where both positive and négative moments exîst 
in the same beam, either as alternating stresses or simultane- 
ously at différent points, steel reinforcement will be used on 
both sides and its value on the compressive side needs to be 
known. Obviously, steel reinforcement on the compression 
side will hâve little effect in beams that would otherwise fail 
in tension or shear, although thcre would be some gain owing 
to increased distance between centcrs of tensile and compres- 
sive forces. The effectiveness of stccl in compression has some- 
times been qucstioned, but the results of tests on beams and 
columns indicate that, in ordinary ratios at least, the steel 
does its share of work. 

Table No. 12 gives results of tests on double reinforced 
Ix^ains made at the University of AVisconsin. No stirrups 
were used in the first eight beams and, as a conséquence, ail 
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thèse be&ms, except the first two, failed by diagonal tensioiu 
The last four beams were supplied with stimips looped arouDd 
the lower bars and consisting of ^-in. round steel^ ten stimips 
beîng used at each end between the load and support. In ail 
beams two of the bottom rods were bent up at about 2 feet 
from the end and one bar at 4 feet from the end. Fig. 52a 
ahows arrangement of reinforcement and location of cracks in 
beam IFi. They are numbered in the order of occurrence, 
crack *'F" being the point of final failure, the steel passing its 
yiekl point 

The neutral axis was found by the use of extensometers, 
after which the stresses in steel and concrète at ''load con- 
âdered" were found, assuming the compression in the con- 
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Fig. 52a. 
crête to follow the parabolic law. The tensile stresses in the 
Bteel as calcula ted by the two methods agrée verj- closely. 
The compreîfsion in the concrète is determined by subtracting 
from the total compresvsion the compressive stress in the steel. 
The crushing strength of corresponding compression spéci- 
mens is aLso given in column .S, and in the followlrg column 
the ratio of the calculated stress in the beam to tl: ? crushing 
strength. Except in the case of the tirst two beair.s the ulti- 
mate compressive strength of the concrète was not reached, 
although in the last four beams crushing took place ver}- soon 
after the maximum load was reacht^l. In the next ovlunm 
are given the ratios of calculated stresses in compression sttH*I 
and in concrète. Thèse are in fair agreement with the value 
of n for concrète at rupture. The concrète in beams W luijv 
pened to be especially good anil in beams A* it was jxx^r. The 
rtimips used in the last four beams proved effective in prvvent- 



§ 112.] 



BEAMS REINFORCED FOR COMPRESSION. 



177 



îng shear failures. The results of thèse tests indicate that the 
Steel is taking its share of stress and that the compression side 
of the beam is strengthened in accordance with the usual 
theory. Obviously, in order to secure full benefit of the steel 
up to rupture, a fairly high elastic limit material should be used. 
The tests show, further, that the compressive strength of con- 
crète in a beam is fuUy equal to and probably somewhat greatcr 
than the strength as determined from the usual compression 
test. 

Fig. 53 gives a typical set of curves for double reinforced 
beams. Beams T2 and W2 had equal amounts of compressive 
reinforcement, but beam W2 was provided with stirrups while 
T2 was not. Thèse conditions resulted in a shear failure in 
the former case and a tension failure in the latter. Com- 
paring with those shown in Art. 100, it will be seen that thèse 
beams are much stiffer and apparently more perfectly elastic, 
as would be expected from the nature of the reinforcement. 

Table No. 13. 

TESTS OF HEAMS REINFORCED FOR COMPRESSION. 
Boston Transit Commission.* 
Beams and material as described in Table No. 8. Ail beams reinforced 
with i ' corrugated bars, with same number top a id bottom. i.tirrups 
1"X i", spaced about 7". Centre loads. 





Total Rein- 
















forcement. 




Ixiail at 


nti- 

mate 

L.)ad. 

Pounds. 




Average 




Num- 
ber. 




Uaeof 
Stir- 
rups. 


First 
Sign of 
Failure, 
Pounds 


M 


Shearing 
Stress, 

Lb9/in2. 


Kind of 
Failiu-e. 


Num- 
ber of 


Per- 




Bars. 


centage 














72 


41 




1 


No 


9920 


10980 


513 


126 


Tension 


78 


4 




1.62 1 


11424 


14148 


660 


162 


' t 


71 


4 




Yes 


11000 


16506 


766 


188 


Shear & tens. 


77 


4 






11224 


15072 


701 


172 


il -t tt 


70 


6" 




j 


No 


14992 


16096 


740 


182 


Shear 


76 


6 




2.44/ 


16716 


173(K) 


796 


195 


<( 


69 


6 




Yes 


17724 


23972 


1106 


272 


Tension 


75 


6 






14476 


21284 


990 


244 


{ t 


68 


81 






No 


19044 


19044 


880 


215 


Shear 


74 


8 




3.25^ 


17200 


18584 


854 


210 


tt 


67 


8 




Yes 


21200 


30168 


1400 


344 


Tension 


73 


8. 




22132 


29178 


' 1347 


332 


II 



* Tenth Annual Report, 1904. 
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Table No. 13 gîves results of tests on double-reinforced beams 
by the Boston Transit Commission. The table îs of value 
mainly în showing the benefit of stîrrups. Crushing failures 
were obtained in but few cases în this séries of tests, even where 
no compressive reînf orcement was used, so that lîttle advantage 
could be expected. It should be noted that where stirrups are 
not used the results shown in this table are very nearly the 
same as those of Table No. 12, although the quality of the 
concrète in the lattcr case was much inferior. Conditions were 
such that the full strength of the concrète was not developed in 
the tests of Table No. 13. 

ma. Experiments on Deflections of Beams. — Probably the 
most complète and accurate deflection measurements ever made 
are those by Bach. About 50 rectangular and 20 T-beams 
are reportai on by him.* The rectangular beams were 2 m. 
long, 30 cm. deep and 15, 20, or 30 cm. wide. They were 
reinforced with a single straight rod, sevcral straight rods, 
straight rods with stirrups, or several rods, some bent up; 
the percentages varicd from about .4 to 1.35. The T-beams 
were 3 m. long, 45 cm. wide, 48 cm. deep, fiange 10 and web 
20 cm. thick. They were reinforced with straight rods, with 
or without stirrups, or rods, some .bent up, with and without 
stirrups; the perccntage of steel was about .8 in ail of them. 
The beams rcsted on end supports, and were loaded at the 
quarter or third points. They were made in sets of three (as 
nearly alike as posyiljle) and the load-deflcction curv^es for any 
set are in rcmarkal:)ly good agrcemcnt. Deflections were 
measured at 5 or 7 tlifferent points along the beam and to 
the nearest .005 mm. 

Fig. 53a shows the load-deflection curv'cs for 4 sets of teams. 
Croups 1 and 2 relate to rectangular beams; in (1) the beams 
were 15 cm. wide, reinforced with .5% of steel in 3 rods, 2 
bent up at each end; in (2) the beams were 20 cm. wide and 

♦ Mitteilimgen ùber Forschungsarbeiten auf dem Gebiete des Ingenieur- 
weeens, Hefte 39, 45, 46, 47 (1907). 
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reinforced with 1.35% of steel in 3 rods, 2 bent up at each 
end. Groups 3 and 4 relate to T-beams; in the beams of (3) 
there were 3 straight rods (.8%) and 24 stirrups, and in those 
of (4) there were 5 rods, 4 bent up at each end, (.87%) and 
24 stirrups. Only a part of each curve is given. The dot on 
each corresponds to one-quarter ul tiniateload; dots on exten- 
sions of group 4 would be a trifle higher than in group 3. 

The dashed Unes are graphs of the deflection formulas (see 
Arts. 92d and 92e) corresponding to the varions beams, n 
having been taken as equal to 8 for reasons given in the next 
article. The deflection formula agrées as well with other sets 
in Bach's tests except in a few cases in which the reinforce^ 
ment consisted of a single straight rod and stirrups. 

Deflection measurements on beams tested in America seeni 
not to hâve been made with spécial care, as there is considér- 
able discordance in the published results. Among the best 
are some reported by Talbot, a few * of which are represented 
in Fig. 636. Groups 1 and 2 relate to two sets of T-beams, 
12 in. deep (over ail), flange 31 and web 8 in. thick; the span 
was 10 ft., and loads at third points. The three in group 1 
were 16 in. wide, reinforced with straight bars (about 1%) 
and stirrups, the three in group 2 were 24 in. wide, reinforced 
as others except some rods were bent up. Curve 3 is for a 
very large rectangular beam; its breadth was 25 in., depth to 
Steel 30.5 in., span 23.5 ft,, and percentagc of steel 1.25. Only 
a portion of each curve is shown ; the dot on each corresponds 
to one-fourth the ultimate applied load. The dashed lines are 
the graphs of the deflection formulas (Arts. 92d and 92e) for 
the corresponding beams; 8 is the value of n used in groups 1 
and 2. 

ii2i. Stirrups and Bent-up Rods do not affect the stiffness 
of the beam materially for working loads; but they do increàse 
the ultimate deflection as well as strength. Bach's tests 
clearly show this to be true, for examplc: 

* Bulletin Univ. of lU. Eng. Exp. Station, No. 12 (1907); Eng. News, 
Vol. LX, p 145 (1908). 
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(1) Column a of the adjoining table (No. 13a) gives the 
average deflections for three beams (numbers 7, 13, and 14) 
corresponding to the loads tabulated; the beams were rein- 
forced with a single straight rod (p about .9%). Column 6 
gives the average deflections for another set of three (29, 32, 
and 37); thèse were reinforced like the first set but with sîxteen 
stirrups added. The fourth column gives the percentage 
différences between the deflections of the two sets of beams 
up to 4000 kg. The average ultimate deflections of the two 
sets were 1.78 and 2.3 mm., and the ultimate loads 18,900 
and 23,250 kg. respectively. 



Table No. 13a. 
DEFLECTIONS OF RECTANGULAR BEAMS. 









Deflection (millimeters). 






Load, 












(Kilos). 
















a. 


6. 


Diff. 


A, 


B. 


Diff. 


500 


* .052 


.052 


0% 


.048 


.050 


+ 4.0% 


1000 


.110 


.107 


-2.7 


.107 


.110 


+ 2.8 


1500 


.175 


.165 


-5.7 


.167 


.173 


+ 3.6 


2000 


.245 


.232 


-4.9 


.232 


.248 


+ 6.8 


2500 


.322 


.307 


-4.6 


.308 


.330 


+ 6.9 


3000 


.428 


.417 


-2.6 


.403 


.403 


+ 6.7 


3500 


.608 


.580 


^-4.6 


.538 


.585 


+ 8.7 


4000 


.793 


.767 


-3.3 


.775 


.902 


-+-14.0 



(2) Column A of the sanie table gives the average deflections 
for a set of beams (40, 43, and 45) which were reinforced with 
three straight rods (p = .55%); and B the average deflections 
for a set (49, 51, and 53) reinforced like the first, but two of the 
rods were bent up at each end. The» last column gives the 
percentage différences Ix^tween the average deflections of the 
tw^o sets of l)eams. The average ultimate deflection of sets A 
and B were 3.38 and 3.45 mm. and their average ultimate 
loads 8250 and 8600 kg. respectively. 

(3) The numbered columns in the adjoining table (No. 13b) 
give the average deflections of six sets of T-beams, three in 
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Table No. 13b. 
DEFLECTIONS OF T-BEAMS. 



[Ch.IV. 



Loads 


Deflections (mUUnMten). 


(kUos). 


1 


2 


3 


4 


5 


6 


Diff. 


2000 
4000 
6000 


.090 
.193 
.307 


.087 
.183 
.290 


.088 
.180 
.287 
.398 


.093 
.190 
.303 
.422 


.092 
.190 
.293 
.407 
.553 


.095 
.192 
.303 
.420 
.563 


10.5 


8000 


.435 
.677 


.400 
.535 


6.0 


10000 


.668 


.653 


1.8 











each set, for the loads tabulated. The beams were alike 
except as to reinforcement. Beams of set 1 were reinforced 
with three straight rods (p=.8%); set 2 like 1 and 24 stirrups; 
set 3 like 1 and 48 stirrups; set 4 with five rods (p=.87%), 




100 



"MO 800 400 600 600 

Values of unit stireas Se, Iby'ln.» 

Fio. 53c. 



four bent up at each end- set 5 like 4 and 24 stirrups; and 
set 6 like 5 except that a hook was formed at each end of the 
fîfth rod. The horizontal Unes in the table are drawn to 
correspond to one-quarter ultimate loads. The last colunin 
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of the table pves the greatest percentage différence for the 
various working loads. The average ultimate deflections were 
2.4, 3.2, 3.8, 6.0, 5.8, and 9.4 mm.; the average ultimate loads 
23,000, 30,500, 37,800, 33,300, 41,000, 46,000 kg. respectively. 
Ail average ultimate deflections are not reliable. 

112C. On the Value of n for Deflection Formulas,— As 
explaîned în Arts. 92c and 6, the value of the modulus of 
elasticity to be used in deflection formulas should correspond 
not to the greatest unit stress în the concrète but to a fair 
average of the unit stresses at ail points in the bcam. Fig. 
53c shows how the sécant modulus varied in four compression 
spécimens representing the concrète of the Bach bcams refcîrrcd 
to in Art. 112a. It was a 1 :4 gravel concrète and the spécimens 
were about eight montlis okl when tested. The curves show 
that for unit stresses as high as 600 Ibs/in^ the moduli averaged 
over 3J million (n=9), and for the fair average unit-stress ia 
Bach's beams under working loads n would be about 8. 
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113. Tests of Plain Concrète Columns. — An important 
séries of tests on columns are those made at the Watertown 
Arsenal, and re{X)rted in Tests of Metals^ 1904, and subsociuent 
volumes. The principal results on plain concrète are giveii 
in Table No. 14. 

Thèse tests indicate an average strongth for 1:2:4 concrète 
of 1600 to 1700 lbs/in2, with no excessive variation in indi- 
vidual tests. For the weaker mixture, 1:3:0, the individual 
tests are much more at variancc, indicating greater unrelia- 
bility. The great strength of very rioh mortars is notc^worthy, 
and this fact is borne out by experiments on columns slightly 
reinforced. Çonsidering relative cost, a rich mortar niay often 
be the more advtantageous. 

Table No. 14a gives results of tests by Professor Talbot 
on plain concrète. 
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Table No. 14. 

TESTS OF PLAIN CONCRETE COLUMNS. 
Watertown Arsenal, 1903-1905. 

AU columns were 8 ft. high and ranged from 10 in. in diameter to 12 in. 
square. The âge of the concrete ranged from 5 to 8 months. 



Kind of Concrete. 


CniahioK Strength, Lba/in*. 


Reaultn of Indi- 
vidual Testa.* 


Avera^e 
Cru«hing 
Strensfth. 


1 : 1 mortar 


/5011+ 1 

1 4320 / 

3652 2488 

2062 2692 

/ 1564 1471 1 

1 1050 / 

1038 1082 

1525 1720 

3900 

1506 1710 
/1750 19901 
11413 / 
/ 462 700 \ 
1 1260 / 
/ 1350 \ 
t 750 1446/ 

871 
/1060 \ 
1 698 i 


4665 

3070 
2377 

1362 

1060 
1622 
3900 
1608 

1718 

807 

1182 
871 
879 


1:2 •* 


1:3 *' 


1:4 '* 


1:5 ** 


1:1:2 (pebbles) 

1:1:2 (trap rock) 

1:2:4 (pebbles) 

1:2:4 (trap-rock) 

1:3:6 (pebbles) 

1:3:6 (trap-rock) 

1:2:4 (cinders) 

1:3:6 (cinders) 



* Where two linea of valun* arc given. those in the firnt line are résulta obt*ined in 
the 1904 séries, those in the 8ecx>n(i liae are trom the 190ô œries. 

In gênerai, it was fourni that the richcr mixtures tended 
to fail by true shoar failures, while the poorer mixtures gener- 
ally failed by graduai crushing. The vory superior results 
obtained on the 1:1^:3 mixture as comparée! to the 1:2:4 
mixture, or poorer, should be noted. It shows the value of 
the use of rich mixtures for columns, the incr(»ase in strength 
over the 1:2:4 concrete being alx)ut 32% while the increase 
in cost would not be over 10 or 15%. CompanMl to the results 
of Table No. 14 thèse results agrée as closely as could be 
expected. The great variation in individual tests in Table 
No. 14a should be noted, the results for group 2 varying from 
33% below to 27% above the average. Results of comparative 
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Table No. 14a. 
TESTS OF PLAIN CONCRETE COLUMNS. 

University OF Illinois, 1907 ♦ 
AU columns were 12 in. in diameter by 10 ft. long. 









Cnishing Strength, Lbs/in'. 




Group. 


Col. No. 


Kind of 
Concrète. 




Spécimen, 
Days. 












Individual 


Averaxe for 










Testrt. 


Group. 




1 


f 111 
\ 112 


l:li:3 


2120 
2480 


2300 


\ 66 
/ 62 




r 101 




1165 




1 58 




102 




2000 




69 




103 




2210 




65 


2 


i 104 


1:2:4 


1590 


1740 


64 




105 




1945 




62 




108 




1460 




72 




[ 109 




1810 




64 


3 


f 116 
\ 117 


1:3:6 


955 
1110 


1030 


\ ^1 
/ 62 


4 


r 121 

\ 122 


1:4:8 


575 
575 


575 


\ 63 
1 63 




r 110 




1925 




1 203 




128 




1845 




194 


5 


129 
163 


1:2:4 


1770 
2680 


2025 


181 
187 




104 




2160 




187 




168 




1770 




201 


6 


/ 21 
1 22 


1:2:3} 


2()r>0 
2770 


2710 


1 12 mo. 
/ 16 mo. 



tests on short cylinders of 1:2:4 concrète, storeci in damp 
sand for 9 to 11 nionths, gave an average crushing strength of 
2650 Ibs/in^'; tests on 12-inch cubes stored in air at âge of 
60 days gave an average value of about 1950 Ibs/in^, and at 
âge of about 200 days, of 2350 ll)s/in2. 

Other tests on plain concrète are given in Tables Nos. 
17 and 18a. The results in Table No. 17 appear to be unusually 



♦ From Bulletin No. 20, Eng. Exp. Sta., University of Illinois. 
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low. Tests made at the University of Wisconsln in 1908 
indicate that with careful workmanship and testing an average 
value of about 2000 Ibs/in^ can be obtained in 60 days on 
1:2:4 concrète, the restdts obtained being very uniform. 

114. Tests of Columns with Longitudinal Reinforce- 
ment only. — ^The restdts of a valuable séries of expérimente 
made at the Massachusetts Institute of Technology are given 
in Table No. 15.* The concrète was 1:3:6 broken stone 
concrète; the rods wcre partly plain square rods and partly 
twisted rods, the strength of the plain rods being 56,000- 
60,000 lbs/in2, and of the twisted rods about 80,000 lbs/hi2. 
Where single rods were used they were placed in the centre, 
and where four rods were used they were placed in the form 
of a square one-half the dimensions of the colunm. The 
columns were approximately thirty days okl. 



Table Xo. 15. 

TESTS OF REINFORCED COLUMNS. 
Massachusetts Institute of Technology. 



Num- 
ber. 


Cro88- 
Bection. 


Ratio: 
LenRth 
Diatn. 


Number 
of Rods 
and Sizc 
(Square). 


Plain 

or 

Twisted. 


Areaof 
Steel. 
Sq. In. 


Percent- 
ajge of 
Rein- 
force- 
ment. 


Crushing 
Stiength. 
Lba m«. 


1 


8"X8" 


25.5 


1 1" 


P 




1.56 


1670 


2 


** 


25.5 


1 1" 


T 




1.56 


1985 


3 


ti 


18.0 


1 1" 


P 




1.56 


1560 


4 


tt 


18.0 


1 1" 


T 




1.56 


1970 


5 


n 


9.0 


1 1" 


P 




1.56 


2160 


6 


il 


9.0 


1 1" 


T 




1.56 


2080 


7 


n 


25.5 


1 1}" 


P 


1.56 


2.44 


2125 


8 


tt 


25.5 


1 ir 


T 


1.56 


2.44 


2410 


9 


tt 


25.5 


4 ï" 


P 


2.25 


3.51 


2840 


10 


tt 


25.5 


4 ^" 


T 


2.25 


3.51 


2610 


11 


tt 


18.0 


4 4" 


T 


2.25 


3.51 


2300 


12 


tt 


18.0 


4 ?" 


P 


2.25 


3.51 


2390 


13 


tt 


9.0 


4 1" 


T 


4.0 


6.25 


2470 


14 


tt 


9.0 


4 1" 


P 


4.0 


6.25 


3810 


15 


10"X10" 


20.4 


1 1" 


P 


1 


1 


2150 


16 


< t 


7.2 


1 1" 


P 


1 


1 


2000 


17 


tt 


7.2 


1 1" 


T 


1 


1 


2284 


18 


tt 


14.4 


1 li" 


T 


1.56 


1.56 


2620 


19 


tt 


14.4 


I ir 


P 


1.56 


1.56 


2570 


20 


tt 


14.4 


4 r 


T 


2.25 


2.25 


3000 


21 


tt 


14.4 


4 r 


P 


2.25 


2.25 


2740 



♦ Trans. Am. Soc. C. E., Vol. L, 1903, p. 487. 
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Grouping thèse tests in accordance wîth the amount of 
reinf orœment we hâve the f ollowîng average values : 





Per Cent 
Reinf orcement. 


Avenure Strengtb, 
Lbs/in». 


Cairulated 

Strengtb. 

/- 1470(1 +19p). 

LKs/in». 


8"X8" columns. 
Average length« 12.4 ft. 

10" X 10" columns. 
Average length« 11.0 ft. 


1.56 
2.44 
3.51 
6.25 

1.0 

1.56 

2.25 


1904 
2267 
2535 
3140 

2145 
2452 
2870 


1904 
2170 
2450 
3250 

/- 1800(1 +I9p). 
2145 
2320 
2600 



It îs évident that the largcr columns are, for like reînforce- 
ment, stronger than the smaller colunms, showîng an effect 
eîther of ratio of length to diameter or of diameter dîrectly. 
Little différence is observed bctween plain and twisted bars. 
The effect of araount cif reinforcement can be observée! by con- 
ffldering each size separately. The results hâve been studied 
on the basis of the theoretical formula of Art. 95, Chapter III, 



p=l + (n~l)p, 



(1) 



în which P/P represents the ratio of the strcngth of the rein- 
forced to that of the plain concrète colunm. 

No ntsults are given for plain concrète columns, but as- 
summg that the colunin with tho lowest pcrcentagc of stcol 
follows the theoretical law the strcngth of the idéal plain con- 
crète colunin is calculated to be 1470 Ibs/in^ for the first 
group and 1800 Ibs/in^ for the second group, making n = 20. 
Taking thèse values thon as a basis the results are plotted in 
Kg. 54. Abscissas represent per cent of reinforcement and 
ordînates the relative strengths, that of the idéal plain con- 
crète being 100. The theoretical relation is shown by the 
straight line drawn for n = 20. This value of n corresponds to 
a value of Ec of 1,500,000, which woukl be a reasonable value 
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at rupture on the basis of total déformation, as explained in 
Art. 24. While the results are not sufficiently numerous to be 
at ail conclusive. they do indicate that the relative strength 
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FiG. 64.— Tests of Reinforoed Columns. (Mass. Inst. of Technology.) 

of such columns îs ffdrly représentée! by the theoretical law. 
Calculated values corresponding to the theoretical Unes of the 
diagrani are given by the formulas 



aud 



/ = 1470(1-^19/)) 
/ = 1800(1 + 19/)). 



Thèse values are given in the table on p. 153. Eliminating the 
longest columns of the first group a fairly correct value for the 
ultimate strength of ail would bc given by / = 1600(1 + 19p) 
(n is assumed equal to 20). 

The followîng table gives n»sults of tests made at the Water- 
town Arsenal on concR»te columns reinforced with longitudinal 
bars only. Ail columns were 8 ft. long and approximately 
12"X12" square; âge, ^ to 8 months. 
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Table No. 16. 

TESTS OF REINFORCED COLUMNS. 

Watertown Arsenal, 1904-1905. 







Reinforcement. 


Com- 
preesive 
Strength, 
Lbs/m». 


Strength 
of Plain 
Concrète. 


Ratio of 
Streni^ 
of Rein- 


Kind of Concrète. 






forced 








(See Table 


Concrète 




Description. 


Per Cent. 


No. 14.) 


to Plain 












Concrète. 


1:2 mortar 


8 î" bars 


2.85 


4200 


3070 


1.37 




3 '* 


it n 


2.87 


3841 


2377 


1.61 




4 " 


tt It 


2.86 


3377 


1518 


2.22 




5 •' 


tt tt 


2.86 


2813 


1060 


2.65 




5 '* 


13 r " 


4.63 


3903 


1060 


3 68 




I:2(pebble8). . . 


4 }" twisted 


1.46 


2890 


1720 


1.68 




2:4 " ... 


tt tt 


1.43 


19901 




1.17 


1» 41 


4 }"Thacher 


1.03 


1990 1 




1.17 


<» H 


4 j" comigated 


.97 


2180 • 




1.28 


" " ' ' . 


4 r twisted 


1.45 


1820 } 


1710 


1.06 


il It ' ' ' 


8 }" '' 


2.86 


3160 




1.84 


Il H 


8 }" Thacher 


2.09 


2760 




1.62 


1 1 tt 


8 1" comigated 


1.94 


2830 J 




1.66 


1:3:6 " '.'.'. 


4 i" twisted 


1.44 


1370 


462 


2.96 


1:3:6 (trap-rock). . 


8 1'' cornigated 
(1 It 


1.94 
1.93 


2290 
2650 


1 
|1350 


1.82 


1:2:4 (cinders) 


4 3'' twisted 


1.45 


2095 


871 


2.40 


1:3:6 

4* i • 


4 f ' bars 

8 r '* 


1.42 
2.83 


1932 
3100 


}l060 


1.82 
2.92 



On Fig. 55 are plottecl the results of thc mortar tests and the 
1:2:4 concrète in the saine manner as the values in Fig. 54, 
usîng as a standard the results on plain concrète given in Table 
No. 14. Average values hâve been plotted for the columns 
with percentages of .97 and 1.03 and of 1.43 and 1.45. Lines 
hâve also been drawn representing the theon^tical relations for 
différent values of n. In the mortar tests the results show 
that for the poorer mortars thc relative effect of the stecl is 
high, corresponding to what would be ol)taincd theoretically 
by using a value of n = 40 to 50. In the 1:2:4 concrètes the 
results do not vary widely from the theoretical results for 
n = 30, or a value of Ec at rupture of 1,000,000. 
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It is aâsumed in the theoretical discussion that the steel is 
not stressed beyond its elastic limit. It is to be noted that 
în thèse tests the stress on the steel bars must hâve been as 
high as 45,000 to 50,000 Ibs/in^, showing the usefuhiess of a 
fairly high elastic-limit steel in this case. (See further dis- 
cussion in Chapter V.) 
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Pvcentage of Relnf orcement 
Fia. 55.~Te8t8 of Reinforced Columns. (Watertown Arsenal.) 

Table No. 17 con tains the results of tests made by Prof es- 
sor A. N. Talbot at the Univers! ty of lUinois. The columns 
were made of 1:2:3-3/4 concrète and plain steel of 39,800 
pounds per square inch elastic limit. The âge was from 59 ta 
71 days. Comparing the reinforced with the plain concrète^ 
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Table No. 17. 

TESTS OF REINFORCED COLUMNS. 

Universitt OF Illinois, 1906.* 



No. 


Length. 


1 


1 


3 




7 


12 ft. 


11 




2 


12 ft. 


6 


n 


10 


(1 


12 


9ft. 


14 


12 ft. 


16 


9ft. 


17 


6ft. 


6 


12 ft. 


8 


ti 


9 


u 


13 


il 


15 


6ft. 


18 


« 



Croes-eection. 



12''X12" 



9"X9" 



12"X12" 

9"X9" 

12"X12" 



9"X9" 



Reinforcement. 



Kind. 




Per cent. 



1.50 



1.47 



Crushing Stren^th. 
Pounda per sq. m. 



Individual 
Tert. 



1587 
1862 
1850 
1936 
1577 

i6no 

1280 
2335 
1367 

1607 

2206 
1710 
2004 
1610 
1709 
1189 
1079 



Ave rage 
of Group. 



1809 



1710 



1550 



the average strength of the 12"xl2" columns with 1.2 per 
cent reinforcement is about 1.17 times as great, and the 9''X9'' 
columns with 1.5 per cent remforcement is about 1.10 times 
as great. Thèse tests indicate a less effect of reinforcement 
than some of the othcr tests quoted. The smaller cross-section 
of the columns containing the larger amount of reinforcement 
may hâve becn the cause of the lower strength of this group. 
It is hnportant to note the wide variation in the individual 
results of thèse and other tests; they indicate what may be 
expected in practice, and show clearly the necessity of adopt- 
îng conservative values of working stress. Careful measurement 



♦ Bulletin No. 10, Engineering Exp. Sta., 19C7. 



194 TESTS OF BEAMS AND COLUMNS. [Ch. IV. 

of distortîons showed that tbe ratio of stress in steel to stress 
in concrète varied from about 14 at the beginning to about 27 
at rupture, taking average values. The low values for ultimate 
strength of the reinforced columns appeared to be due to a 
lower actual crushing strength of the concrète in thèse columns 
than in the plain columns. 

115. Tests of Hooped Columns. — If a compression mem- 
ber be reinforced by bands or hoops closely spaced, such rein- 
forcement will raise the ultimate strength by preventing latéral 
expansion under the compressive forces. It was shown in 
Art. 96 that under this system of reinforcement the steel 
cannot be stressed to any considérable extent under loads 
below the usual elastic limit strength of the concrète. This 
limit being exceeded, however, the banding becomes very 
effective in holding the concrète together so that it will endure 
large déformations without rupture, thus increasing greatly 
its ultimate strength. I/)ngitudinal reinforcement is also 
used with hoops or bands. This part of the reinforcement 
will reçoive stress in proportion to the longitudinal déforma- 
tions and will thus be more effective at low loads than the 
bands. Results on both forms of columns are hère given. 

In 1902 and 1903 Considère * published certain tests made 
on columns reinforced by spirally wound wire and by lon^- 
tudinal rods or wire. His most important results were those 
obtaincd upon a number of octagonal columns 5.9 in. short 
diameter. As a resuit of thèse and other tests, as well as from 
a theoretical basis, he came to the conclusion that steel in the 
form of spiral reinforcement was 2.4 times as efficient as in the 
form of longitudinal reinforcement, presuming the spacing of 
the wire to be not great (} to t^ of the diameter of the spiral) 
and that ordinary mild steel be used. It was found also dé- 
sirable to use a small amount of steel in the form of longitudinal 
reinforcement. Tests on the elastic properties showed con- 
sidérable déformation and set, but after the first application of 

♦ Génie CivU, 1902. 
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a load the column is relatively rigid, with greatly increased 
value of E. 

Table No. 17a gives the results of an important séries of 
tests on hooped columns made by Professer Talbot, in 1907. 



Table No. 17a. 
TESTS OF HOOPED COLUMNS. 
University of Illinois, 1907.* 
Concrète 1:2:4; âge, from 56 to 69 days; length, 10 ft.; diam., 12 ins. 



Group. 


Col. 
No. 


r 


131 


1 


132 




133 


r 


136 


2 


137 


. 


138 


r 


146 


3 


147 


. 


148 


4 


143 


M 


141 
142 


•{ 


171 
172 


r 


181 


7 


182 


l 


183 


r 


176 


8 


177 




178 


f 


186 


9 


187 




188 



Keinforcement. 



Kind. 



Electrically 
welded 
bands. 



High Carbon 
wire spiral. 



Mild steel 
wire spiral 



Size and Spacing. 



No. 16, 2 in. c.-c. 



No. 12, 2 in. c.-c. 



No. 8, 2 in. c.-c. 



1 

I 

No. 12, 3 in. c.-c. 
I No. 12, 4 in. c.-c. | 



}No.7 



}"■■ { 



No. 7 



iin. 



Per 
Cent. 



1.08 
1.08 
1.05 

2.08 
2.07 
2.12 

3.22 
3.20 
3.20 

1.39 

1.02 
1.02 

0.85 
0.85 

1.73 
1.67 
1.68 

0.84 
0.85 
0.84 

1.64 
1.71 
1.61 



Cru-bing 
Strenjçth, 
Lb8/in.* 



Indi- 
vidual 
Tests. 



2384 
2150 
2182 

2860 
2660 
3110 

.SOOO 
3715 
2890 

2735 

2275 
2178 

2503 
2506 

2718 
3800 
3793 

2080 
2*203 
2220 

2068 
3404 



Aver- 
afEe of 
Group. 



2239 
^2877 

3202 

2735 
2226 

2505 
3437 

2168 

2736 



♦ Bull. No. 20, Eng. Exp. Sta., Univ of 111. 
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Two forms of hoopîng were used, electrically welded bands 
1 in. wide and of varions gage thickness, and spirally wound 
wire at a pitch of 1 in. The steel used in the bands had a 
yield point of about 48,000 Ibs/in^. The wire was of two 
kinds, high carbon and mild steel. The former had a yield 
point of 115,000 Ibs/in^ for the i-in. size and 60,000 lbs/in2 
for the No. 7; the latter had yield points for the same sizes 
of 54,000 and 38,500 Ibs/in^, respectively. The columns were 
10 ft. long by 12 in. in diameter. A thin film of mortar 
covered the hooping. 

In a study of thèse tests it is désirable to keep in mînd 
the two more or less independent éléments, namely, the ultî- 
mate strength, and the behavior of the spécimen previous to 
rupture, which is shown best by the stress déformation diagram. 
The latter élément may be of greater importance than the 
former. 

As to ultimate strength, the results may be compared by 
groups with those for plain concrète given in Table No. 14a, 
group 2. The figures are hère brought together: 

OOMPARISON OF HOOPED AND PL.\IX CONCRETE COLUMNS. 



Group. 



KiDd of Retnforoement. 



Avéras^ 
Amount of 
Reinforce- 

ment, 
Per Cent. 



Averafce 
Ultimate 
Streneth, 
Lbs. ins. 



Excen over Plain 
Concrète, Lbs/in*. 



TotaL 



Rflinxoro»- 



Plain concrète 
Bands 

I High carbon wire / 
I Mild steel wire | 



1.07 
2.09 
3.21 
1.39 
1.02 

0.83 
1.G9 

0.84 
1.6Ô 



1740 

2239 
2877 
3*202 
2735 
222G 

2505 
3437 

2168 
2736 



1137 

1462 

995 

486 

765 
1697 

428 
996 



560 
'540 
450 
710 
480 

920 
1000 

510 
600 
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The average increase per 1% of steel for the banded columns 
is about 570 Ibs/in^; for the high carbon wire, 960 Ibs/in^: 
and for the mild steel wire, 555 Ibs/in^. As shown în Art. 114, 
the effect of longitudinal reinforccment may be taken, in 
accordance with theory, as equal toy|.(n -1)1/100 for each 1% 
of steel. For the plain concrète columns in thèse tests the 
value of n at rupture was about 17, hence for 1% longituinal 
reinforcement the strength should be equal to 1740 X (17— 1)1/100 
or about 280 Ibs/in^. Coniparing this with the résulte în the 
table it is seen that the 1% of steel in the form of bands added 
about twice as niuch to the strength of the column, and in 
the forni of spirally wound wire, from twice to three and one-half 
times as much. Furthermorc, it would appcar that the increase 
in strength within the limits of the tests is about proportional 
to the amount of steel used. It should be said that in Professor 
Talbot's analysis the strength of the plain concrète is estimated 
for each column by a study of its defonnation and not from 
the test on plain columns. He thus arrives at values for plain 
concrète averaging about 1000 Ibs/in^, resulting in a still 
better showing for the reinforcement. 

The effect of hooping upon the déformation of the columns 
and their gênerai behavior before rupture is of perhaps greater 
importance than its effect upon ultimate strength. The results 
in gênerai are in accordance with the discussion of Art. 96. 
For loads b(»low that corresponding to the ultimate strength 
of a plain concrète column thcre is no strengthening effect of 
the hooping apparent, but beyond this load the column shortens 
rapidly and the hooping comes into action. The hooped 
columns in fact seem to be somewhat less stiff at low loads 
than the plain concrète, due, possibly, to the interférence of 
the bands in the fabrication. The total déformation at rup- 
ture is vory great, amounting to from 6 to 12 times that for 
plain concrète; and at maximum load it is about 5 times as 
great. Scaling of the exterior shell occurred at loads corre- 
sponding to the ultimate strength of plain concrète. 

The déformation of plain concrète and of hooped concrète 
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with différent amounts of reinforcement is well shown in Fîg. 
65a, in which hâve been reproduced typical stress-strain curves 
for some of the columns tested. Thèse curves shotdd be care- 
fully studied. They bring out in a striking manner the fact 
that the chief effect of hooping is to increase the "toughness" 
or "ductility" of the concrète, to increase its ultimate strength, 
though to a less extent, but to cause little or no change in the 
déformation of the column in the early part of the test. It 
is seen that up to a stress of 1200 to 1500 Ibs/in^ the déforma- 
tions are about the same in ail columns, but that bcyond this 
the déformation of the hooped columns rapidly increase. As 
usually interpreted, it would apj)ear that the elastic limit of 
ail the columns is in this région of stress and is about the same 
for ail. Doubtless a small set would occur at still smaller 
loads, but up to 1200-1500 Ibs/in^ the set could not be great. 
That the hooped colunm would act in this respect much like 
mild Steel is indicated by the test on colunm No. 173 in which 
the load was removed and reapplied with results shown in the 
figure. 

Tests made at the Watertown Arsenal in 1905* showed 
results very similar to those quoted above. The reinforcement 
consistcd of riveted bands 1.5X0.12 in. and longitudinal 
angle bars IXlXj in. The columns were 1:2:4 concrète 
5 and 6 months old and were lOJ in. in diameter by 8 ft. long. 
The entire colunm was inclosed by the bands. The results 
are given in Table No. 17b. 

The additional strength of the hooped columns over the 
plain concrète for cach 1% of reinforcement was 819 Ibs/in^ 
for 13 hoops, 1120 ll)s/in2 for 25 hoops and 1140 lbs/in2 for 
47 hoops. The additional strength due to the angle bars over 
the same column without the bars was 797 Ibs/in^ for the 
one with 13 hoops and 7G1 Ibs/in^ for that with 25 hoops. 
Thèse values are about equal to the highest obtained by Talbot. 

Of much significance in thèse tests also is the character 

* Tests of Metals, 1906. 
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Table No. 17b. 

TESTS OF HOOPED COLUMNS. 
Watertown Arsenal, 1905. 



Reinforcenaent. 



Kind 

Plain concrète . . . . 

l'.i hoops 

13 hoops, 4 L's . . . 

25 hoops 

25 hoops, 4 L'a . . . 
47 hoops 



Per Cent 
Hoop». 



Per Cent 
Longitudinal. 



Streng^, 
Lb«/m«. 



1.0 
1.0 
1.8 
1.8 
3.4 



.0 
1.0 

.0 
1.0 

.0 



1413 
2232 
3029 
3428 
4189 
5289 



of the stress déformation eurves, as shown in Fig. 556. The 
gênerai effect of banding is the sanie as indicated in Talbot's 
tests; it increases greatly the ultiniate strength but docs not 
stiffen the column up to the ultimate strength of plain con- 
crète. The effect of longitudinal reinforcement on the défor- 
mation curve is marked. In stiffening the column at early 
stages, or in raising its elastic limit, it has a much greater 
effect than an equal amount of band reinforcement. 

Thus at the déformation of .00015, corresponding to a 
stress in the longitudinal steel of 45,000 Ibs/in^, 1% of longi- 
tudinal steel increases the résistance for the column of 13 
hoops, from 1520 to 2080, or about 500 Ibs/in^, whereas adding 
.8% in hoops increases it to 1780, or 260 Ibs/in^. Even 47 
hoops, or 2.4% of added steel, adds no more strength at this 
déformation than 1% of longitudinal stoel. If the elastic 
limit of the longitudinal steel is 45,000 Ibs/in^, then its ulti- 
mate résistance would be reached at a déformation of .0015, 
and at this déformation 1% of such reinforcement would, 
theoretically, add 45,000 X .01 = 450 lbs/in2. This figure appeare 
to hâve been exceeded in thèse tests. 

Table No. 18 gives results of a séries of experiments on 
hooped columns conducted by Bach.* The columns were of 



* Quoted from Môrsch, Eisenbetonbau, p. 70. 
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octagonal form wîth short diameter equal to 275 mm. and height 
of 1 m. The diameter of the spirals was 245 mm. The con- 
crète was 1:4 gravel concrète 5-6 months old. Each resuit \a 
the average of three tests, except in the case of the unreinforced 
concrète, where four tests were made. The steel was mild steeL 
The strength is calculated with référence to the gross section 
of the column. 

It is difficult to draw any definite conclusions from thèse 
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Percent Spiral Belnforcement 

FiG. 66.— Tests of Hooped Columns (Bach). 

tests as to the relative value of longitudinal and hoop rein- 
forcement. However, some suggestions of value may be 
obtained from a considération of those tests where the longi- 
tudinal steel was .25 and 1.22%. Thèse include ail of the 
first three groups and the first of the fourth group. Thèse 
results are plotted in Fig. 56 in two groups, corresponding to 
the two percentages of longitudinal steel, using the percentages 
of spiral steel as abscissae. Approximate average straight Unes 
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are drawn through each group. They indicate, roughly, that the 
strength is increascd by 425 Ibs/in^ for each percentage of 
spiral reinforcernent for both groups and that the strength of 
the upper group is about 800 Ibs/in^ gréa ter than the lower 
group, showing a strengthening effect of about 800 Ibs/in^ for 
1% additional longitudinal reinforcernent when used with 
spirals. Thus, so far as thèse tests go, the longitudinal steel is 
fully as effective as the spiral steel in the proportions hère 
used. Notice that the strength of groups V and VI is rcla- 
tively less than the others. This appears to be due to the 
wider spacing of the spirals in thèse groups. Thèse results, 
as comparée! to those already quoted, are doubtless niodified 
by the fact that there was a considérable thickness of con- 
crète outside of the spirals and generally such outer shell will 
crack and fall away sometirae before final failure The 
values given refer to gross-section. 

Sonie gênerai results of colunm tests made by the Depart- 
ment of Buildings of Minneapolis in 1907 are given in Table 
No. 18a. The concrète was 1:2 :3i mixture and generally 

ii6. Conclusions as to Strength of Columns — From the 
results of tests quoted we may draw the foUowing conclu- 
sions: that the strength of plain concrète columns of 1:2:4 
mixture at 60 days may be taken at from 1600 to 1800 ll)s/in2; 
that very great gain in strength is shown for both plain and 
reinforced concrète by the use of richer mixtures; that the 
strength of columns reinforced with longitudinal rods only 
(or when fastened together at wide intervais) may be estimated 
in accordance with theorj^ but that the density and rigidity 
of the concrète itself is apt to be less in the reinforced than in 
the plain column, so that for small percentages of longitudinal 
reinforcement th(^ gain in strength is small; that hooped 
columns without longitudinal steel show greatly increai^ed 
déformation b(?fore rupture and a much higher ultimate strength 
than columns having the same amount of longitudinal steel 
and no hoops, but that such columns generally show less stiff- 
ness below the elastic limit than the plain concrète; that the 
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addition of longitudinal steel to hooped columns increases 
greatly the elastie limit of the colunm and also its iiltiraate 
strength, its effect upon the latter within ordinary limita l>eing 
about as great as an equal amount of hooping and generally 
greater than the amount calculated on the basis of the elastie 
imit of the steel. 

ii6a. Effect of Leng'h of Coliunn on Compressive 
Strength. — Comparing the results on plain concrète columns, 
p. 186, with the tests on cubes, pp. 11-14, it is évident that 
the strength of the column is raaterlally less. While there is 
thus a very considérable réduction of strength as compared to 
the cube, there appears to be little différence in the strength of 
columns of varions lengths up to 15 to 20 diameters. A séries 
of tests made at the Watertown Arsenal * for the Ab(»rthaw 
Construction Co. on 12''X12'' columns gave practically the 
same results for ail lengths from 2 ft. to 14 ft., the average of 
ail bcing 957 Ibs in^ for hand-mixed and 1099 Ibs/in^ for 
machine-mixed concrète. The températures were,however, low, 
and the results are not a fair criterion as to absolute strength. 

In tho tests of Table No. 15 the différence in average results 
upon the 8''X8" columns and those on the lO^XlO'' size is 
marked. But comparing results for each size among them- 
selves there is little or no effect noticeable up to 25 diameters. 
Numbers 2 and 3 are reportée! as having failed by buckling, 
but thèse average practically the same as Nos. 1 and I. From 
thèse tests it would appear therefore that no account necd be 
taken of length of colunm below about 20 diameters, although 
caution should be used in accepting thèse results as condu- 
sive. In the case of hooped columns the effect of buckling 
is évident for shorter lengths, inasmuch as this kind of colunm 
has a sufficient toughness to permit of considérable déforma- 
tion before failure. 

Considering the comparatively brittle nature of the column 
with longitudinal reinforcement only, its use for columns of 
slender proportions shoukl be discouraged. The banded or 
hooped columns is much more reliable for such work. 

♦ Tests of Metals, 1897. 
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117. Fatigue Tests of Reinforced Concrète. — Important 
experiments conducted by Professor J. L. Van Omum* on 
reinforced beams indicate an effect under repeated application 
of loads similar to that which he found for mortar and concrète 
in compression as mentioned on p. 25. In the case of beams 
the f ailure mider repeated loads appeared to be largely a graduai 
fracture in diagonal tension, ending with a compression failure. 
The number of répétitions required to produce failure varied 
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FiG. 57. 



83000 



wîth the load applied, rupture beîng ultimately produced after 
several thousand répétitions for loads as low as 55 and 60% of 
the usual ultimate strength. The most important of his results 
are indicated in Fig. 57, taken from his pajx^r, showing the 
number of répétitions required to produce failure at varions 
values of maximum load in percentagc of the usual ultimate 
load. 

The change in the modulus of elasticity was also învestigated, 
and it was found that under repeated loads not ultimately 



♦ Trans. Am. Soc. C. E., 1907, LVIU, p. 294. 
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causing rupture the concrète scx)n became perfectly elastîc, \^ath 
a value of the moclulus of about two-thirds (rf its initial value. 
At loads ultîmately causing rupture the modulus became for 
a time nearly constant, but rapidly decreased as rupture was 
approached. 

Thèse tests îndicate that concrète when repeatedly loaded 
beyond about 50% of its ordinarj' ultîmate strength will net 
remain indefinitely elastic and will fail. Thîs limit may be 
called the permanent elastic or fatigue limit of concrète. It îs 
of much importance in relation to working stresses. 

In some repeated load tests at the University of Pennsyl- 
vania,* loads were applied many thousands of times, producing 
stresses in the concrète of from 25 to 40% of its ultimate 
strength (24G0 Ite/in^ in culxî fomi). Some set in the com- 
pressive concrète was observed in ail cases after the first fcw 
applications of the load. At a stress of 25% of the ultimate 
the s(*t remaincKl practically constant for 360,000 répétitions; 
at a stress of 32% of the ultimate the set continuée! to increase, 
reaching a value, in the case of one beam, of alx)ut twice as 
much at 500,(X)0 répétitions as at 50,000; and at a stress of 
40% of the ultimate the set increased somewhat more rapidly. 
It was not found, however, that at thèse stresses the ultimate 
strength of the beam was affected. In thèse tests hair cracks 
formed in the tension side at loads producing stresses of 
10,000 to 18,000 lbs/in2 in the steel. Thèse gradually extended 
well towards the neutral axis. 

♦ Eng. Record, Vol. 58, 1908, p. 90. 



CHAPTER V. 
WORKING STRESSES AND GENERAL OONSTRUCTIVE DETAILS 

ii8. Working Stresses and Factors of Safety.— In the design 
of Steel structures ît has come to be the practice to make use 
of definîte working stresses rather than factors of safety. Thèse 
working stresses are based, for the most part, on the permanent 
elastic-lîmit strength of the material, although the margin of 
safety between the elastic-limit and the ultimate strength (indî- 
cated by strength and ductility) receivcs considération. The 
working stresses are made sufficiently below the elastic limit to 
provide for: 

(a) Variations and imperfections in material and work- 

manship. 
(6) Uncalculated stresses, such as secondary stresses, 
stresses due to unequal settlement, and, usually, 
those due to température changes. 

(c) Dynamic effect of live load if not provided for by an 

allowance for impact. 

(d) Possible increase in live load ovcr that assumed, or 

rare applications of excessive loads. 
{e) Détérioration of the structure. 
The more accurately the varions éléments arc determined in 
any case the doser may the working stress approach the 
elastic limit. Where the dynamic effect of the live load does 
not enter, or is otherwise fully provided for, and where items 
(d) and (e) are of small moment, working stresses for steel struc- 
tures will vary from about one-half to two-thirds the elastic- 
limit strength of the material. Were it absolutely certain that 

208 
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the elastîc lîmit of the material would never be exceeded in 
any emergency, then the margin of strength between the elastic 
limît and the ultimate strength would be of no importance. 
This is, however, not the case, and under actual conditions of 
service there is a very considérable élément of safety in the 
fact that the ultimate strength is in most materials much 
higher than the elastic limit. Stated in another way, a designer 
would never use a workîng stress of one-half or two-thirds the 
elastic limit in a material where the ultimate strength did not 
considerably exceed this limit. While therefore the working 
stresses are selected chiefly with référence to the elastic limit, 
the ultimate strength also receives considération. 

In récent years most designers base their calculations on 
certain working stresses selected as above indicated. Formerly, 
and to some extent now, calculations are based on specified 
"factors of safety'' referred to ultimate strengths. In either 
case both the elastic limit and the ultimate strength must be 
considcred in the design, and experienced designers will arrive 
at about the sarae results by either method. In reînforced -con- 
crète dcsigii the problem is complicated by the use of two unlike 
materials whose elastic limits and ultimate strengths are not 
similarly related. Furthermore, as the materials are stressed 
beyond their elastic limits the stresses do not necessarily increase 
in proportion to the load, so that if working stresses of one- 
fourth the ultimate are selected, for oxample, the corresponding 
load may be considerably greater or less than one-fourth the 
ultimate load. This condition makes it especially désirable 
to consider ultimate strength, and is an argument for the use 
of the '*factor-of -safety" methotl. 

119. Relative Effect of Dead and Live Loads. — The ten- 
dency of practice in the treatment of live-load stresses is to re- 
duce them to équivalent dead-load stresses by the application 
of some sort of impact formula or by other means of estimation. 
The resulting stresses are then considérée! on the same basis 
as the usual dead-load stresses and a single set of working stresses 
applied. This method is simple, logical, and tends to facilitate 
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a proper adjustment of the design to the conditions. Separate 
working stresses will give equally satisfactory résulta when 
properly selected, but the System is not as flexible or convenient 
as the method of the single working stress with impact coeffi- 
cients. 

The question of impact coefficients, or the relation between 
live- and dead-load working stresses, requires little spécial 
attention in connection with reinforced concrète structures. 
It is essentially the same as it is in the case of steel structures, 
excepting as the amount of impact may be modified by the 
structure itself . In steel railroad structures of short span, for 
example, the impact, or dynamic effcct of live load, is usually 
assumed to be about 100% of the live load stresses. Experi- 
ments show that this is probably not too high and that the 
actual stresses from live load may be 100% greater than the 
static stresses, due largely to the effect of unbalanced locomo- 
tive wheels. \\Tiere a large amount of ballast intervenes be- 
tween the load and the structure the impact is doubtless much 
less. In the case of concrète structures the great mass of the 
concrète undoubtedly tends to reduce the effect of impact and 
vibration, or to localize such effect more than in a st^ stnicture. 
Tlie conditions involved in concrète designing, therefore, are 
likely to be favorable as regards impact and may permit the 
use of lower coefficients than are used for steel structures. The 
proper coefficient to use, or the relation between live- and dead- 
load working stresses, varies nmch under différent conditions 
and must l)e Icft to the judgment of the designer, or to formulas 
or rules prepared especially for the purpose. Further discussion 
of this question will not be undertaken hcre. 

In buildings it is the practice in steel construction to use a 
single working stress, no account being taken directly of any 
spécial effect of the live load. Allowance is made in the design 
of large girdcrs and columns which receive their load from 
large areas for the fact that such large areas, especially if on two 
or more floors, arc seldom or never loadcd to the extent assumed 
for smaller areas. This allowance varies with différent conditions, 
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but relates solely to the sélection of the amount of lîve load 
rather than to its effect. In a building, when heavily loaded 
with its live loatl, the portion of the loacl which is in motion 
and capable of producing a dynamic effect is generally but a 
very small percentago of the total live load. In most cases, 
therefore, in building construction it is not necessary to treat 
the live-load stresst»s tlifferently from the dead-loatl stresses, 
and the design is based on a single set of working stresses. 
Spécial cases will arise, however, where the dynamic effect of 
the live load requires considération, as, for example, in the case 
of floors supporthig moving machincry. 

WTiatever the effect of live load may be it can more readily be 
taken account of by addmg to the resulting live-load stnisses 
a percentage which, in the judgment of the engîneer, will reduce 
theni to their dead-load équivalent, and then apply a smgle 
set of working stresses, or factor of safety, to the sum of the 
stresses. The discussion of working stresses in the following 
articles will relate to the proper basai working stress for dead 
load, or for live load suitably increased for impact. 

BEAMS. 

120. Working Formulas.— From the analysîs and resultsof 
experimeuts discussod in preceding chapters there w^ould appear 
to be no good reason why the rational formulas as developed in 
Chapter III should not be used in desîgiiing. No empirical 
formula is needed . Furthermore, in the ju( Igment of the authors, 
the simple formulas l.)ased on the straight Une stress variation 
should be used for purposes of design, safe working stresses 
being employed. Thèse formulas are practically correct for 
such working stresses, aad there seems to be no more reason 
to use formulas dosigned only to express ultimate strength than 
there is in the case of wooden or cast-iron beams where the 
conditions are sîmilar. It is, however, désirable that the work- 
ing stresses be selected with some référence to ultimate strength, 
although with principal référence to elastic strength. 
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121. Working Stresses in Concrète and Steel.— The strength 
of a beam is limited usually by : 

(a) The compressive strength of the concrète, 
(6) The elastic-limit strength of the steel, or 
(c) The strength of the beam in diagonal tension. 

In thîs article the first two éléments only will be considered. 

From tests relative to elastîc limit, such as those of Bach 
and Van Omum (see Chapters II and IV;, it would appear that 
the permanent elastic limit of concrète iy from 50% to 60% 
of its ultimate strength as determined in the usual man- 
ner. If a factor of safety of two be applied to the elastic-limit 
strength to provide for items (a), (6), and (c) of Art. 118, we will 
hâve a deatl-load basai working stress of 25% to 30% of the 
ultimate strength as determined by tests on cubes. Taking this 
ratio at 30%, the data of Chapter II show that the working 
stresses for concrète of the usual proportions (1:2:4 to 1:2^:5) 
shoukl range from about 550 to 650 Ibs/in^. A value of 600 
Ibs/in^ is commonly used and should imply a strength of about 
2000 lbs/in2 in cube form in 60 days. As explained further.on, 
the stress in the concrète does not increase in proportion to the 
load on the beam, so that a working stress of 30% of the com- 
pressive strength will give a factor of safety against failure of 
about 4. It is to be noted also that the strength of the con- 
crète increases with âge. On the whole, therefore, a stress of 
30% of the strength at 60 days may be considered as conserva- 
tive practicc. 

With respect to the steel it is to be observ^ed that its elastic 
limit, or more correctly speaking, its yield-point, détermines 
not only the elastic limit strcîigth of the beam, but also, approx- 
imately, its ult^'^^'iitc strength, and the working stress should 
be selected with l. .^ ia .îew. If, for examplc, the working 
stress is taken at one-half the elastic. limit strength of the steel, 
the factor of safety will be two as to elastic strength and 
slightly more than this as to ultimate strength, whereas with 
respect to the concrète the factor of safety will be more than four, 

It is désirable to study somewhat more closely the varia- 
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tion in the stress in steel and outer concrète fibre in a beam 
subjected to an increasing load. Assume a concrète having an 
ultimate compressive strength of 2000 Ibs/in^, and let working 
stresses be assunied of 500 Ibs/in^ in the concrète and 15,000 
Ibs/in^ in the sœel. Suppose the beam loaded so as to cause 
thèse respective stresses. Represent this load on the axis OA", 
Fig. 57a, by Oa and erect ordinates ab and ac representing to 
some scale the stresses of 500 and 
15;000 lbs/in2, respectively. Let the 
load now be doubled and ropresented 
by the abscissa Oa'^ equal to twice 
Oa. The stress on extrême fibre 
must now be calculated with référence 
to the true stress-strain diagram of 
the concrète, which will be assumed 
a parabola. Following the method 
of Art. 05 we find the stress in the 
concrète tobe 950 Ibs/in^; the stress 
in the steel will be 30,000 lbs/in2. 
Proceeding in this way with increased 
loads, we finally reach the ultimate i<»,o»L 
strength of the concrète of 2000 
Ibs/in^. The corresix)nding stress 

in the steel will be 89,400 Ibs/in^. The ordinates of the 
curv'c OAB represent the progressive increase in outer fibre 
stress and those of the curv^e OC represents that in the 
steel, assuming for this purpose a steel whose elastic limie 
is not less than the maximum stress. This diagram shows 
clearly the relative change in stress in concrète and steel under 
increasing loads. It shows that the ultimate load, as fixed by 
the ultimate strength of the concrète, is about 5.75 times the 
load which produces the working stress of 500 Ibs/in^. The 
stress in the steel increases nearly in proportion to the k)ad and 
the stress corresponding to the ultimate strength of concrète; is 
al:H)ut 89,400 Ibs/in^, or about six times the working stress of 
15,000 lbs/in2. 
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Returning now to thc question of working stresses in the 
Steel, it is seen that if a stress is to be used so as to utilize fuUy 
the ultimate strength of the concrète, such stress cannot exceed 
one-sixth of the elastic limit of the steel. This would give a 
factor of safety of six as to ultimate strength of the beam, 
which is a much larger factor than necessary, especially as 
regards such a material as steel. On the other hand, suppose 
the working stress in the steel be selected at one-half its elastic 
limit, assumed in this case to be 30,000 Ibs/in^. Under in- 
creasing loads the beam will reach its elastic limit as to both 
concrète and steel at about double its working load, but as to 
ultimate strength there is still a large margin (about 60%) 
with respect to the concrète, but only a very small margin 
with respect to the steel. If it is désirable to utilize, for emer- 
gency purposes, a larger part of the ultimate compressive 
strength of the concrète, the working stress in the steel must 
therefore be selected so as to give the desired margin of strength 
w^ithout much exceeding its dastic limit, Considering thc fact 
that in welklesigned beams the steel stress at failure will con- 
siderably exceed its elastic limit, a working stress of one-half 
the elastic limit will give a factor of safety against ultimate 
failure of about 2^, and a working stress of one-third will give 
a factor of 3i to 4. Under ordinary conditions a working 
stress of about four-tenths of the elastic limit, considérée! as 
the yield-point of the material, would appear to be désirable. 
With a working stress in the concrète of one-half its elastic 
limit the beam will then hâve a factor of safety as regards elastic 
limit of atout two (dctermined by the concrète), and as regards 
ultimate strength its factor of safety will be at least five relative 
to the concrète and about three relative to the steel. Its 
elastic limit is thiLs dctermined by the concrète and its ultimate 
strength by the steel, which may be considered as satisfactory 
conditions. The greater uniformity and reliability of the steel, 
as compared to the concrète, shoukl be noted in ths connection. 

In determining the relative working stresses in steel and 
concrète Gome considération should be given to the question of 
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repcated loads. Where a large percentage of the load is live 
load and subject to fréquent répétitions, a relatively low work- 
ing stress in the concrète may well be employée! in order that 
elastic conditions may be maintained. As regards the steel, 
more perfect elasticity exists up to a definite point, and hence 
répétition of load need not be considered in the sélection of its 
working stresses. 

The working stresses in the steel shoukl also be considered 
with référence to its distortion. High working stresses involve 
large distortions, and hence a greater degree of incipient nii)ture 
in the concrète. This condition is probably of little moment 
in most cases so fas as it concerns the appearance of the con- 
crète, but experiments, such as noteil in Art. 117, show that 
thèse cracks may be of some consetjuence, and their influence 
on the possible corrosion of the steel is not yet well detennined. 
In this connection it may be noted that under working condi- 
tions the actual stress in the steel is generally less than the cal- 
culated, owing to the t ensile résistance of the concrète. The 
déformations will therefore aLso be proportionally less. The 
déformations of the concrète are also of importance with référ- 
ence to their effect on diagonal tensile stresses, as explained in 
Art. 109. Ix)w unit stresses in the steel are greatly to be pre- 
ferred on this account. It will also be shown in Art. 133 that 
very little is to \yQ gained in economy by using high stresses. 
C!onsidering this fact and the objecîtions above meutioninl, it 
woukf seem that a stress of 10,000 Ibs/in- should be considered 
about the maximum d(\sirable value, irrc^spective of the cjuality 
of the steel used. A lower value is to be rc^commended. Finally, 
as the resuit of this analysis, we may conclude that the basai 
working stress in the steel should not exceed about 40% its 
elastic limit nor exceed 10,000 Ibs/in^. 

122. Quality of SwCel. — As stated in Art. 34, there exists 
considérable différence of opinion as to the ciuality of steel to 
ho desired, especially with référence to the use of soft or hard 
material, or steel with low or high elastic limits. Certainly a 
material as hard as that formerly denominated '' hartl bridge 
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Steel " is entirely suitable for reinforced construction. Such 
material has an elastic limit of about 40,000 Ibs/in^. Much 
material has been used of an elastic limit of 45,000 to 50,000 
lbs/in2 and cven higher, but a value beyond this is not to be 
desired. Practice tends to the use of one of two grades of 
material; the ordinary médium or mild steel having a yield- 
point, in the sizes suually employed, of from 35,000 to 40,000 
lbs/in2, and varions sjxîcial bars having a high elastic limit of 
50,000 lbs/in2 or more. The médium steel will permit, under 
ordinary conditions, a working stress of 14,000 to 16,000 Ibs/in^, 
and a steel of higher elastic limit is of doubtful wisdom unless 
a high factor of safety is desired. The ductility of the high 
elastic limit material of the usual quality is often not asgreat 
as désirable. As regards ductility and composition, a material 
of the quality used in buildings is satisfactory for most pur- 
poses. The requirements need not generally be as severe as 
for bridge steel, although the wide use of the standard bridge 
steel, as specificd by the Maintenance of Way Association and 
by most of the railroad companies, tends to facilitate its adop- 
tion for ail structural purposes. 

123. Bond Stress* — ^The factor of safety with référence to 
the slipping of the rods should be at least 3, since the strength 
of a beam should not be limited by the strength of bond. From 
the data of Cliai)ter IV, we may take the bond strength of plain 
steel at from 200 to 250 Ibs/in^. A working stress of from 60 
to 80 Ibs/in- is therefore suitable. Increase in âge will increase 
the factor of safety in this respect very considerably. With a 
working bond stress of 60, say, and a tensile unit stress of 15,000 
a round bar will need to l^e embedded a length of 15,000/4x60 
= 62.5 diameters to develop its full strength. In the case of 
largo bai-s of T' to IJ'' in diameter this length is very consid- 
érable and for short beams may be difficult to secure. The 
deformed bar, or the anchored bar, is of especial value imder 
thèse conditions. 

For defonned bars having a positive grip, a working stress 
of 150 lbs/in2 ^ves an ample niargin of safety. A larger value 
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is undesirable, as it is préférable to keep the stress below the 
ultimate bond strength for plain bars so as to avoid initial slip 
under working conditions. At a value of 150 Ibs/in^ the re- 
quired length of embedment, with a.tensile unit stress of 15,000 
Ibs/in^, would be 25 diameters. 

In caleulating bond stress the method of Art 92 should be 
used. For continuous beams the shear and the bond streas is 
a maximum near the support and it also changes sign at the sup- 
port. This condition gives rise to a sudden change in the 
direction of bond stress. Thus in Fig. 576, on the left of the 
support, the concrète pulls towards 
the left on the upper rod, and on 
the right it pulls towards the right, 
as shown by the small arrows. 
Any slipping increases the défor- 
mation of the concrète at once, 
and hence increases the tension in 
the concrète at the center. Like- 
wise, at the bottom, any slip tends 
to increase the compressive stress 
in the concrète. It follows, there- 
fore, that when» ro<ls continue over 
the support in continuous beams, the lx)n(l stress shoukl be 
fuUy taken care of on each side of the center of supi)ort, 
othenvise the déformations and the concrète stresses will Ixî 
increascd. For compressive reinforcement the formulas of 
Art. 92a may be used, but generally it will hc sufficiont to 
consider siinply the maximum compressive stress in the steel 
and provide a sufficient length from this ix)int to the end of 
the bar to transmit this stress. The chance for an end lx»ar- 
ing against the concrète in the case of compressive nnnforce- 
ment reduces the danger from ultimate failure by failure of 
bond. 

Use of Anchored Bars, — I^arge bars are frequently anchort»d 
at their ends by nuts and washers, or partially anchored by 
means of sharp bends. A positive anchorage secures a reliablc 




Fig. 576. 
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bond, but such an arrangement, if actually broiight into action, 
rcsults in a différent distribution of stress than where adhésion 
is depended upon. So far as the anchorage is effective the 
résistance in the concrète is fumished by so-called "arch action." 
In the idéal case of anchorage, where the bond stress is zéro 
and the fuii ioad cornes upon the anchorage, there will be com- 
plète arch action. There will be no horizontal shear and 
cracks will tend to form nearly vertically. The total elonga- 
tion of the rods will be greater than in the true beam and the 
cracks at the center will tend to open up wider, throwing the 
center of compression higher up. The compressive stresses in 
the concrète will therefore be somewhat higher than in the beam. 
In practice such complète arch action is not secured, and the 
effect of anchorage upon the concrète stresses, either tensile or 
compressive, need hardly be considérée!. Positive anchorage 
may well be employed for large rods where the length is insuffi- 
cient to develop the necessary bond strength. The use of short 
square hooks upon the ends of bars is not of great value. The 
tests of Bach, quoted in Art. 40, show that the square bend is 
not very effective in preventing initial slip but affords a con- 
sidérable factor of safety against ultimate failure. If hooks 
are used they should be in a bend of 180°, as explained in Art. 
40. 

124. Shearing Stresses. — From the results .discussed in 
Chapter IV the ultimate shearing strength of a beam having 
no web rcinforcement may be taken at about 100 Ibs/in^, 
calculated as average shearing stress on the cross-section. 
Inasmuch as a failure due to high shearing stresses is apt to 
be suddcn, the factor of safety should be at least three. This 
gives a working stress of about 30 Ibs/in^. For beams in which 
the web is well reinforced the working stresses may be made 
3 or 4 times as great, or about 100 Ibs/in^. The results of 
tests noted in Art. 110 show that in spite of ample web rein- 
forcement visible cracks will form in the webs of beams at 
maxinmm shearing stresses about equal to the ultimate tensile 
strength of the concrète, or about 180 Ibs/in^ in the beams 



1126.] WEB REINFORCEMENT. 219 

tcsted. The working stresses should thercfore keep well 
within this limit, and as the maximum shearing stress is about 
15% more than the average, the value of 100 Ibs/in^ would 
appear to be about the maximum permissible. 

The stresses hère considered relate to shearing stresses 
invohdng large diagonal tensile stresses. Where such tensile 
stresses are not developed to any extent, as in ''punching" 
shear, a higher value may be employai; but as it is ahnost 
imix)ssible in i)raetice to avoid altogether such tensile stresses 
it is not advisabl(> to greatly increase the working stresses 
above the maximum value of 100 Ibs/in^ above suggested. 
A value of 150 Ibs/in^ should not l)e exceedod. This gives a 
factor of safety of about 6 relative to the shearing strength, as 
fihown in Art. 22. 

125. Calculation of Web Reinforcement. — General Condi- 
tions, — Before considering in détail the calculation of web 
reinforcement, or reinforcement against inclined tensile stresses, 
the reader is referred again to the discussion in Art. 46 and 
Fig. 12, showing the Unes of maximum tension in a homo- 
geneous beam. In the reinfôrced beam the intensity of the 
shearing stress is nearly uniform from the neutral axis down 
to the horizontal steel, so that the direction of maximum ten- 
sion in the concrète is considerably inclined immediately above 
the steel. This inclination is greater the greater the shear 
and the less the horizontal tension. It will therefore increase 
from the center towards the end, being 45° where the hori- 
zontal tension becomes zéro. From thèse considérations the 
idéal web reinforcement would be a System of rods arranged 
somewhat as shown in Fig. 57c, attached at their lower ends 
to the horizontal rods, or consisting of numerous horizontal 
rods Ixînt up as indicated. The figure also indicates roughly 
the manner in which the inclination of diagonal cracks near 
the bottom tends to vary from nearly vertical at the center to 
a large inclination at the end. The exact conditions dépend 
upon the nature of the loading, concentrated loads tending to 
extend the région of large shear to greater distances from the 
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support. Generally speaking, thon, the idéal web reinforce- 
ment should hâve greater inclination near the support than 
near the center. It is also évident that to be effective it is 
necessary that it be spaced at relatively close intervais and 
that it is chiefly effective in the région below the neutral axis. 
Attention is also called to the discussion of Art. 90 and the 
tests of Art. 109, showing the effect of low unit stresses in the 
horizontal steel in reducing the déformations and the tendency 
to the formation ôf inclined cracks. This condition makes it 
désirable to extend a considérable part of the horizontal rein- 
forcement to the end of the beam: and if some of the rods arc 
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bent up, the bends should be made somewhat beyond the 
theoretical points required for bcnding moment, so that the 
actual working stresses in the horizontal steel near the end of 
the beam will be low. 

In practice, the method of reinforcement indicated in Fig. 
57c cannot well be used. The number of horizontal rods is 
generally much too small and it is not convenient to handle the 
rods when bent up at a greater number of points and at varions 
incUnations. Instead of this arrangement, varions methods, 
as illustrated in Art. 107, are employed, the common practice 
being to use a few bent rods combincd with vertical stirrups. 
From the considérations of the preceding paragraph it would 
appear that rods bent at a moderate angle would be well suited 
for sections near the center and vertical stirrups for sections 
near the end where the reinforcing members must be spaced 
doser together and at greater inclinations. This accords gen- 
eraUy with the best practice. 
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Length of Horizontal Barfi, — In determining the length of 
the various horizontal bars necessary to rcsist the Ixînding 
moment, the same method may be used as in the design of 
plate girder flanges. If the bencling moment is due to uniform 
load the parabolie formula may be used, as explained in John- 
son's ''Modem Framed Stmctures," Chapter XIX. It is 

l 

Xn=— =-\'ai+a2+ . . . +an, . . . . (1) 

in which Xn^hngth of the nth rod in the order of length, count- 
ing the short est as number one; 
4= length of span; 
A ^ total steel area at center; and 
ai, 02, etc. =area of each rod up to the nth rod. 

For unsymmetrical loading the maximum moments at 
various sections will need to be determined and the lengths 
obtained therefrom. 

Web Reinforcement. — Sufficient expérimental work has not 
been donc to enable the proportioning of web reinforcement to 
be done with any degree of exactness. However, a rough 
estimât^ of the requirements can be determined on rational 
grounds. The tests already quoted in Chapter IV indicate 
that beams with horizontal bars only cannot be stressed safely 
beyond about 30 Ibs.in^ average shearing stress, the strength 
depending on the quality of concrète and the unit stresses 
adoptcnl for the horizontal st€el. In practice it will rarely 
happen that a beam need carry more than 100 ll)S/in2 average 
shearing stress, and tests of the best work indicate that this 
shoukl Ix^ alx)ut the maxinmm limit, even with an effective 
System of web reinforcement. 

Where it becomes necessary to pro\îde web reinforcement, 
and the shearing stresses exceed a safe limit of say 30 Ibs in^ 
on the concrète, some estimate must be made of the stn^sses 
in the steel, and an imjx)rtant question arises as to the mutual 
action of concrète and steel, and whether the concrète can 
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still be counted upon for its safe stress or whether the steel 
must be proportioned to carry the entire load. In this con- 
nection certain tests madc by Mr. Withey are instructive.* In 
the case of two rcctangular bcams and two T-beams reinforced 
by horizontal bars and vertical stirrups, failure was caused by 
the overstressing of the stirrups, in two cases the stirrups break- 
ing. The results were as foUows: 



No. of 
B«un. 


Croas-section 

of Stimip. 

Sq. in 


Spadng of 

Stimips. 

Ina 


Net Depth 

of Beam. 

Ids. 


Width 

of Beam. 

Ins. 


Av. Vert. 

Shearing 

Stress (tO. 

Lbs in'. 


Calculated 
Strera in 
Stimip. 
Lb0/in>. 


0. 

G. 
M. 
M, 


.049 
.049 
.049 
.049 


5i 
5i 
6 
6 


13i 
13i 
16 
16 


8 
8 
8 
8 


222 
223 
272 
235 


100,000 
100,000 
133,000 
115,000 



The stirrups were single loops of J-inch round steel having a 
yield-point of 47,000 Ibs/in^ and an ultimate strength of 62,000 
lbs/in2. The arrangement of rods in beanis M is shown in 
Fig. 50a. The '' calculated stresses" were determined on the 
assumption that the stirrups carried the vertical shear in a 
length eciual to the depth of the beam, thus causing a stress 
in each stirrup equal to v'fts, where s=spacing of stirrups. As 
thèse stresses are much beyond the ultimate strength of the 
stirrups it is évident that a large amount of shear (about 40%) 
was carried by the concrète and by the bending résistance of 
the horizontal rods. Tests on beams without stirrups show the 
average shearing strength of concrète to be about 100 Ibs/in^, 
indicating that approximately correct results would be reached 
if the concrète be assumed to carry its fuU value and the stir- 
rups the remainder. Similar results hâve been reached by 
other experimenters. If this is true at ultimate loads, it would 
be even more certain at working loads where the concrète is 
only slightly crackeil at most and the distribution of stress 

♦ Bull. No. 2, Vol. 4, 1908, Univ. of Wis. 
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more normal. From thèse considérations we may conclude 
that in calculating stresses in web reinforcement the concrète 
may bc assumed to carrj' its safe load and the steel proportioned 
to carry the remainder. Thèse stresses may be estimated in 
the foUowing manner: 

In Fig. 57d are represented two tj^pes of web reinforcement, 
vertical rods, and rods inclined at 45°. Let s represent the 
horizontal spacing in both cases and assume the Une of failure 
at 45°. Let V represent the shear not carried by the concrète. 
Assume for simplicity, that the intensity of shear is uniform 
over the section and is equal to V/bd = }/, This will also be 
taken as the intensity of the diagonal tensile stress at 45°. 
(The maximum will be only 12% to 15% more than this, see 



u 
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Art. 89.) In the case of vertical stirrups they will be called 
upon to carrj' the vertical component only of this diagonal 
tension, the horizontal component being carried by the hori- 
zontal bars. This vertical comix)nent per unit of horizontal 
area will also be r'. Assuming equal stresses in each stirrup, 
represented by P, we havc finally 



a 



(2) 



For inclined stirrups the most unfavorable assumption is that 
they carry the full diagonal tension. The spacing at right 
angles to the line of rupture is scos45°, and the stress will 
therefore be 



P=t/6scos45°=0.7j 



(3) 
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The foregoîng calculations must be considered ars only 
roughly approximate, but they are doubtless on the safe side 
and are on a rational basis. In preventing initial rupture and 
distortions under low loads the inclined reinforeement is more 
effective than vertical, as it receives stress at an earlier stage, 
but in resisting larger distortions the vertical type appears to 
be equally good. Thejr relative efBciency, however, dépends 
largely upon other éléments, such as available bond strength, 
closeness of spacing and other practical considérations. 

Spacing and other Détails. — To be reasonably effective the 
web reinforeement should be so spaced that at least one rod will 
intersect any 45^ Une of rupture below the center of the beam. 

As shown by the sketch (Fig. 57e) this retjuires a spacing 
of vertical reinforeement not greater than d 2, and for diag- 
onal nxls. a horizontal siiacing not 
greater than d. Some advantage is 
gained by rods spaced somewhat 
funher apart. but tests by Talbot 
show little or no value in vertical 
'^" ^''' rods spaced a distance apart about 

equal to d, The working stress 
to be used in thèse calculations should be no higher than per- 
mitted ekewhere, and preferably lower, as it is desired to pie- 
vent large distortions so f ar as practicable. In bending up 
horizontal rods those remaining straight shouki be ample in 
number to take the moment stresses, and, preferably. at reduced 
intensitio< towanis the en<ls f^f the boams, A small angle of 
bend near the conter and largtr angles near the end. as in 
Fie 57r, should be ohserve«i so far as practicable- It will 
often be iinpracticable to f^rovide as much reinforeement as 
dcîsii^-^î by m^ans of bent-up nxis. an^l some vertical stimips 
will bc- nfe»i<^^i. especially near the end wbeie the stieases are 
hich- A cv^mhination of bent ixxis and vertical stimaps is 
comroon pracîîce and leadily lends itîelf to aiiei^uato and cou- 
renient trcatment. For large beams, tmiier hoa\y shearing 
stiesses. bot h sbc^uU be uî^c^i 
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Inclinée! stirrups are quite as effective as bent rods or ver- 
tical stimips, but to prevent slipping on the horizontal rods they 
should be securely fastened thereto. For example sec Art. 135. 

In détail, stirrups may be made in varions forms, as indi- 
cated in Fig. 50. Woven wire, bent around the rods, is a 
satisfactory and very effective reinforcenient. Where coni- 
pressive bars are used in the upper part of a beam the stirrups 
should hook around thèse bars also. In continuons beanis the 
upper face beeonies the tension face near the supports and 
this is also where the shear is large. Stirrups in this vicinity 
should loop about the upper bars. 

The bond strength of web reinforcement must be carefully 
guarded, especially in the case of large bent-up rods. This 
strength should be provided in the upper portion of the beani. 
Plain rods bent up often lack suflScient bond strength to render 
them fully effective. Where bent up at a considérable angle 
they should be tumed again horizontally and extend sonie 
distance along the upper part of the beam as in Fig. (b), p. 159. 
In non-continuous beams the ends of the bars should be bent 
into a hook. 

The foUowing simple graphical method may be used in 
important cases (large beams) for determining the stress or 
spacing of bent rods. It also serves to make clear the princi- 
ples involved. Suppose OB, Fig. 57/, reprcsent half of a simple 
beam uniformly loaded. Calculate the shearing stress v' at the 
end. Project the axis OB upon an axis OC at 45° inclination 
and lay off CC equal to r', and draw the Une 0C\ Then the 
ordinates between OC and OC will represent the shearing 
stresses r' along the beam; and the area between any two 
ordinates DD' and EE'j multii)licH:l by the width b of the beam, 
will equal the product of the total average shear over the length 
s, times the projection of this length on the inclined axis OC. 
It will represent therefore the stress in a rod bent up at 45° at 
point Gj in line with the center of gravity of the area DEE'D'. 
For, by eq. (3), this stress is equal to 0.7V'»s/d = 0.7 i/bs. But 
0.7v 's is the area DEE'iy, yf being the value of the average 
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oixlinate. Hence P^ ^ AveeL DEET/xb, If rods are bent 

FiG. 57/. at othor angles, then the axis OC 

^ may be dra^Ti at right angles 

jl thereto. If the concrète be as- 

^ l^^j sumed to carry a portion of the 

Q p^— :"^ * IjBshear v' and stimips another 

^■^■'"^ constant portion, thèse amounts 

may be subtracted graphically 

from the total shear as indi- 

jj - >/ ,^ cated in Fig. 57^. and the re- 

H C nk' mainder taken by bent rods. If 

s=spacing of stirrups and P= 
safe stress, then the amoiint 
taken by stimiiis will be found 
from eq. r2) equal to i^ = P,s h. 
In no case should the area of the 
hori.TonîaI rcxls be taken into ac- 
cimni. ThoseoflFerresistanceonly 
through their bending stiength. 
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126. Spacing of Bars.— In ivctangular or T-beams the spac- 
îng of l>ar^ is important; in T-beams this considération wîll 
largi^Iy conin^I the width of the beam. The re^juînement în 
gênerai as to spacing is tliat the anK>imt of concivte lefl 
betwTtvn the l>ar? musi be sufficîeni 10 trinsmit xo ihe upper 
jMkrt of the Ivam the stn?ss which the bar? give over to ihe 
concnne Klow ihem. If the bai^ arv ciiviilar it may be assumed 
that ont-half of the stivts? in them is civen over to ihe concrète 
below. h-r.iv :ho siTvngth of tho conon::o on a longitudinal 
s^v:::r. thr.ugh :ht- tvr.ur plane v^f :ho Va::^: î::usî equal one- 
hsjf c: :hi s:n:^ ir. :ho Vdù^. I: :he shvariL^ s:rtss be taken 
as equA'. cr/.y :c :ht Kt; I sirv-fs? :h-::: :h'0 oXar space herv^en 
Vat? :..us: Vil cCt-rAj: :h-: oîrvur.icTvr.cV o: a bar. or I^ 
uiar.ji:cr>, Ii» ^l-r ftr*5t- ht-re in.r'-.y.A; :h-: sJ>:ari::g suvs^gth 
îs a: i-^isî :^<>r Tbr l'-'ij : s:rtrx:r* :\c sr.AV*:h r*.vls, ^^ a el^ar 
spacir-c ^r*: î-:^ '^-^^ "■^*^" iiaziAiïr is s^uflrSir.: frrc; :îds s^tatti- 
voîr.î, Ir. :'rjv r:^?!:- 'A sr-^a::^ 'râir?. ce :rj; s&r.x î asSs. îîh- ciar 
srià^'ir^g "arcfiJi iieei !•: r^e 1; ;:ias>i'î<r< i: :ho barç arï^ piac^ 
»iih à'.ies vï-nS»! :- :cir iianKîer if pa^\i viih ^i^ «âa|«aDiL 
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But in addition to thc shearing stresses there is likely to be 
developed more or less tension in the concrète surrounding the 
rods, so thatt hère should be left ample areas of concrète bt»tween 
theni, especially towards the end where the bond stresvses are 
large. The space should also be sufficient to permit satisfac- 
tory manipulation of the concrète. A minimum clear spacing 
of at least IJ diametei"s should b(^ provided, with an equal 
distance between the outsiderod and the surface ofthe beam. 
Where some of the rods are bent up the spacing can readily 
bt» made more libéral towards the end of the beam. Between 
two horizontal layers of rods the spacing may be less but should 
be suflBcient to insure good bond. 

Libéral spacing, or large net section of concrète, favors large 
rods and few in number; good bond strength without waste of 
materîal favors small rods. If bent rods are to be used for web 
reinforcement, then numerous small rods are also advantageous. 
If the bond strength is not in question, or can easily be taken 
care of , then large rods are désirable, but more stirrups or other 
secondary reinforcement may be needed than where small rods 
are used. 

127. Economical Proportions and Working Stresses.— For 
gîven unit priées, the cost of concrète beams per unit of resisting 
moment will vary with the proportions adopted for breadth and 
depth, and with the working stresses employed. Because of 
the mutual relations between the concrète and steel it may 
happen that thc maximum economy of construction may be 
obtained by usîng less than the allowable working stresses in 
one or thc other of the two materials. It will therefore be 
useful to investigate the eflfect on cost of variations in propor- 
tions and in the working stresses. 

Consider a portion of a rectangular beam one unit in length. 

Let c = cost of concrète per unit volume; r== ratio of cost of 
Steel to cost of concrète per unit volume ; p = ratio of steel area 
to concrète area; C = cost of beam per unit length. 
Then C-=^c[hd+riM) = chd{l+rp) (1) 

From Art. 59 we hâve b(P=MlRy in which Af = bending 
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moment and /î= coefficient of strength of the beam, dependîng 

in value only upon /,, /c, and n. From this we may write 

bd=M/^d, bd^Vm/R, and bd=V{b/d){M^/IP), whence we 

dérive the three expressions for cost: 

M 
C=c(l + rp)^, (2) 



C=c(l + rp)^|^, (3) 

and ^=^(l+^Wd-:^ ^*^ 

128. General Effect of Varying Proportions. — Since the values 
of R and p dépend only on /«, fc and n we note from (2) that the 
cost of a rectangular beam to support a given moment, M, varies 
înversely wîth t he depth ; and from (3) that the cost varies 
directly with \/breadth; and finally, from (4) that it varies 
wîth the cube root of the ratio of breadth to depth. In ail cases 
ît îs assumed that the two dimensions are made to correspond 
wîth each other as calculated from the selected values of /« 
and /c. It foUows from (2) that with given values of /, and /« 
the deeper the beam the less the cost, so long as b can be reduced 
accordingly. The depth will, however, be limited in various 
ways. It may be limited by the requîrement of shearing stress 
fixing the value of 6d, or it may be limited by the head room 
required, or it may practically be limited by the fact that a 
certain breadth is necessary to give a convenient and proper 
covcring of the steel rcinforcemcnt or to give a beam of satîs- 
factory proportions. In the construction of continuons surfaces, 
such as floor slabs, the case is one of fixed wîcith, since the width 
of beam to carry the load coming upon a strip one foot wîde 
îs also one foot. We may then consider four cases accorling 
to the particular feature of the design which is the controUmg 
élément. Thèse cases are: 

(a) When the area of cross-section is determîned by the 
shear; 

(6) When the depth of the beam is fixed: 
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(fi) When the wîdth of the beam is fixed; 

(d) When the ratio of wîdth to dcpth is fixed. 

129. (a) The Area of Cross-section is Deiermined by the 
Shear. — A gi ven value for shcaring stress requires a fixed value of 
bd, but the requirement for bending moment is that bd-=M/Rd; 
hence if a beam is designcd for moment alone the area bd will be 
less the deeper the beam. Theoretically, therefore, for a gîven 
value of R the maximum depth permissible is that for which the 
resulting area bd is just large enough to carry the shear. If F is 
the total shear and v' is tho permissible shearing stress, then bd == 
V/v". Also bd = M/Rd. Hence for equal strength M/Rd = V/v' 
and therefore 

d = Mv'/RV (5) 

and b = V/v'd (6) 

Thèse équations give the dimensions of a beam which will 
be of just the required strength in moment and shear. It re- 
mahis to be determined, however, whether a still greater depth 
will resuit in greater economy. 

If a greatiT depth be used, bd must remain constant; hence 
6rf2 will be încreased and the concrète stress, /c, decreased. 
Référence to Plate III, p. 215, shows that with constant /„ a de- 
crease in the value of /c pormits the use of a smaller percentage 
of Steel. Ilence with incrcasing depth and constant bd (or 
volume of concrète), the amount of steel will be reducod, and 
therefore the cost. The proportions of the beam will therefore 
not be detennined by the shear excepting as to minimum cross- 
section. 

130. (6) The Depth of the Beam is Fixed. — From eq. (2) ît 
is seen that for given values of M and d the cost varies with 
(1 + rp)/R. Now p and R dépend only upon the working stresses 
/, and fc {n being constant), hence it will be convenîent to 
détermine the variation in cost due to variation in /, and /c 
assuming certain values for r. Results of this analysis are 
shown in Fig. 58 for values of r of 60 and 80 and for various 
values of /, and /«. The results are very instructive and show 
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that for values of fe of 500 or 600 Ibs/în^ no economy is secured 
by using values of /, greater than 12-14,000 Ibs/în^. For larger 
values of r or of /c, hîgher values can economîcally be used for /,, 
but a value of 80 for r is not likely to be greatly exceeded. If the 
cost of concrète be as low as 20 c. per eu. ft. the correspondîng 
cost of steel would be $16.00 per eu. ft., or 3.2 c. per pound. 
This is a low cost of concrète and a hîgh cost of steel. The dia- 
gram shows that the cost is decreased by încreased values of /«. 

131. (c) The Width of the Beam is Fixed.—From eq. (3> 
the cost for given values of Af and b varies wîth (1 +r/))/\/R. 
Fig. 59 represents this quantity plotted for varions values of 
/, and /c. Comparing this with Fig. 58 ît is seen that somewhat 
higher values of /, are warranted, but ît is évident that the 
gain in economy is very small for values above 16,000 Ibs/in^, 
except where the steel is very expensîve and the concrète cheap. 

132. (d) The Ratio of Width to Depth is Fixed—It is often 
desîred to secure approxîmately a certain given ratio of breadth 
to depth. In this case we find from eq. (4) that the cost wîll 
vary with {l + rp)/Ri. Fig. 60 represents this quantity for 
varions values of /, and /c. It is seen that the most economîcal 
values will lie between those of cases (6) and (c). 

133. Floor Slabs with Weight of Concrète Eliminated. — In 
ail the forcgoing discussion the moment to be resisted has 
includcd that due to the weight of the beam itself. For large 
beams and girders this is unimportant in this connection, but 
with floor slabs, where the extcmal load is small, the weight of 
the material itself modifies the results to a large extent. General 
results cannot be presented for ail cases, but the analysis will be 
given for a single case representing ordinary conditions. A 
span length of 10 ft. has been taken and a net floor load of 
150 lbs/ft2. Then from Table No. 21, Chap. VI, the required 
cross-section and amount of steel has been determined for vari- 
ons values of /, and /c. The relative cost per unit floor area has 
been calculated for values of r of 40, 60, 80, and 100 and the re- 
sults plotted in Fig. 61. Comparing thèse results with those of 
Fig. 59, where the weight of the beam has not been deducted^ 
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it is seen that the economical values of /, are considerably less. 
For values of r not exceeding 60 and for fc not exceeding 500 
there is no reason for using a value for /, higher than 14,000 
Ibs/in^. For other spans and floor loads the results \\ill be 
somewhat différent, but the variation will not be great. Larger 
floor loads and shorter spans AviU gîve results more nearly ap- 
proaching those of Fig. 59; smaller loads and longer spans will 
tend in the opposite direction. 

Percentages of steel corresponding to any particular values 
of fe and /a are given by référence to Plate III, p. 215. 

134. Effect of Overlapping Bars, — In most cases the rein- 
forcing bars of slabs are made to overlap more or less; where 
négative moment over the beams is taken care of this over- 
lapping inay be 25 to 30 per cent. To take account of this 
in using the équations or diagrams of the preceding articles, 
the most convenient nu^thod is to increase the unit cost of steel, 
or the ratio r, by the same percentage that measures the over- 
lap of the steel. 

135- T-Beams. — General Design. — T-beams occur in prac- 
tice generally where a floor slab and bc^am are built as a niono- 
lithic structure, as in floor construction. Occasionally, also, 
where heavy girders are rerjuired it is expédient to design the 
beam in the form of a T. Inasmuch as the only pur})()î<(» of the 
concrète below the neutral axis is to bind together the tension 
and compression flang(»s, its section is detemiined by the sh(»ar- 
ing stresses involved, and a considérable saving can thus often 
be effectcnl over the rectangular form. \Miere the flange is a 
part of the floor slab its thickness is already detemiined by 
other considérations, but the width of slab which can Ix* taken 
as effective flange width must be estimated. A conmion rule 
of practice is to count a width of slab not greater than one third 
of the span length, but this should in fact dépend also upon 
thickness of slab and of the stem of the T. 

If made too wide and thin the shearing stresses along the 
Une aa' and c</, Fig. ()2, will be excessive and greater than those 
along the line aV. On this account it is désirable to limit 
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thc value of x to about four times the thickness of the slab, or 

three times thc width of beani 6'. Experinients show that a 

total flange width of 3 or 4 times the width of the web gen- 

erally gives ample flange area so that the design 

of such a T-beam consists mainly in the design pr-&-^ 

of the web or stem, and the proper arrangement 

of the steel. Of course the width of flange 

cannot exceed the spacing, center to ccnter, of 

beams, and it is common to limit the effective y\q, 62. 

width to three-fourths of the spacing of beams. 

Where a T-beam is not connected with a floor System then 
the size of flange may be selected to meet the conditions at 
hand. In this case the stem of the beam should first l)e déter- 
minée! approximately, on the basis of the shearing stresses to 
be carried. A suitable flange can then be selected by a few 
trials, as explained in Art. 73. The deeper the beam the less 
the amount of ste(»l required for constant cross-section. But 
T-beams should not be made too deep in proportion to width, 
as such forms are relatively weak at the junction of stem and 
flange. Ail re-entrant angles in rigid material such as con- 
crète are points of weakness and such angles should therefore be 
modified by cur\'ed linc^ or be made obtuse by sloping the sides 
of the beam. A width of beam sufficient to carry the shear and 
to give plenty of space for the bars is usually ample. The 
maximum désirable ratio of depth to width may Ix^ tak(*n at 
about two for small beams up to three or four for \^r\ large 
and massive work. Depths are often detennined by available 
head room. Beams of excessive deptlis are objectionable as 
being more difficuh and troublesome to reinforce properly; 
the cost of web reinforcement also becomes relatively greater. 
The flanges should be thorouglhy bonded to the web by means 
of w(»b reinforcement running well up into the flange and, 
where the flange is wide, by additional cross-reinforcement in 
the plane of the flange. (For further détails see Art. l()o). 

Economical proportions, — Where a floor-slab fonns the 
flange of a T-beam, then the economical proportions of the 
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40 000X40'X12 

Solution. — The total bcnding moment, 3/, = — *- = 

o 

9,600,000 in-lbs. The maximum shear, T', =4000X20=80,000 Ibs. 

The required net web area = 6'c?= 80,000/ 100 =800 in». This can be 

supplied by a web 16"X50" or 18"X45". To give better space for 

the Steel the latter will be chosen for a preliminarj' value. A thickness 

of flange of 12 in. will l)e tried. For this thickness //c?= 12/45 = .267. 

Then, by means of Plate IX, p. 283, we find that 3/ /M» =93, 6rf» = 

9,600,000/93 = 103,000, and 6 = 103,000/45* = 51 in. From the diagram 

the value of ;V/ = .89 X 45 = 40 in., and -4 =9,600,000/40X15,000=16 in». 

To illustra te the effect of varying proportions, calculât ions will 

nlso Ixî made for a flange thickness of 8", 10", 14", and 16". The 

results are as follows: 



t 


b 


jd 


A 


Overhanging 

Width 

of Flange. 


Area of Flange 

Outside of 

Web. 


8 in. 


64 in. 


41.5 in. 


15.4 sq. in. 


23 in. 


368 sq. in. 


10 " 


56 " 


40.5 ** 


15.8 *' 


19 •' 


380 " 


12 '' 


51 " 


40.0 " 


16.0 '' 


16i^' 


396 '' 


14 " 


50 '• 


39.5 *' 


16.2 " 


16 '' 


448 " 



16 *' 49 " 39.5 '' 16.2 " 15i*' 496 '' 

It will be noted that the effect of variation of t upon the amount 
of Steel is ver}' small, but that the amount of concrète is less the 
thiiHier the slab. The saving in concrète is measured by the réduc- 
tion in the areas of the flange excliLsive of the width of web. The 
10-in. flange gives 16 sq. in. less material than the 12-in. and the 8-in. 
12 sq. in. less than the 10-in. At the siime time considering the fact 
that the girdor is not a part of a floor System and therefore that the 
flanges are unsupportod at their outer edges, and also that some trans- 
verse Steel will be recjuired to bond the flange well together, it is 
évident that a compact beam having a relatively thick flange is 
désirable. The choice would probably lie between the 10-in. and the 
12-in. flanges. The 12-in. flange will be adopted. 

The Steel area required is 16 sq. in. This will be made up of five 
rods If in. diameter, and seven rods 1^ in. diameter, giving a total 
area of 16.0 sq. in. To provide a spacing of 2i diameters the rods 
will be placed in three rows; the five If in. rods in the lower row, five 
1} in. rods above, and two 1} in. rods in a third row. In bending up 
the rods the two uppermost rods will be bent up nearest the center. 
The arrangement of rods in cross-section is shown in Fig. 62a. Taking 
moments of areas about the center of the lowest row, the center of 
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5X1^X2-1-21^X4 
gravity of the group w fouxul to bc — « 1.4 in. above 

thin rf>w, Henr« the lower row nhould be pUced about 46} in. below 
the top of the beam, thus giving a total depth, in- 
cluding the protective covering of 40 in. 

To pro\irle shearing reinforcement. as many of 

the rrxi<9 will be bent up as practicable considering 

their necessary lengths for resisting the bending mo- 

mf'.ni, This length may be found by a diagram of 

Fm. 62a maximum moments, or, if the load is uniform so that 

th^ moment diagram is a parabola, by use of ef|. (l), 

Art. 125. Applying this er^uation in the présent example, we hâve 

// vyl — 10. The ne^essary lengths of the rods are then as follows: 




No. ntRod 


(a. + ...a^ 


x-10%/^ai-l- - . . o^ 


1 


1.23 


11.1 ft. 


2 


2.46 


15.7 " 


3 


3.69 


19.5 " 


4 


4.92 


22.2 " 


5 


6.15 


24.8 " 


6 


7.38 


27.2 " 


7 


8.01 


29.3 " 


8 


10.09 


31.8 " 



The ro<l» may be bcnt up at any point beyond the required lengths, 
as givon a\H}Vo„ 

Shearimj Strenn and Reinfcrcement, — The maximum end shear is 
400()X20-80,(KK)lbH.; the maximum center shear is 2500X20Xj = 
]2,5(X) Ibs. Th(! avernge shearing stresses in the web at thèse two 
points an?, resjM'ctivoly, 100 Ibs/in' and 16 Ibs/in*. Under the spéci- 
fications th« concrète is good for 30 Ibs/in' without reinforeement. 
AsMUîning the shear to vary uniformly from center towards end the 

14 
value of 30 Ibs/in' will Iw reached at a distance of —X 20= 3.3 ft. from 

84 

the c«»nter. lieyond this jxnnt reinforeement will be required. 
It will \wt designed on the assumption that the concrète may be 
eonsidered as carrying 30 Ihs /in' and that the remainder must 
1m> cnrried by IxMit nuls nnd stirrups. It will be désirable to use 
relut iv«»ly low working stresses in the steel in order to avoid ail 
danger of cracks. 

It will 1m» désirable to décide first \i\\on a convenient arrangement 
of Ix^nt-up nuls. Fig. 026 illustrâtes such an arrangement, which pro- 
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vides lengths somewhat in «xcess of those required for bending moment. 
It spaces bends at distances apart not greater than the depth of the 
beam and doser near the end. Two rods are bent up at each place 
(to bend the rods singly complicates the handling materially). For 
the same reason the bends are ail made at 45° and the bent ends are 
extended far enough to give ample strength of bond. The resulting 
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lengths of straight portions are as follows: Two rods, 18 ft. long; two 
rods, 24 ft. long; two rods, 30 ft. long; two rods, 34 ft. long; and four 
straight rods running the entire length of the girder. Thèse lengths 
ail exceed somewhat the requirement for moment. This is shown 
graphically in the moment diagram of Fig. 626 wherc the resisting 
moment of the beam is shown by the stepped line, and the bending 
moment by the curve. The necessary length of rod to develop a bond 
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strength equal to its full working stress at the specified values is 

15,000 

— — rr = 50 diameters. For the 1 l-in. rods this is equal to 50 X If = 69 in. 
! 4X75 • 

I This is provided m ail cases with the bcnt rods. For the four straight 

i rods the maximum possible bond stress will be found from eq. (1), 

80 000 
Art. 92. In this case C/ = — ^-=2000 Ibs. per lineal inch. The bond 

2000 
stress=- — — -=115 lbs/in^ The allowed value is 75X1J or 112.5 
4X4.o2 

Ibs/in*. The calculated stress is very slightly al)ove this, but con- 

sidering the prolongation of the beam beyond the center of support 

it will be allowed. Additional strength will be fumished by hooks at 

the ends of the rods. 

The effectiveness of the bent rods in carrying shear will now be 

determined. A diagram of shearing stress is shown in Fig. 626 pro- 

jected on a line at 45° to the axis. This will be convenient in repre- 

senting the effect of the diagonal bars. Thèse bars, together with 

other reinforcement, must be sufficient to carry the shear represented 

by the shaded area, the concrète carrying the remainder. The point a 

where the first rod intersects the neutral axis is about 11.5 ft. from the 

11.5 
center and the unit shearing stress=164-(100 — 16)— - =64 Ibs/in*. 

^u 

This is shown by the ordinate aïO,. The concrète will carry 30 Ibs/in', 
leaving 34 Ibs/in* to be carried by the steel. This amounts to 
34X18 = 610 Ibs. for each lineal inch of beam. Considering thèse rods 
effective over a distance of 3 ft. (the space between the first and 
second), the stress in each rod is, by eq. (3), Art. 125, equal to JX.7X 
610X36 = 7700 Ibs. This gives a unit stress of 7700/1.23=6270 Ibs/in', 
a low value. Graphically, the total amount carried may be repre- 
sented by the shaded area between the ordinates 1-1 and 2-2 in Fig. 
626. In a similar manner it is found that at point 6, 14.5 ft. from the 

14.5 
center, the shearing stress=164-84X-^^ = 77 Ibs/in', the concrète 

carrying 30 Ibs. and the rods 47 Ibs., giving a stress in the rods of 
8650 Ibs/in*. At c the shear is 90 Ibs/in^ and the stress in the roda 
11,500 Ibs/ in*, and at d the shear is about 98 Ibs/in', and the stress 
about 11,500 Ibs/in'. 

This analysis indicates that the bent rods are sufficient to carry 
ail the shear except to the left of a. The maximum value =58 Ibs/in', 
thas reciuiring 28 Ibs/in' to be carried by steel. This will be supplied 
in the form of stirrups. If f-in. stirrups are used in a double loop, 
their strength, at say, 12,000 Ibs/in», is 4X 12,000 X.l 1=5280 Ibs., and 
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5280 
the spacing to cany 28 lbs/in'=*;;3T77^"'10.5in. Inasmuch as stimips 

assist in supporting the rods and in binding together web and flange, 
and as they add greatly to the security and reliability of the construc- 
tion, they wiU be used throughout and spaced 12 in. apart, except 
along the center 8 ft. where they will be spaced 2 ft. apart. 

If stimips alone were used to cany the shear they would need to 
be spaced about 4 in. apart near the end. 

In the design of web reinforcement it should be understood that the 
methods of calculation hère used can be considered as only roughly 
approximate. They are based broadly on theoretical considérations 
and the results of experiment and lead to satisfactory and safe designs, 
but they cannot be considered as bcing in any sensé précise methods 
or as representing the best that may be developed. 



COLUMN8. 

136. Workîng Stresses. — In determining the proper working 
stresses for columns ît is neeessary to consider thè question 
mainly with référence to the stress in the concrète, for under 
ordinary working stresses in the concrète the stress in the steel 
will be relatively low. From the tests and discussion of pre- 
ceding chapters it appears that with référence to the behavior 
of the concrète, columns may be divided into two classes: 
(I) columns reinforcod with longitudinal reinforcement only, 
and (2) columns reinforced with hoops or bands and with or 
without longitudinal reinforcement. Thèse types will be con- 
sidered separately. 

(1) Columns Reinforced 'icith Longitudinal Steel Only, — In 
this form of column the concrète faiLs in a manner similar to 
the failure of an unreinforced column. When a load is reached 
which stresses the concrète to about the same value as in a 
plain concrète column, failure takes place suddenly and by 
shearing action. The ultimate strength of the entire column is, 
however, increased by the steel and approximately as theory 
would indicate. Considering the manner of failure and the 
lack of "toughness" in such a column the factor of safety 
should be relatively large and determined on about the same 
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basis as for a short column of plain concrète. The strength of 
a 1:2:4 concrète at 60 days in the form of a short column or 
cylinder ranges from about 1600 to 1800 Ibs/in^, and applying 
a factor of safety of four, gives a working stress of 400 to 450 
lbs/in2. This may be taken as a suitable value for the con- 
crète in the type of column hère considered. For richer and 
stronger mixtures the working stress may be increased accord- 
ingly. Where the concrète is depended upon to fire-proof the 
Steel, a certain thickness should be deducted in calculating 
strength. As shown in Art. 141 the necessary thickness for 
fire-proofing is about two inches, but if IJ inches be deducted 
ail around in calculating strength this will amply provide for 
the weakening effect of fires. 

The working stress in the steel is a function of the working 
stress in the concrète and the ratio, n, of the moduli of elas- 
ticity of the two materials. If this ratio is taken at 12, then 
with a stress of 400 in the concrète, the stress in the steel will 
be 12X400=4800 Ibs/in^. Under working loads the steel is 
thcrefore stressed only to a very low value. 

Let us consider the variation in the stresses in a column 
subjected to increasing loads, following the same gênerai 
method of analysis as for the beam in Art. 121. Assume a 
concrète having a comprcsive strength in the form of a short 
column of 1600 Ibs/in^, and assume, further, that the stress- 
strain diagram is parabolic, as shown in Fig. 63a, with a value 
of E at the origin of 3,000,000 lbs/in2. The value of E at 
other stresses will be 2,625,000 at 400 Ibs.; 2,250,000 at 800 
Ibs.; and 1,875,000 at 1200 lbs/in2. Consider a colunm com- 
posed of this concrète and 2% of steel reinforcement. From 
Art. 65, Chapter III, the total load on a column is ^ven by 
the formula P' = .4/.[H-(n— l)]p, in which p=stcel ratio, A = 
total area, and /g = unit stress on the concrète. The average 

unit stress on the column will be /=-j=/Jl + (n— l)]p. As- 
sume a working stress in the concrète of 400 Ibs/in^. For this 
stress the value of n is 30/2.625 = 11.4, and the average unit 
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Stress on the column section will therefore be 400(1 + 10.4 x'.02) 
= 483 Ibs/in^. In Fig. 636, let this be représentée! on the axis 
OX by the distance Oa, which is conveniently taken as a unit. 
Let the ordinate ab represent the corresponding unit stress in 
the concrète of 400 Ibs/in^, and ac the unit stress in the steel, 
= 400X11.4 = 4560 Ibs/in^. Now assume the load to be in- 
creased so as to cause a stress of 800 Ibs/in^ in the concrète. 



>A 






FiG. 63a. 




m^m^ 



Fig. 636. 



The value of n at this stress=30/2.250= 13.33. The value of 
X =800X13.33 = 10,670 lbs/in2. The avcragc unit stress is 
/=800(1 + 12.33X.02)=997 lbs/in2. This will be représentée! 
by the abscissa Oa' of a value of 997/483 = 2.06 uni ts. The 
ordinates a'b' and aV (to the heavy Unes) = 800 and 10,670 
llxs in2, respectively. In the sanie manncr continue the calcu- 
lât ions and plot the cur\Ts OB and OC, which will then repre- 
sent the variation of concrète and steel stress throughout the 
entire range of load to the ultimate strength of the concrète. 
At this point the stress in the steel will be 20X1600=32,000 



246 WORKING STRESSES [Ch. V. 

Ibs/în2, and the avorage unit stress will be 1600(1 + 19 X. 02) = 
2208 Ibs/in^. This is 4.57 times the load causing the stress of 
400 Ibs/in^. From this it is plain that with increasing loads 
the steel receives a greater proportionate stress, the variation 
in the amount carried by the steel depending on the variation 
in the value of n. It is also évident from this diagram that 
the ultiniat^ load on the column is greater than four times the 
load (4.57 times in the assunK^l case) which produces the 
stress of 400 Ibs/in^ in the concrète. Hence if the working 
stress in the concrète is based on a factor of safety of four 
relative to plain concrète, then the factor of safety of the rein- 
forced column will be greater than four. The case is somewhat 
similar to that of the beam. Obviously the total load increases 
more rapidly than the value of the stress /., the exact rate 
depending on the relative amount of steel and the variation 
in n. 

In order to secure a more unifonn factor of safety, and to 
take some account of the fact that under increasing loads the 
steel receives an increasing proportion, it is désirable to use a 
value of n in the calculations somewhat larger than that which 
is obtained by taking a value of E^ corresponding to very low 
stresses. On this basis the actual stress in the concrète at 
working load will be slightly greater than assumed, and that 
in the steel somewhat less, but the calculated and actual 
stresses will coïncide at about one-half of the ultimate load and 
the factor of safety will still be somewhat greater than the ratio 
of ultimate strength of the concrète to its assumed working 
strength. In Fig. 636 the dotted straight lines AB' and AC 
represent the assumed variation of stress, using a constant 
value of n=15. The average unit stress on the column, at 
working loads, will be /=400(l4-14X.02) = 512 lbs/in2. This 
is 6% greater than the load represented by the abscissa Oa, 
and is represented by the distance Oai. The ordinates to the 
curves OB and OC show the actual stresses in the concrète and 
steel. The ultimate strength of the column being 2208 Ibs/in^, 
the real factor of safety = 2208/512 = 4.3. A value of 15 for n 
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may well be used for ail ordinary mixtures and for ail types of 
columns. 

(2) Columns Reinforced vrith Hoops or Bands and imth or 
mithout Longitudinal Sted, — From the tests given in Chapter 
IV, it is seen that in gênerai the effect of hooping is to increase 
the "toughness" and the ultimate strength of the column. 
The elastic limit and rigidity of the column appears to be 
decreased if anything. When used with lon^tudinal steel the 
hooping acts in niuch the same way, but is of greater imix)rt- 
ance in this case as it keeps the concrète intact up to a d(»gree 
of déformation that enables the longitudinal steel to be stressed 
to its elastic limit. It thus renders such reinforcement very 
effective. 

Conceming the proper working stress for hooped columns, 
it would seem that this should be selected mainly with référ- 
ence to the elastic limit, as in the case of structural steel; but 
the greater toughness of the hooped column, as comparée! to 
the other type, insures a much larger and more certain margin 
of safety, and hence the working stress may be made a greater 
proportion of its elastic limit strength than in the other case. 
The two types of columns may be compared to mild steel and 
cast iron; a much higher relative working stress may be used 
in the former than in the latter, chiefly because of its larger 
margin of safety against déformation beyond the elastic 
limit. This is of great importance, especially with respect to 
effects of imequal settlement, eccentric loading and secondary 
stresses. 

For hooped colunms, without longitudinal steel, the elastic 
limit is about the same as for plain concrète and varies but 
little for varions percentages of steel. Hence the same working 
stress may be used for ail percentages of hooping; but for 
reasons already stated this value may be made greater than 
for plain or for longitudinally reinforced columns. For this 
type of column, therefore, the authors would suggest a working 
stress about 20% greater than for plain concrète, or from 500 
to 550 Ibs/in^ for an amount of hooping of 1% or more. This 
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value is to be applied to the concrète alone, and the hooping is 
not to be taken directly into account. For large amounts of 
hooping, somewhat highcr stresses might be used, but increased 
strength and rigidity can be provided more effectively by add- 
ing longitudinal reinforcement. 

For hooped coluinns containing longitudinal reinforcement, 
the elastic limit of the column tends to approach a point corre- 
sponding to the elastic limit of the longitudinal steel, the exact 
effect depending upon the effectiveness of the hooping and the 
amount of longitudinal steel. If this were fully accomplished, 
the working stress might be placed as high as 15,000 Ibs/in^ 
on the steel, corresponding to a stress on the concrète of about 
1000 lbs/in2. This is beyond the normal elastic limit strength 
of the material, and is not to be recommended. Considering 
ail the factors involved, it would seem that the stress on the 
concrète could safely be taken at 50% more tlian for plain 
concrète. This would give a value of 600 to 675 Ibs/in^, with 
9000 to 10,000 lbs/in2 on the longitudinal steel. To render 
such stresses safe, an amount of hooping equal to 1% would 
appear from the results of tests to be sufficient. More hooping 
will incroase the ultimate strength, but not materially the 
elastic Hmit, and hence it will not permit the use of higher 
stresses. For rich concrète still highcr values may be used, 
but not to excecd about 800 Ibs/in^ on the concrète, corre- 
sponding to 12,000 Ibs/in^ on the steel. With our présent 
knowledge, also, it would be unwise to dépend upon the steel 
to carr}' ils full share of stress as hère calculated for very large 
percentages. With 5% of steel and 700 ll^s/in^ in the concrète, 
the averagc unit stress on the column would be/= 700(1 + 14 X 
.05) = 1190 lbs/in2. 

In the détermination of the strength of hooped columns, 
only the section within the hooping should be considered. 
The shell outside is of the same character as plain concrète and 
it is found to crack and split off at déformations correspondnig 
to the ultimate strength of plain concrète. It is useful as fire- 
proofing, but its limitations of déformation is another reason 
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for not selecting too high values for the working stress on thc 
corc. 

It should be said that the above treatment of thehooped 
coluinn is quite différent from that of Considère and of the 
French CJommission on Reinforced Concrète. Thèse authori- 
ties recommend that the hooping be counted upon directly to 
a much larger extent than the longitudinal reinforcement. 
The formula recommended by the French Commission is 

/=/,(l + 15p+327/), 

in which fc is the safe strength of plain concrète, taken at 28% 
of the ultimate strength in the form of cubes, p= ratio of lon- 
ptudinal reinforcement, and p' = ratio of spiral reinforcement. 
It is also recommended that the maximum stress shall not 
exceed 0.6 of the ultimate strength of the concrète. Thèse 
values are based chiefly on a considération of ultimate strength. 
(3) Cdumns Reinforced by Structural Sted Column Units. — 
Where a large amount of reinforcement is desired, certain 
advantages are gained by arranging it in the form of struc- 
tural colunm units, such as four angles latticed togcther, which 
in themselves are capable of acting as columns.* The con- 
struction can be so arranged that the steel columns will carry 
the false work and dead load of two or more floors, thus enabling 
the placing of concrète to procced simultaneously on several 
floors. In this way, also, some initial dead load stress can be 
applied to the steel of the column before the concrète of the 
column is placed, thus enabling higher ste(4 stresses to be uscd. 
On the other hand, such steel is much more costly perpound 
than rods. Furthermorc, the results of experimcnts show that 
the adhésion of concrète to steel where the latter présents broad 
flat surfaces is not good, and the présence of nunierous lattice 
bars hinders the production of a dense homogeneous concrète. 



* For a good example of such a design, see paper by Wm. H. Burr on 
" The Reinforced Concrète Work of the McGraw Building," Trans. Am. 
Soc. C. E., Vol. 60, 1908. 
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The resulting column is therefore likely to be less of a inono- 
lithic character than one in which the reinforcement consists 
of small rods. In order that the concrète may be countcd 
upon in such a column, it should be well enclosed either by 
the structural form itself or by means of bands or hooping. AU 
concrète not so enclosed can be considered only as fire-proofing. 
Where désignée! in accordance with thèse principles, and 
the Steel and concrète receive their load siniultaneously, the 
working stresses may be taken about the same as for the 
second class of columns hère discussed. If, however, a partial 
load is applied to the steel before the concrète is placée! , such 
initial stress need not be counted, excepting that the total 
stress in the steel should not exceed the usual working stress 
for steel columns of about 16,000 Ibs/in^. Where the amount 
of steel becomes vcry large the relative value of the concrète 
becomes more uncertain and its considération as an élément 
of strength is of doubtful wisdom and unsupported by expéri- 
mental évidence. 

137. Long Columns. — The tests of Chap. IV indicate that 
for lengths of 20 to 25 diameters little or no différence in 
strength is shown for différent lengths. Very long columns 
should, however, be avoided, and it is important to adopt 
a conserv'ative practice in this regard. It is therefore ad- 
visable to apply the long column formula of Art. 966 for 
lengths exceeding 12 or 15 diameters. It would aL<o seem 
that a ratio of Z to r greater than 100 should be not used, 
or a ratio of l(*ngth to least width greater than about 30. 
Banded columns are much to be preferred for slender pro- 
portions. 

It is important to note that plain concrète is entirely 
suitable for short columns up to lengths of 6 to 10 diameters, 
and for such columns the addition of steel is not in gênerai 
economical. 

138. Column Détails. — In the construction of colunms 
great care should be exercised to place and hold the steel in 
its proper position and to secure sound work. In this respect 
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poor workmanshîp îs more serious perhaps than in any other 
structural form. Eccentricity of steel or uneven quality 
of concrète not only causes weakness at the section in ques- 
tion, but also results in eccentricity of load and latéral 
deflections. Reinforcing rods must be arranged concentri- 
cally and held securely in place until the concrète is set. This 
is usually accomplished by wiring or banding the rods together 
at intervais of a foot or so, but such banding cannot be con- 
sidered as hooping in the sensé usually eniployed. Where 
hooping is used as reinforcenient it niay coasist of wire spirally 
wound or otherwîse, or of separate bands of welded or riveted 
steel. To be effective such hooping should Ix* spaced relatively 
close, so as to serve to confine the concrète within the cylinder 
fomied by the hooping and to effect the " toughening " 
assumed in the previous discussion. What such spacing niay 
be is not well determine^l, but until further évidence is avail- 
able a clear spacing of about one-fifth to one-fourth the 
diameter of the hoops or bands may be considered the maxi- 
mum. A total amount of hooping or banding at least equal 
to 1% of the enclosed volume should be used. The French 
Commission recommends a spacing of spirals of one-eighth 
to one-fifth the column diameter, but in this case the spiral 
rein forcement is counted unon direct ly in the calculation of 
strength. 

In the case of hooped columns or columns in which latéral 
reinforcing members are used, such as lacing on structural 
units, spécial care should be taken to secure as dense concrète 
as possible, and to reduce the settlement of the material to a 
minimum. Any settlement tends to create vacant spaces or 
porous material undemeath the reinforcement. In splicing 
colunms large rods or structural shapes should be accurately 
fitted and well spliced; small rods may be spliced at floor 
levels by overlapping a suflBcient distance to develop the 
requisite bond strength. At the base of a column large rods 
or shapes should rest upon suitable base plates in the founda- 
tion concrète. 
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139. Economy in the Use of Reinforced Colunms. — From 
eq. (l),Art. 95, we see that with a value of n=15, the use of 
each 1% of longitudinal steel adds 14% to the strength of a 
column. If the ratio of cost of steel to cost of concrète per 
unit volume be 50, then the increased cost of a column with 
1% of steel will be 50X1% = 50%. The gain in strength 
being only 14%, the relative economy of the reinforced column 
b only "*/i6o = 76% that of the plain concrète. Again, take a 
very strong mixture, such as 1:1 mortar, whose working 
stress may possibly be taken as high as 800 Ibs/in^. Such a 
mortar will cost perhaps $12.00 per eu. yd. (not including 
forms, etc.) or 45 c. per eu. ft. Placing steel at the low value 
of 2 c. per Ib., the cost ratio becomes 22.5. Such concrète 
will hâve a value of E^ of at least 3,000,000, giving n=10. 
Hence 1% reinforcement will add 9% to the strength and 
22.5% to the cost. If a cheap concrète be taken with a low 
modulus the steel will add a larger percentage of strength, but 
at the same time a much greater percentage of cost. Another 
way of considering this question is from the standpoint of 
the relative working stresses in concrète and steel. Using a 
value of n=15 the load carried by the steel per square inch 
is fifteen times that taken by the concrète. If the cost ratio 
is 50 then the steel is 50/ 15 = 3 J times as costly as the con- 
crète for the same service. 

The above analysis shows that from the standpoint of 
theoretical economy the use of steel in columns is undesirable, 
and were this the only considération it would not be used, at 
least in the form discussed. WTiile no economy can be figured 
for the use of st^el in columns it is by no means valueless. In 
practice, columns are subjccted to bending moments uncertain 
in amount, but for which somcthing more than plain concrète is 
desired, especially where the column is of considérable length. 
It is in such columns that t^nsile stresses are most apt to occur 
and where steel is most needed. Furthermore, steel is a more 
reliable material than concrète, and in small sectioas where the 
danger of weak or imperfect spots in the concrète is greatest, 



§ 140] DURABILITY OF REINFORCED CONCRETE. 263 

Steel reinforcement is of great value in producing a more reliable 
structure. Then, again, great strength inay be desired from 
small sections in order to save space, in which case steel may be 
used. In very large (relatively short) columns little is to be 
feared from bending stresses, as in such a case no résultant 
tensile stress is likely to occur. 

DUKABILITY OF RFJNFORCED CONCRETE. 

140. The Protection of Steel from Corrosion. — ^A continuons 
coating of Portland cément bas been found by expérience to 
be a practically perfect protection of steel against corrosion. 
The rusting of iron requires the présence of moisture and carbon 
dioxide. Portland cernent not only fonns a coating which ex- 
cludes the moisture and CO2, but in hardening it absorbs CO2, 
tending to remove any of thîs gas which may be présent. In 
praotice the protective nature of Portland-cement concrète has 
long been known, and îts use as a paînt was adopted by the 
Boston Subway Engîneers after careful investigation. 

While an unbroken coating of cément offers what appears 
to be a perfect protection, the value of a concrète as actually 
deposited may be very much less. A séries of expérimente 
made by Professor Charles L. Norton gives valuable information 
on this subject. In one séries, small spécimens of steel 6" long 
were embedded in blocks 3"X3"x8" in size of varions mix- 
tures of cément, sand, and stone or cinders. The blocks were 
then exposed for three weeks to varions corrosive atmosphères 
consîsting of steam, air, and CO2. The results were as foUows: 
The ncat cément fumished perfect protection. The spécimens 
embedded in mortars and concrètes showcd spots of rust at 
voids or adjacent to a badly rusted cinder. He concludes that 
concrète to be an effective protection should be mixed quite 
wet so as to fumish a thin coating on the métal, and must be 
f ree from voids and cracks. He finds that dense cinder concrète 
mixed wet is as effective as stone concrète. 

In a second séries of experiments on steel already rusted» 
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froni a slight stain to a deep scale, the following résulta were 
obtained: The concrète was 1:2^:5 (stone) and 1:3:6 
(cînders). After one to three months in corroders and one to 
nine months in damp air no spécimen showed any change 
except where the concn^te was poorly applied. Some of the 
con'îrete was purposely made very dry and the rods were not 
well covered. Thèse spécimens were seriously corroded. Un- 
protccted stcel spécimens subjected to the same treatment were 
ahnost entirely corroded. While the experiments of Prof essor 
Norton provided for a covering of 1 J inches, therc îs no reason 
to suppose that a much thinner covering, if intact, v ill not 
fumish as good protection. 

Many cases hâve been cîted of steel removcd :rom concrète 
after the lapse of 20 years or more and found to be in perfect 
condition. A test by Mr. H. C. Turner,* in which steel bare 
embedded to a depth of 3 inches in blocks of 1:2:4 and 1:3:5 
concrète and exposed to sea-water and air for nine months 
showed perfect préservation. 

Perfect protection of the steel by concrète was demon- 
stratod in the case of a building at New Brighton, N. Y., built 
in 1902 and partly tom down in 1908. Ail steel was found 
to b(* in perfect condition excepting in a few cases where 
column hoops came doser than f inch to the surface. The 
footings were covered by the tide twice daily but the bars 
theroin showed no corrosion. f 

In view of such tests and observations as hère noted it 
may be concluded that when well placed the concrète affords 
complète protection against corrosion. 

I4I, Fireproofing Effect of Concrète. — Severe fire tests 
show that when concrète is subjected to red-hot températures 
(about 1700°) for three or four hours and then is quenched by 
hose streams, it is likely to show pitting but that it will still 
offer a sufficient protection to the steol.J 

* Eng. News, Aug. 1904, p. 153. 
t Eng. Record, Vol. 57, 1908, p. 105. 

t See tests by Professor Ira W. Winslow in Eng. Record, Nov. 26, 1904, 
p. 634, and by Professor F. P. McKibben in Eng. News, Nov. 21, 1901, p. 378. 
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A reinforced-concrete building at Rayonne, N. J., was sub- 
jected to a very hot fire in the buming up of its contents but 
with no in jury to the building.* 

In the Baltimore fire of 1904 the value of concrète as a 
fireproofing material, and of reinforced-concrete construction, 
was fully demonstrated. Profcssor C. L. Norton of the Insur- 
ance Engineering Experiment Station, after a careful study of 
the damage done by the fire, states as follows:t 

"Wherc concrète floor arches and concrete-steel construc- 
tion receive the full force of the fire it appears to hâve stood 
well, distinctly better than the terra-cotta/* The reason for 
this hc considers to be the fact that terra-cotta expands about 
twice as much as stcel, but that concrète expands about the 
same. Little différence was observed between stone and 
cinder concrète. High températures long continued dehydrate 
and soften concrète, but this process in itself gives off water and 
absorbs the heat, thus protecting the interior. The layer of 
changed material is then a better non-conductor than before, 
so the process goes on very slowly. Captain J. S. Sewell, report- 
ing to the Chief of Engineers % on the Baltimore fire, states 
that, with référence to concrète construction subjected to very 
high beats: ''Exposed corners of columns and girders were 
crackcd and spalled, showing a tendency to round off to a curve 
of about 3 in. radius, ^\^lere the heat was most intense the con- 
crète was calcined to a depth of 1"-^", but showed no tendency 
to spall, except at exposed corners. On wide, flat surfaces 
the calcined material was not more than J-in. thick and showed 
no disposition to come off. The terra-cotta fireproofing showed 
up much poorer.'* In his gênerai conclusions he considers it 
at least as désirable as steel work protected by the best com- 
mercial hollow tilcs, and préférable to tile for floor slabs and 
fire-proof covering. 



* Eng. Record, April 12, 1902, p. 341. 
t Eng. Xeus, June 2, 1904, p. 524. 
î Eng. Xew8, Mareh 24, 1904. 
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In a report of a committce of members of the American 
Society of Civil Engineers on the effects of fire in the San 
Francisco conflagration, similar conclusions were reached as 
to the value of concrète as a fireproofing material. It was 
also found far préférable to tile for floors. With respect to 
the in jury to the 'concrète itself the committee was of the 
opinion that it was sufficient in many cases to require recon- 
struction.* Additional évidence of the value of concrète as 
a fireproofing material is contained in a report of a com- 
mittee of the National Fire Protection Association.f This 
report also goes far to indicatc the necessary thickness of the 
protective covering. 

The necessary thickness of concrète to fumish adéquate 
fire protection dépends somewhat upon the character and im- 
portance of the member. Such members as main girders, where 
a failure would involve a considérable portion of the building 
and where the steel is concentrated in a few rods, should be 
more thoroughly protected than floor slabs of small span, where 
a few local failures would be of no importance, and where addi- 
tional covering would add largely to the expense. Results of 
fire tests and expérience in conflagrations indicate that 2"-2i" 
will offer practically complète protection, and that a minimum 
of y'-\" for floor slabs will usually be sufficient. Large flat 
surfaces, such as floor slabs, are less exposed than the corners 
of projecting forms like beams and columns. 

WTiile satisfactory protection of the steel can thus be 
secured the effect of fire upon the concrète itself, and its use- 
fulness after more or less calcination, is a question of much 
importance. WTiere a sufficient allowance has been made 
for such damaged material it would appear that the removal 
of the soft or loosened portions and replastcring by cément 
mortar would generally secure effective repair. 



♦ Trans. Am. Soc. C. E., Vol. 59, 1907. 
t Eng. Aetra, Vol. 59, 1908, p. 627. 
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142. Reinforcing Âgainst Shrinkage and Température 
Stresses. — Where a reinforced structure îs unrestrained by 
outsîde forces the only stresses arising from shrinkage and 
température changes are those due to the mutual action of steel 
and concrète. As the two mater ials hâve nearly equal rates of 
expansion température changes will cause very little stress. 
Shrinkage in hardening will cause more important stresses, as 
shown in Art. 43, but still not unduly large unless the steel 
ratio is very high. 

When the structure is restrained by outside forces so that 
ît is not free to contract or expand, as in the case of a long wall, 
then the resulting stresses are likely to be high. When not 
reinforced, concrète will, under such circumstances, crack at 
întervals, îts maximum déformation under stress not being 
equal to its maximum température déformations. If ît be 
assumed that concrète when reinforced will not stretch more 
than plain concrète, as seems probable (Art. 42), then no amount 
of renforcement can entirely prevent contraction cracks. The 
reinforcement can, however, force such cracks to take place 
as they do in a beam — at such fréquent intervais that the 
requisite déformation takes place wîthout any one crack be- 
coming large. Laboratory tests on beams would indicate that if 
steel is used in sufficient quantities the cracks may easily remain 
quite invisible and be of no conséquence from any practical 
standpoint. Thus if the coefficient of expansion be .000006 
a change of température of 50° causes a change of length 
(if free) of .0003 part. A déformation of this amount in a 
beam (corresponding to a steel stress of 9000 Ibs/in^) would 
not cause cracks easily detected. The prévention of large 
cracks by means of reinforcement is then a matter of using 
sufficient steel to force the concrète to crack at small intervais. 
No one crack will open up far until the steel is stressed beyond 
its elastic limit, hence we may say approximately that the 
amount of steel used must be such that the concrète will crack 
elsewhere before the steel is stressed beyond its elastic limit. 
A larger amount of steel will serve to keep the cracks smaller. 
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The size and distribution of the cracks will also dépend 
upon the bend strength fumished by the rods. If we assume 
the cracks to develop successively the distance between cracks 
niust be sufficient to develop a bond strength equal to the 
tensile strength of the concrète. Hence, în gênerai, the size 
and spacing of the cracks will vary inversely with the bond 
strength of the reinforcing steel per unit of concrète section. 

In calculating the requiste amount of steel the température 
stress in the steel itself must be ccneidercc!. This will add to 
its skrinkage stress, so that its total stress will equal its tempéra- 
ture stress plus the stress necessary to crack the concrète. If, 
for example, the assumed drop in température be 50° the tem- 
pérature stress in the steel = 50 X. 0000065x30,000,000 = 9760 
lbs/in2. If the tensile strength of the concrète be 200 Ibs/in^ 
and the assumed allowed stress (elastic limit) in the steèl be 
40,000 lbs/in2, then the stress available= 40,000 -9750 =30,250 

200 
Ibs/in^, and the required percentage of steel =p = ^^^,^ = 

.0066. If the elastic limit be 60,000 lbsyrm2 the steel ratio = 
► 200 

^ ^ 60 000-9750 ^ '^^' ^^^ *^^ purposes hère considered 
obviously a high elastîc-limit steel is désirable, and în order 
to distribute the déformation as much as possible a mechanical 
bond is advantageous. 
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FORMULAS, DIAGRAMS, AND TABLES. 

143. Rectangular Beams; Linear Variation of Stress. 
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FiG. 64. 
Notation. 

/. =umt stress in steel; 

/c= " " " concrète; 
£. =modulus of elasticity of steel; 
Ec= " " '' '' concrète; 

n=EJEc] 

7= total tension; 

C= " compression; 
M. = moment of résistance relative to the steel; 
M,= " " " " " " concrète; 

AT =bending moment or moment of résistance in gênerai; 

il=steel area; 

6=breadth of beam; 

d=net depth of beam; 

A = ratio of depth of neutral axis to depth d; 

y «= ratio of lever- arm of resisting couple to depth d; 
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p = st wl ratio = A/bd ; 

^9 - f*PJ *'ciH^tfioient of strength" relative to steel; 
ftr-èMv- ** *' " " "concrète. 

Formulas, 

Position of iieutral axis, 

k \ 2/m-{ (pn)2-pn (1) 

Ann of n\sistiiig couple. 

i-l-ik (2) 

Moment of rosistanco, 

^rM-fMP]'b(P==R,'b(P, (3) 

Mc^ iW'bd'^Rcbd^ (4) 

Approxiwately, 

M.^MÎd (30 

Mc=fc'ib(P (40 

Fibre strt^sses, 

/.-!=^^. (« 

/_2r 2■l/-^yd 

''~bkd' bkd ^^^ 

Steel ratio, 

f(4+i) 

Cross-section of beam for given bending momeat M, 

, „ M M 

"^-ûfCR. («> 
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Diagrams, —Plsites I-IV, pp. 274-277, are diagrams of values 
of k and / for various values of p; and values of ft and Re 
(ealled simply R) for various values of p and of /, and /«. The 
value of n is taken at 10, 12, 15, and 18 respectively. 

The use of the diagranis in finding moments of résistance 
(Eqs. (3) and (4)) and in determining cross-sections (Eqs. (8) 
and (9)) is obvions. The proper steel ratio, p, to use for 
givcn values of /. and fc (Eq. (7)) is determmed from the 
iutei-section of the curves for the given values of /, and /c. 
Finally, the actual fibre stress, /, or /«, resulting from a ^ven 
M, p, and &cP ^^ill be found by first calculating M/b(P from 
the given values. Call this R. Then w ith this value of R and 
the given value of p enter the diagram and find the corre- 
sponding values of /, and /c. 

Illustratfvb Examples. — 1. Moment of Résistance, — Given the 
following: 6«12", ^«20", /. = 14,000, /c-600, and p-0.8%; find M, 
and Me» Assume n = 15. Solution, From Plate III, p. 276, we find for 
p=0.8% and /,« 14,000, ft=96; and for /c=-600, /?c=-100. Hence 
Af.-966<P =460,800 in-lbs., and Afc»100W- 480,000 in-lbs. 

2. Fibre Stresses.— Given 6 = 12", d=20", p=0.8%, and M -450,000 
în-lbs., to find /« and fc. Solution. Use Eqs. (5) and (6) directly; or, 
find M/bdP and use the diagrams. Thus M/ W- 450,000/4800 =93.75. 
Then from Plate III, with /? =93.75 and p=0.8% we find /.-about 
13,500 and fc =about 560 lbs/in^ 

3. Cross-section of Beam and Steel Ratio. — Given M =500,000 in-lbs., 
/• = 12,000, /c=500, to find b(P. Solution. From Plate III we find at 
the intersection of the curves for /« = 12,000 and /c— 500, a value of 
R of 84. Hence bd^ =500,000/84 =5950. The required amount of steel 
is also found from the diagram to be 0.8%. 

144. Rectangular Beams; Parabolic Variation of Stress; 
for TJltimate Loads. 

Notation. — 

As in Art. 143, but hère Re=ifJch 
Formulas. 

Position of neutral axis, 



ft = v3pn+(îpn)2-}pn (10) 
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Ami of resisting couple, 

j=l-îk (11) 

Moment of résistance, 

M»=-}.pihd?=R,hd' (12) 

Mc = ifÀib(P^Rcb€p (13) 

Approximately, 

M,=f,A0.8d, (12') 

Mc=U0.28b(P (13') 




Fio. 65. 



Fibre stresses, 



''~A~ A ' 
''~bkd~ bkd • 



Steel ratio, 



P=l 



1 



/cV2n//V 



(14) 
(15) 

(16) 



Oross-section of beam for given bending moment M, 



M2=-j— .=-5-, . 
hp] R> 

ifcki Rc' 



(17) 
(18) 



i Ho.] 
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Diagrams. — Plate V, p. 279, îs a dîagram of values of k and 
j for various values of p; and values of R, and Rc for varions 
values of p, /„ and /«• The full Unes are drawn for n = 15; the 
dotted Unes for /i=12. The fibre stresses are hère assumed as 
representing ultîmate strengths, and the diagram îs supposed 
to gîve results pertainîng to ultimate strength. To use it 
for purposes of designing, the given loads or moments should 
be multlplîed by the selected factor of safety, or the value 
of R obtained f rom the diagram divided by such factor of safety. 

145. T-Beams; Linear Variation of Stress. 



t 



• •• 




< êr-*» 



Notation. (In addition to that of Art. 143.) 
6=width of flange; 
6'=width of web; 
f=thickness of flange; 
e = depth cf résultant of compressîve stress; 
d— 2 = arm of resîsting couple. 

Formulas. 

Case I. Neutral axis m the flange. 

Use formulas (l)-(9) as for rectangular beams, 
formula (1) for k will détermine whether the case 
is I or II. 
Approximately, 

M,=M(d-iO, (19) 

M 
^=^7-F-r7T (20) 



/•(rf-èO* 
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Case IL Neutnd axk in the web; compresnon in web 

negUviixl. 

Pasilion of neutnd axi<. 



i 



k= -J-J_^_ (21) 



d 
Pi>sition of n\>ultaut of i\Mn|>res!?ive stress, 



(22) 



Moment of n^j^istaïu-o. 

M, = CAvd-:^ (23) 

3/,-=./;(l-._,|-)6^cy-^^ (24) 

Steel area, 

■••-âJ-.i <-»> 

Approxiwatelyy 

Assume (d — c) = ;(/. 

Diagrams, -Values of k and y, for various values of p and 
i df are given in Plate VI. Plates \'II to XI give values of 
Mbd^ froni eq. (24) for various values of /,,/., and tj'd. 

146. Beams Reinforced for Compression. 

Notation. (In addition to that of Art. 143.) 
A' = area of compressive steel; 
p' = Steel ratio of compressive steel; 
// = unit stress in '* '* 

C = total stress in the compressive steel; 
d' = distance from compressive face to the plane of the com- 
pressive steel; 
x-depth to résultant compression, C+C 
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Formvkis. 

Position of neutral a^ds, 



&=^2n(p+î/jj+[n(p+p')p-n(p+îO. . • (26) 



Position of résultant of compressive stress, C+O', 



a:=- 



3"*"dG 



p—.d; înwhieh7r== 



, 2p'n(ft-|) 



A2 




Arm of reâsting couple, 

'•-H) 

Momeot of résistance, 

M,=f,pj-bcP, 

Fibre stresses, 

,_Mj±jd 

/•- À ' 



/* 



A 

k 
n{l-k) 



•A. 



'• k ''~d-kd''' 



(27) 



(28) 

(29) 
(30) 

(31) 
(32) 

(33) 
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Diagrams. — Values of k and ; are given in Fig. 29, p. 94, 
for various values of p and of p\ It is assunied that d'/d 
= 1/10 and n = 15. Plate XII, p. 285, gives the amount of com- 
pressive steel (values of p') necessary to use in order to reduce 
the conipressive fibre stress, fe, any given percentage below 
the value it would hâve with no compressive reinforcement. 
The effect of this compressive steel upon the value of the ten- 
sile stress în the steel is also given m the diagram for various 
values of p and p'. 

147. Flexure and Direct Stress.— There are two cases: 
I. Where there is compression on the entire cross-section 

(Figs. 68and 69); 
n. Where there is some tension on the cross-section (Fig. 70). 

fe 




JL^ 



Fio. 68 




J147] FLEXURE AND DIRECT STRESS. 267 

Notation. — The lower side of the beam in the figures on the 
precedîng page îs called the "tension face". 

JK= résultant force acting on the section; 
iV=component of R normal to section; 
c=eccentric distance of R, e/A=eccentricîty; 
M = bending moment = Ne ; 
A'=area of steel near compressive face; 
j/^A'/bh; 

A =area of steel near tension face; 
p^A/bh] 

d'=distance of compressive steel from face; 
w=distance from compressive face to centroid of trans- 

formed section; 
a = distance from steel to center of section for sjonmet- 

rical reinforcement; 
il< = area of transformed section; 
/i=nioment of inertia of concrète about central axis of 

transformed section; 
/,=moment of inertia of steel about central axîs of trana- 

formcd section; 
/<=moment of inertia of transformed section; 
/c= maximum compressive fibre stress in concrète; 
//=maximum tensile fibre stress in concrète; 
^' = stress in steel near compressive face; 
/,= stress in steel near tension face; 

Formulas, 

General. 

A|=6A+n(A+A0 (34) 

Ii=Ic+nI. (35) 

""- 1 + np+np ^36) 
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Case I. Compression on the entire cross-section, 
libre stresses: 

A-l^-f ■ (-) 

/.'=f,-^' <-) 

,, /^■ , M(u -d') \ ,^, 

/•'=Hr+— ?^; ^39) 

, /N M(d-u)\ 

/•="U — t:~) ^"^^ 

If // is nc^tive, then the case is Case II. 
For symmetrical reinforcement and for d'/d = 1/10, 

/•'=»/'(l4) (42) 

Case II. Tension on part of the cross-section. 

If the tension in the concrète is consîderetl, use the formu- 
las of Case I. 

For symmetrical reinforcement and for d'/d = 1/10, 

//=/c^' (43) 

/•="/''(i-(r5t)Â) (44) 

If the tension in the concrète is neglected. 

For symmetrical reinforcement and for d'/d =«1/10, 
Ml , 2pn a^ 

mri2'^^-~'^'-h'h^ <«) 

f'M'-rù (^) 

a-k)h~d' Ai-k)h-d^ 

'*°'' kh-d' ~^^' kh . • • • y**) 
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Diagrams. — Values of 1/k for Case I, Eqs. (41) and (42), and 
Case n,Eqs. (43) and (44), are given in Rg. 33, p. 103; and 
values of A; for Case II, Eqs. (45) and (46), are gîven în Fig. 35, 
p. 106. Plate Xin, p. 287, îs a dîagram for values of M/hh% 
for Case I, Eq. (41) ; and Plate XIV for the same quantity 
for Case II, Eq. (45), given in ternis of the eccentricîty ef% 
and the steel ratio p. The diagrams are constructed for n = 15. 

Illustrativb Examples. — I. An arch ring is 24 in. deep and is 
qrmmetrically reinforced. For each aide p-»0.9%. On a width of 
12 in. AT =75,000 Ibs.; c=3 in.; what is the maximum stress /e? 
Solutim. The eccentricity -3/24 = .125. The diagram of Plate VII 
will be used, and the case is Case I. This diagram gives at once 
M/6AVc = .097. We also hâve 3/ =75,000x3=225,000 in-lbs. Hence 
/e -225,000/(12 X242X. 097) =336 Ibs/in». 

2. If, in Ex. 1, the eccentricity be 6 in., find the maximum compres- 
âve stress /c and the maximum tensile stress /c', the concrète being con- 
sidered as carrying tension if necessary. Solution. Use Plate XIII. The 
eccentricity is 6/24 = .25. From the diagram we find M /hh^ Je '^A4l, 
whence /c-572 Ibs/in^. From Eq. (10), p. 102, the value of ik = .9. 
TWs being less than unity there will be tension on the section. From 
Eq. (43) the tensile concrète stress-// =64 Ibs/în*. 

3. If in Ex. 2 the tension in the concrète be neglected, find fc, /•', and 
/,. Solution, Use Plate XIV. c/^ = .25. The value of M/hh%^AA, 
whence /c-576 Ibs/in*. The compressive stress hi the steel, /•', is 
always less than n/e ; in this case it is, from Eq. (46), equal to nje X 

n— — r j --nfc X .88, k being found from Fig. 35. The tensile steel stress, 

/«, is less than the compressive. From Eq. (47) it is found to be 276 
lb8/m^ 

148. Shearing and Bond Stress. 
Notation. 

7= total vertical shear at any section; 
v= maximum horizontal or vertical shearing stress per 

unit area; 
1/ =average shearing stress per unit area; 
[7= bond stress per unit length of beam; 
h and d= dimensions of a rectangular beam; 
V — wîdth of web of T-beam : 
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d = net depth of T-beam; 
^ = flange thickness of T-beam; 
/d=ann of resisting couple for any beam. 

Formulas. 

Rectangular beams : 

^'U' <*8) 

-=^ (49) 

U=fd ^^^ 

Approximately, 

^=615=*'^ W 

U=j^ (50') 

T-beams: 



T 



f-^ <»^' 



F 






149* Columns. 

Notation. 

A «total crossHsection; 

ilc^cross-fiection of concrète; 

A^mM «* ^' longitudinal Steel; 



1 149.] STRESSES IN aRCULAR PLATES. 271 

P=strength of plain concrète column; 
7^= '' " reinforced column; 
/c = unit stress in concrète; 

/, = ' ' ' ' ' ' Steel (not exceeding its elastic lîmit) ; 
/e/ = elastic-lîmit strength of steel; 
/ = average unît stress for entirc cross-section; 
j/ = Steel ratio of the hoops of hooped colunms. 

Farmvla%, 

For short colunms; ratio of length to least width not ex- 
ceeding 20: 

/.=n/„ (54) 

r^UAc^UK (55) 

F=M[l-|-(n-l)p], (56) 

Ç = l + (n-l)p (57) 

If n]c is grcater than the elastic-limit strength of the 
steel, then 

P'^/.^+M- (58) 

French Commission 's formula for hooped columns: 

P'=/,.4(l + 15p+32p') (59) 

For long columns : 

/c[l + (n-l)p ] 

^"^20,000X7/ 



f- ' \ iij . (60) 

20,000 \r> 



Diagrams, — Plate XV is a diagram of the function 
l-+-(n— l)p (=///c) of Ecjs. (50) and (57) for varions values 
of p and values of n ocjual to 10, 12, 15, 20, and 25. The aver- 
age working stress, /, for any column is thon found by mul- 
tiplying the corresponding ordinate from this diagram by the 
selected working stress /c- 
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150. Stresses in Circiilar Plates.— The exact détermina- 
tion of stresses in floor Systems, such as the '*mushroom" Sys- 
tem described in Art. 168, and in the ordinary foimdation- 
plate supportîng a single column, învolves very complex 
analytical processes. As an aid in estimating the stresses in 
such cases, Plates XVI and X\1I hâve Ix^en prepared. They 
give the bcnding moments in circulai* plates supportée! rigidly 
over any giv(^n area at the centor. Plate XV'I gives the moments 
for the case of a uniformly distributed load on the entire area, 
and Plate XVII the moments for a load uniformly distributed 
along the perîphcry. In each case the full lines gîve the 
coefficients for the radial bending moments, and the dotted 
Unes those for the cîrcumferential bending moments. ITie 
curves are drawn for five différent ratios of ri to ro, or radius 
of plate to radius of tixed support. For other ratios interpo- 
lations may be made. 

The calculatîons for the diagrams are based upon the 
analysis présente 1 by Prof. H. T. Eddy * for homogeneous 
plates. The value of Poission's ratio assumed in the numerical 
substitutions has been 0.1, as approximately déterminée! in 
récent experiments by Prof. A. N. Talbot. 

Exarnple, — A circular plate 10 ft. in diamct^r is rigidly supported 
by a column 24 in. in diameter. It supports a load of 150 Ibs/ft' over 
the area and a load of 500 Ibs/ ft along its outer circumference. Re- 
quired, the radial and circumferential bending moments. 

Solution. The ratio of ri:ro = 120: 24 = 5. (The upper diagram of 
Plate XVIT may be us(m1 in finding this ratio.) In Plate XVI \ve then ob- 
tain the coefficients Qi and Q2 for any desircd point in the plate, using the 
curves corresponding to r, -hro = 5. The value of 0, (ordinate to dotted 
curve) is seen to ho a maximum at a distance from the oenter equal to 
about 1.7r ; its value is about 4.7. Hence the maximum circumferen- 
tial moment due to the load of 150 Ibs/ft is 4.7 150 P 703 ft-lbs 
per foot width of section. The value of Q., (ordinate to full curve) is a 
maximum at the edge of the support and has a value of 16. The radial 
bending moment is therefore equal to 16 150 ^ P=2400 ft-lbs per foot 

♦ Year Hook, Engrs. Soc., Univ. of Minn., 1899. 
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width of section. The radial moment rapidiy falls off with increased 
distance from the support. 

The moments due lo the peripheral load of 500 Ibs/ft are found from 
Plate XVII to be respeetively 3/^ -3.1x500x1 -1550 ft.-lbs., and 
Af, -9.6 X 500 X 1 - 4800 ft.-lbs. 

151. Coefficients and Working Stresses. — The following is 
a résumé of the coefficients and working stresses suggesteJ 
în the discussion of Chapter V. They may be considered as 
applicable to ordinary conditions on the basis of équivalent 
dead-load stresses and with concrète of 1:2:4 to l:2.i:5 com- 
position. 

Beams. 

Working Stress. 

Concrète in compression 550-650 Ibs/în^ 

Concrète in shear, average stress: 

a. A\'ithoiit shear reinforcement. 30-40 " 

6. With shear reinforcement... ttO-100 '* 

Bond stress: 

a. Smooth rods (M>-80 ** 

b. Defomied rods 10O-175 " 

Steel in tension 14,00O-l(),00() " 

Value of n=E,/Ec 12-15 

Oolumns. 

Concrète in compression 400-500 

Value of n^EJEc 15 

152. Tables.— .4reas 0/ Steel iîack.— Table Xo. 19 gives 
sectional areas and weights i>er foot of round and square rods 
of varions sizes, and the total area per foot of width of slab 
when the rods are spaced varions distances apart. 

Materials Required for One Ciéic Yard of Concrète, — Table 
No. 20 ^vcs the quantities of material rec^uired for one cubic 
yard of concrète of varions proportions. The table is based 
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on Thatcher S Tahle^.^ As coQditi>cs vauy greatly, thèse tables 
should be uheiI only for apf n>xûiiate value?. 

Sa/e Load'i for FUj»yr<. — Ta't4e N»>. 21 gives span lengths for 
floor-î?lab6 for various liv»; ly^h f^r ï^^uare fooi. and for various 
value:; of working stresses /, ar^^vî /^ The tables hâve been 
calculated for becJing monients e»:iiial to luP and abo iV^"^^- 
The value of n bas been taken al 15. For continuous slabs 
^\u'P may generally be taken as the bending moment. The 
table also gives the amount of steel requirtd j^er foot of slab, 
so that by référence to Table No. 19 a suitable s?ize and 
spacing can readily be determinetl. The moment of résist- 
ance of a beam one foot wide is also given for gênerai use. 



* JolmsoD's MaieriaU of Construction, p. 610a. 
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Table No. 20. 
MATERIALS REQUIRED FOR ONE CUBIC YARD OF CONCRETE. 



Proportion of Mixture. 


Required for One Cubic Yard. 








Ratio: 








Cernent. 


Sand. 


Stone. 


Mortar 


Cément, 


Sand. 


Stone, 






Stone 


Barrels. 


Cubic Yarda. 


Cubic Yards. 




1 


2.0 


.70 


2.57 


0.39 


0.78 




1 


2.5 


.56 


2.29 


0.35 


0.87 




1 


3.0 


.47 


2.06 


0.31 


0.94 




* 1.5 


2.5 


. .71 


2.05 


0.47 


0.78 




1.5 


3.0 


.60 


1.85 


0.42 


0.84 




1.5 


3.5 


.51 


1.72 


0.39 


0.91 




1.5 


4.0 


.44 


1.57 


0.36 


0.96 




2.0 
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.72 


1.70 


0./i2 


0.77 




2.0 


3.5 


.62 


1.57 


0.48 


0.83 




2.0 
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.54 


1.46 


0.44 


0.89 
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4.5 


.48 


1.36 


0.42 


0.93 




2.5 
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.64 


1.35 


0.52 


0.82 




2.5 


4.5 


.57 


1.27 


0.48 


0.87 




2.5 


5.0 


.51 


1.19 


0.46 


0.91 




2.5 


5.5 


.46 


1.13 


0.43 


0.94 




3 


4.5 


.66 


1.18 


0.54 


0.81 




3 


5.0 


.60 


1.11 


0.51 


0.85 




3 


5.5 


.54 


1.06 


0.48 


0.89 




3 


6.0 


.50 


1.00 


0.46 


0.92 




3 


6.5 


.46 


.96 


0.44 


0.95 
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il' 


i.i 




11^ ■ 




SpAa il) Fe«t for Gtven Net Losdif 
ûl Floor Ui PoutwJa 


per 8ctiuu« Foot 


M^ O^ ^ 


ni 


XEb 

35. 




h Hz. 








L 








1? m 


g-^-o 1^^ Ï^S 


50 


75 i 


lOÔ 


150 


200 


250 


300'400 


500 


ë 


P 


è S 


* 


















2 


î 


.091 


1400 


21.2 


3 6 

4 4 


3.1 

3.8 


2. a 

3.4 


i.4 2,1 

2.9 2.6 


1.9 
2.3 


1,7 15 

2J 1,8 


1,4 
1.7 


2* 


î 


.131 


2800 30.3 II 


4.2 

5,1 


8 8 

4.6 


8.2 2 fl 

3.9l :ï fi 


t. 6 

3 2 


2 4 8 1 

2 9 2 6 


19 

2,3 


S 


î 


.168 


4700 36.4 Ç ^ 


5.3 


4.8 
5 


4.1| 3 6 
5.0| 4 4 


3 3 

4 


3 2 7 

3.7 3.3 


24 

2 9 


8i 


î 


.206 


7000 


42 5 1} 


6 3 

7 7 


5.7 
7.0 


4» 4 4 

6,0 5 4 


4 

4 9 


3 7 3 3 

4,5 4 


2.Ô 

3.6 


4 


1 


224 


8300 


48.5 II 


7 

S 2 


6 1 

7 5 


5 3, 4 7 

6.5| 5.8 


4 3 

5.3 


4 3 5 

4.9 4.3 


3^ 

3.9 


6 


1 


2m» 


14800 


An -' 9 5 


8 » 
10.4 


7 9 

9,7 


6 8 6 2 

8.31 7.6 


5 7 

7 


5.2, 4 6 

6.4I 5.6 


4 2 

5 . l 


« 


u 


.3oâ 


20900 


72 9 


10 & 

12.8 


11.6 


8.8 
10. g 


7.8 
9. G 


7 

8 7 


6 5 

8 


6.0 5 4 

7.5 6 t> 


4.8 
5 9 


7 


It 


.4S0 


30600 


85.1 


12 t 

14. Q 


11 1 

13.6 


10 3 

12.6 


9 3 8 3 

11.4 10.2 


7 7 

9.4 


7 2 6 5 

8.8 8.0 


58 
7 1 


8 


u 


.605 


42100 


97.4 


13 7 

ir> g 


12 6 

15.4 


11 8 

14.4 


10 6 9 6 

12 11.7 


9 

u.o 


8 3 7,5; 6.8 

10,2 9.2' 8.3 


9 


u 


.561 


52000 


109 S 


14 8 

18 l 


13 7 

16. S 


12 9 

15. S 


11 510 6 

14.1 12.9 


9 8! 9 2 8 3 7 6 

12.011.2 10 2, 9 3 


10 


u 


.636 


66800 


121.7 


Ht 1 

10.7 


15 

18. 4 


14 2 

17.4 


12 811 8 

15 rU4.4 


11 010 3 9 3I 8 5 

13. 512. 6H 4 10.4 


12 


n 


.785 


losoon 


145 


18 

,2;^ i 


17.5 

21,4 


16 6 

20 3 


15 1 

18.5 


14 1 

17 2 


13 1 

15 


12 411 210 3 

15 213.7 12 



/cf-500 /,= 15,000 



H = 74 P-.0Û56 



2 


i 


.083 


8i 


! 


.117 


« 


i 


.160 


a 


ï 


.183 


4 


1 


.200 


s 


1 


.207 


« 


« 


.317 


7 


li 


.383 


6 


U 


.450 


« 


U 


500 


10 


li 


.567 


11 


li 


.700 

1 



1400 

2700 

4500 

6700 

8000 

14200 

20100 

29400 

4ai00 



24 

30 

36 

42 

48. 

60. 

72 

84 

97 



9 



50000109 
64200121 
98000145 



.5 



3 5 


3J 


27 


23 


2.0 


4 3 


3.8 


3 3 


2 8 


2 4 


4 7 


4 1 


3 7 


3 2 


2.8 


5.8 


5.0 


4.5 


3 .9 


3.4 


5 9 


5-2 


4 7 


4 


36 


7 2 


6.4 


5.8 


4 9 


4 4 


7 


6 2 


5 6 


4.8 


4 3 


8. G 


7.6 


6,9 


5.9 


5 3 


7 4 


6 6 


6 


5 2 


4 6 


9 


SI 


7.4 


6.4 


Bi\ 


9 2 


8 3 


7 7 


6 7 


6 


il. 2 


10 2' 9 4 


8.2 


7.4 


10 4 


9.5 


8.8 


7 7 


7.0 


12 7 


11 6 


10, S 


9.4 


8.6 


12 


11 1 


10 3 


9.1 


8.3 


U.7 


13.6 


12.6 


11.1 


10.2 


13 5 


12 5 


U 7 


10 5 


9.5 


16.5 


15 :^ 


U.3 


12,8 


11.6 


14.5 


13 5 


12 6 


11 3 


10 4 


17 7 


Hj..'i 


l.^j.4 


13. H 


12.7 


15 S 


14 7 


13 9 


12 6 


11 5 


19.3 


Ig.O 


17 


1.5 4 


14 1 


18 2 


17 2 


16 3 


14 8 


13 7 


22.2 


21.0 


19,9 


!8.1 


16.7 



1.7 

2.1 

2 3 

2.8 
3.0 

3 7 
3 6 

4.4 
3 91 

4.8| 

5 1 
6.2 

6 

7.41 6 
7.1' 6 
8.7 
8.2 



10 

6 9 

7 11.0 
7 10 1 9 
! 12-4 11 
812 110 
7:14 8 13 



1.3 

l.G 

1.8 
2.2 
2.4 
2 9 

2 9 
3.6 

3 1 

3 8 

4 1 
5.0 
4.8 
5.9 
5.8 
7.1 

6 7 
8.2 

7 4 
9,0 

8 3 
1 10.2 
910 
3112.2 
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FORMULAS, DIAGRAMS, AND TABLES. 



Ch. VL 



Table No. 21 (Con/inw€^ —STRENGTH OF FLOOR-SLABS. 
Bold-faced type, A/«=Jipi*; light-faced type, 3f — tVwP. 
/^.500 ;; = 16,000 R = 7l P-.0050 



2.J 



H 



1^' H 






2 

Si! 

3 I 

Si! 

6 ; 

s I 

7 j 

I 
9 ■■ 

10 ' 

là . 



i 
i 
I 
l 

1 

1 

n 
n 
n 
u 
ii 
n 



'■ïi 4^i &. 






1-3 



*t55 :£! 






5^3 



Span în Fwt forGh-pn ?r*t f^mula pur SqUiirt Foot 
of Ir toor in Pouatk. 



50 



.Ù7à 
105 
135 
165 
ISÛ 

284 

344 
JIM 

5Ud 
Ji29 



1300 

SfîOO 

4300 

«500 

7700 

13700 

19300 

28300 

39000 

48100 

OISOO 

UUÏ9 



24 

30 

36, 

42 

48, 

m. 

72. 
M. 
î>7 

mK 

121. 



3 

4 
4 

û 
a 
7 
ft 

8 

S 

9 

11 

10 

'|12 
11 
14 
13 
10 

u 

17 
15 
19 
17 
21 



75 : 100 



6 
« 1 

7 5 
Ô,4 

7.8 

6.2 
10.0 

9 4 
11.5 
10 9 
13.3 

12 3;ii 

15.014 
^,13.312 
5li6,:m5 
613.613 
1 17 9!l0 
916 916 
.S2O.7I19 



150 



200 



2.S, S 

2 8 2 

3 11 2 
3.8' 3 

4 3 
5.0! 4 
4,8 4 

5 lï; 5 

5 1; 4 

r> 2j 5 

6 n 



8,1, 

7 6 

9.3 

9 

4 ïl (ÏIO 

lijlO 3, 

1 12 an 

411 210 

2 13.7.12 
12.411 



250 



15.2113 
14 6 13 

17 9 10 



18 

2.2 
S. 5 

3.1 
3.2 

3.9 
8.8 
4 6 

4 1 

5 1 
5.4 
6.(1 

6 3 
7 

7.5 
9. 
8. 

5 10,0 
2i 9.5 
5 11.0 
410,0 
12 9 
512 6 
5 15 4 



300 



400 



1.4 
17 
2 

2.4 
2,6 
3.2 
Z.l 

3,8 

a 4 

4.2 
4.4 
5.4 
5, s 



500 



i.a 

2.3 
2.3 



41 5.8 
6.3; 5.7 



7.7 
7.S 
8,9 
8,0 
9.8 
8.9 



7.0 
6 6 
8.1 
7.3 

S. 9 

8.3 



10.9110.0 



71 9.9 
l'l2.1 



4. 


ï 


/c-500 / 


, = 18,000 




/?=GG 


P = . 


0041 









061 


|-»00 


24 2 


3.3 


2,9 


2,6 2.2 


19 


17 


10 


14 


l.S 


s 




4 


3 tî 


3 2 2 7 


2, H 


2.1 


2 


1.7 


1.6 


Si 


i 


086 


2400 


30 3 


4 5 

5,5 


3 9 

4.8 


3 5 3 

4 3 :^ 7 


20 

3,2 


2 4 

2 9 


2 2 
2 7 


19 
2.3 


1.7 

2.1 


3 


} 


.110 


4000 


36 4 


5 6 

6.9 


4 9 

6.0 


4 4 3 8 

5 4 4 Tï 


34 

4.2 


3 

3 7 


2.8 
3.4 


2 5 

3,1 


2f 

2.7 


3J 


i 


.13â 


6000 


42 4 


6 6 

8.1 


5 » 

7,2 


5 3 4 6 

G. 5 5 (» 


4 

4.9 


3 7 

4 5 


3.4 
4 2 


3.0 
3.7 


2.7 
3.3 


4 


1 


147 


7200 


48.4 


7,0 


6 2 


5 7 4 9 


4 4 


4 


3 7 


3 3 


2.9 


8.6 


7.(\ 


7.0 6 


5 4 


4 9 


4.5 


4.0 


3.6 


3 


1 


106 


12700 


60.5 


S. S 
10,8 


7 9 

9 7 


7 3 4 

8 9 7 8 


57 

7 


5 2 

6 4 


4 8 

5.9 


4 3 

5 3 


d.o 

4,8 


6 


Il i 


£33 


18000 


72 6 


9 8 
12,0 


9 

11,0 


8 3 7 3 

10,2 8.9 


6 

8.1 


6 1 

7.5 


5,7 

7.0 


5 

6.1 


4.0 

5.6 


7 


i\ 


282 


26300 


84,7 


11,4 
13 9 


10 4 

12.7 


9 " 8 6 

11.9 10 5 


7,8 
9 6 


7 2 

8,8 


6 7 

8.2 


6 

7.4 


5.5 

6.7 


8 


i\ 


.331 


36300 


96,8 


12 8 


11.8 


U.O 9.9 


90 


8.3 


7.8 


7,0 


0.4 


15.5 


14.4 


13.5 12 1 


11,0 


10.2 


9.6 


8.6 


7,8 


9 


i\ 


368 


44800 


10s 9 


13 6 

16.6 


12 7 

15.5 


11 910 7 
14 5 13 1 


98 
12.0 


9,1 


8.5 
tO 4 


7.7 
9.4 


7.0 

8.6 


10 


a 


,417 


5754)0 


m 1 


14.9 
18,2 


13,9 
17.0 


13.111.9 

16,014.5 


10,9 
13.3 


10.1 

12.4 


05 
11,» 


8 6 

10.5 


7.9 
9.7 


IS 


ij 


.515 


87700 


145 3 


17 1 


10.2 

19.8 


15 414.0 
18.817.1 


13 0112 1 

15.9[14,8 


Il 4 

13.9 


10 4 

12.7 


0.5 

11.6 
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Table No. 21 (ConhnuecO— STRENGTH OF FLOOR-SLABS. 
Bold-faced type, A/ = iu?Z*; light-faced type, M'^-^wP. 
5. /c-600 /a-14,000 R 102 p=-.0084 



H 


ill 






SE 


Span in Feet for dît en Xet I^Oiui» per Square FoCft 
of Fttwr in PouïicU. 


p 


50 


75 


100 


150 


200 


250 


300 


400 


â)0 


2 


i 


1% 


1900 


«1 3 


4 1 


3.0 


3,2 


27 


2 4 


2 2 


2.0 


17 


1.6 










5 


4.4 


3.9 3.3 


2.9 


2 7 


2.4 


2 1 


2 


2} 


i 


176 


a8oo 


S0.4 


5 6 

6.t) 


4.9 

r> 


4.4 

5,4 


3.7 

4.5 


3.3 

4.0 


3 

;i,7 


2.7 
3.3 


24 

3.9 


2 2 

2 7 


t 


1 


.226 


6200 


$6.5 


6.9 

8.4 


6 1 

7.5 


5.5 

6.7 


4 7 

5.8 


4.2 

5.1 


3.8 

4.0 


3.5 
4 3 


3 1 

3.8 


2.8 
3.4 


a 


I 


2"- 


9300 


42.7 


S. 2 
10 


7 2 

8.8 


6 6 

8.1 


5.7| ô 

7.0 6.1 


4 6; 4 2 

5.0 5 1 


3.7 
4 5 


3.4 

4.2 


4 


1 


.Wi 


UOOO 


48.7 


8 6 
10 f) 


m m 

4 . 4 

9.4 


7 

8 ri 


6 1 5.4 

7 5 6.0 


5 O' 4 6 

Û.l' 5 G 


4 

4,9 


3 7 

4.5 


6 


1 


.mi 


lïMUlO 


tM>.9 


10 8 

m. 2 


9.8 

12.0 


9 

u.o 


7.0 7 1 

9.7, 8.7 


6 5; 6 
8.0 7-4 


5.3 4.8 

0.5 5.9 


« 


It 


478 


**7700 


73 1 


12 2 


11 2 


10 3 


9j! 8.2 


7 5 7 


6 2 5 7 








14.9 


i:i.7 


12 6 


11.1 10.0 


9,2 8. fi 


7 7.0 


. 


li 


*^7U 


40600 


85 4 


14 1 


13 


\t\ 


10,7. 9.7 


9 o! 8 4 


7 5 6.8 










ii/2 


\hM 


J^.8 


i:j.rii.9ii.om a 


9.2: 8 3 


8 


U 


.660 


S50€O 


«7.8 


15.9 


14 7 

li.o 


13 7 

10.8 


12 2 

14,9 


11.2103 9 7 

13.7112.0 11.9 


8 6 7 9 

10.5 9 7 


g 


IV 


-755 


69000 


1IM1 fi 


16 9 


15 7 


14 8 


13 3 


12 2111 310 6 


9.5 8.7 






i>wwwF .^^ ^.^ 


19.2 


IH l 


15.2 


i4.în3.8 


(2,9 


11-010.6 


10 


li 


gôâ 


flflArtï'i»»*» ftl^ 5Ï7 3 


16 3 

19,0 


14 " 

18.0 


13 5 

16.5 


12.6 
15.4 


Il 8 

14.4 


10 6 9.7 

12.9 11.9 


IS 


li 


1 a%7'i^-^«*Mi'iM i|si-*|âo.i 


19 1 


17,4 


16.1 


15.0 


14.2 


12.811.8 








' 


26.2 


24.0 


23. a 


21.3 


Ï9 7 


18.3 


17,3 


15.714.4 



/c=600 /,- 15,000 



/e = 98 p=.0075 



2 


\ 


112 


24 


\ 


.157 


3 


\ 


.202 


3i 


\ 


.247 


4 


1 


.270 


5 


1 


.360 


6 


1} 


427 


7 


U 


.517 


8 


li 


.607 


9 


li 


.675 


10 


14 


.765 


12 


14 


W5 



1800 

3600 

6000 

8900 

10600 

18900 

26700 

39100 

53800 

66400 

85300 

130200 



24 
30 
36 
42 

48, 
60 
73 
85. 
97 



109.6 



121 
146 



4 1 

5.0 
5.5 

6.7 
6 8 
8.3 
8 
9.8 
8. 

10. 

10 

13. 



12.0,11 

14.7|l3 
13.912 
17.015 
15 614 
19.1J7 
16.715 
20.4,19 
18.217 
22.220 
21.119 
25.8 24 



2 

3 
3 
4 
4 
5 
5 
6 
6 
7 
7 
9 
8 

12.410 
11.910 
14.512 
13 512 
16.514 
14.613 
17.816 
16.014 
19.517 
18.817 
23.0 20 



8.0 
6.9 
8.4' 
8.8| 
10.8 
10.1 



2 3 

2.8 

3 2 
3.9 

4 1 



I r 



9.6, 
11.710 
111.010 
8;i3.5 12 
112.011 
14.7 13 
513.312 
716.215 
1,15.814 
919.3 18 



19 

2.3 

2 7 
3.:^ 

3 4 

4 2 
4 2 
5.1 

4 5 
5.5 

5 9 
7 2 

6 9 
8.4 
8.2 

10.0 

9.5 

11.6 

10 4 

12.7 

11.6 

14.2 

8114.0 

l|l7.1 



1.5 

1.8 
2.1 
2.6 

2 7 
3.3 

3 3 
4.0 
3.6 
4.4 

4 7 
5.8 
5.6 
6.9 
6.7 
8.2 
7.8 
9.6 
8.5 

510.4 
4| 9.6 
711.7 
611.6 
414.2 
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FORMULAS, DIAGRAMS, AND TABLES. 



Ch. VI. 



Table No. 21 (Con/inuerf)— STREÎWTH OF FLOOR-SLABS. 
Bold-faced type, M = iwl^; light-faced type, M^-^P. 
7. /c = 600 /,= 16,000 /e = 95 p = .0068 






•bIi 

^^1 



û}\ III 






ï 

ri 









Spsn in Feet for Gîv^n Sei ï-ramlB per Bquajv Foat 
qI FJuur ui FûiuidA. 



50 



75 



100' 15Q 

i 



^X) 



250 



300 



400 



500 



4 



7 

H 

9 

10 

12 



î 

i 
î 
î 

1 

1 

li 

n 
u 
li 
li 



14S 

lëâ 

24â 

385 
4iW 

eos 

689 
R51 



ISOO 

oSOO 
S600 
103(10 
1S300 
25700 
37-00 
52000 
e4200 
S2400 
125S00 



24.2 
30 3 
3« 4 
42 « 
48 G 

m». 8 

73.0 
85.2 
97 7 

im A 

121 6 
146 2 



4.0 

4.9 

S. 4' 
0-0| 

Ô.7 

7.9 

9.7 
8 3 
10.2 
10.5 
12.8 
11 8 
14.4 
13 6 
113.6 
15.3 
18.7 
16.4 
20,0 
17 
21.9 
20 6 
25 2 



:i 

m 
i 

S 
9 
2 


.6 
4 

.0' 

.5i 
.510 
.7| 9 

511 

.:i,i4 
213 

.:mc 

214 

.6' 17 
715 
.4 19 
,418 

-7 22 



.61 2. 



C 7 
5 9 
7.2 
7 6 

9.:i 

8,7 
10 Ë 

10 3 
12.0 

11 S 10 
14 4 i:^ 

12 811 
15.7 14 
14 2 13 

2 17 :U6 
416 815 
520,5 19 



5 10 
.810 

810 

.4 y.i 
.112 
.014 
514 

.017 



1 

6 

9 

6 
.7 
.5 

4 
.4 
.8 
.9 

3 

7 
,3 
.9 
,7 
,6 



211 

910,2 

a 12-5 

211.4 

9 13.9 
513.7 

7,16.8 



1 9i 

2.3, 
2.7' 
3.3 

3 4 

4 2 

4 1 

5 
4 4 
5.4 
5.8 

7 1 

6 8 
8, H 

8 1 
9.9 
9.4 



8 

8 

5Î10 



4 7 

5.8 



9. 

8. 
210.3 
2 9.4 
.511.6 
.411.4 
.213.9 



8. 
S 

2* 
3 

3) 
4 

6 

7 

8 

9 
19 
12 



/c = 600 /«= 18,000 



R = S9 p=.0056 



l 


083 


l 


.11: 


î 


150 


i 


.183 


1 


200 


1 


267 


i\ 


317 


n 


383 


li 


450 


n 


500 


u 


567 


u 


7Û0 



1:00 

3300 

5400 

8100 

9600 

17100 

24100 

S5300 

48tî00 

mmm 

77100 
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Table No. 21 (Con/iniW)— STRENGTH OF FLOOR-SLABS. 
Bold-faced type, 3/ = Ju?Z*; light-faced type, M =»-ïVi''i'. 
/g = 700 /,= 14,000 i2=129 p = .0107 
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Table No. 21 (Conhnuerf)— STRENGTH OF FLOOR-SLABS. 
Bold-faced type, M = iwP; light-faced type, M-^-^P. 
fe=700 /,= 16,000 /2«120 p-.0087 
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CHAPTER Vn. 
BUILDING CONSTRUCTION. 

153. Division of the Subject.— The various éléments of 
building construction relating to rcinforced-concrete design 
may be grouped under the following heads: (1) Beams fonn- 
îng a continuons sur."acc, as floor- and roof-slabs; (2) Floor- 
beams and girders; (3) Colunms; (4) Footings; (5) Walls and 
partitions. In the discussion of thèse various cléments con- 
sidération will be given to the tletermination of stresses, the 
design of the members, and the an-angement of connective 
détails. 

154. General Arrangement of Concrète Floors. — TSvo gên- 
erai types of floors may be considered: (1) that in which the 
floor- slab is supported on stoel beams, and (2) that in which 
concrète beams are used, the floor of the entire structure being 
of a monolithic charactcr. In the former case the steel sk(^le- 
ton consists of colunms, girders, and cross-beams, the beams 
being spaced commonly about 6 feet apart. The floor-slab 
is supported mainly l)y the cross-beams. The same variety 
of arrangements is used in the case of all-concrete structur(»s, 
the cross-beams being spaced usually from four to six feet 
apart. The cross-beams may in this case be entirely omitted, 
giving span lengths of 15 to 20 feet. Sometimes, also, the 
cross-beams are ins(îrted only at colunms, forming a nearly 
square panel of the floor-slab, wliich is then considered as sup- 
ported on four sides. 

155. Stresses in Continuons Beams.— Since floor-slabs and 
beams are commonly designed to act as continuons beams 
it is important to investigate the possible stresses under such 
conditions, although exact calculation is impracticable and 
imnecessary. In the case of floor-slabs there is usually a 
large number of consécutive spans and the loading producing 
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the theoretical maximum moments at various points would 
involve unreasonable assumptions as to position of live loads. 
Sufficiently exact analysis may be arrived at by considering 
certain simple cases. 

Moments in Beams of Two and Three Spans, — Inasmuch as 
the conditions for a theoretical maximum are more likely to 
occur in beams of two or three spans than where the number of 
spans is large, an exact analysis will be made of maximum 
moments at ail points for the beam of two spans and for the 
beam of three spans. The spans will be assumed equal and 
the beam considered as continuons but freely supported at 
ail points. Assume the dead load to be a uniformly distributed 
load, =w per lineal foot, and the live load to be also a uniform 
load, =p per lineal foot, but distributed over such portions 
of the beam as to cause a maximum moment at the given 
section. The maximum moment is readily calculated by 
means of the usual continuons girder formulas. The calcula- 
tion will not be repeated hère. The results are shown graphi- 
cally to scale in Figs. 71 and 72. The dotted Unes relate to 
dead-load effects and the dashed Unes to Uve-load effects. 
The span length and the load per foot are assumed equal to 
unity. If / = span length, the true moments wiU be found by 
multiplying the proper ordinates by wP or by pP respectively. 

The coefficients of wP and pP for the maximum positive 
and négative moments for the two Ix^ams are as foUows: 

Maximum 

near Conter Maximum 

of Spaii. at Support. 

(+) (-) 

Beams of two spans (Fig. 77) : 

Dead load 070 .125 

Live load 095 .125 

Beam of three spans (Fig. 72): 



Dead load 



Ist span 080 

2dspan 025 



.100 



T . I I f Ist span 100 1 , ^- 

Live load -1 ^ , ,.^- \ .117 

[ 2d span 0/5 J 
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Fio. 71. — Moments in Beams of Two Spans. 
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FiG. 72.— Mom'^nt.s în Beams of Three Ppans. 



301 £niJ>ING OC*X5TErCTI0X. ICH.VIL 

I: :br ir&.i bui rvr J•'JA'i^ sj*- ^«nfaÎDHl into a single unit 

for tir: p'-Lnxi=e§ •:•: auriiiik*!;. ihe pToper cwfficîeDt for 

V — z/ T»"!!] i-Tier^i o:^ ihr rekik^n ctf de»d and Eve kmcL If, 

for ex&niik. tbe i'^i IcA^i is ox^e-half the lire kttd, then there 

result*. for ir**- nr?! «te*-. 

Maxiîr:uni pointive moment = . 087 nf—p)P, 
Maxiijjuiii nesaîive moment=^J,»f — p;P, 

and for ihe jj^-ori'l case 

Maximum positive moment = . 093 iif+p)P, 
ilaximum négative moment = .111» ir+p)P. 

In Fig?. 71 and 72 the full lines represent the maximum 
moments throughout the beani for the condition that tr=Jp; 
thesf.' linf.»?? an- particularly aseful in .showing the relative dis- 
tances from the .sup[xjrt.s over which positive and négative 
monient.s may occur. 

MomentH in Bmms of lèverai Spans. — In the case of several 
epans it will Ix? practically correct m calculating positive 

FiG. 72a. 

momonts to ronsidor that tho maximum moment at the center 
of the spaii is th(^ inaxiniuni desirod. (Strictly the maximum 
ÎH K(Mi(M*ally not (iuit(î at th(^ cnitor.) The loading required 
for innxiiiiiiin livc-load inoinrnts is illustrated in Fig. 72a, 
wlîich shows iii {(t) [hc loading for niaxinunn positive moment 
in spans 2 .'{, I o, and ()-7, and in {h) the» loading for maximum 
ticfîativi» nioni(»nt at s\ii)port No. l]. For tho fonner case each 
altt'pnatc span is loadcnl and, for tlu» lattor. tho two adjoining 
spans an» loatlod and thoi\ oach altcTuate span. Calculations 
havr Ihm»i\ niado for vi\v\\ span and (»ach sup|H)rt. for 4, 5, 6, 
and 7 spans. and givon in Tahlo LM.l. It is found in gênerai 
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that for ail spans and supports, cxcept the end span and 
support adjacent thereto, the maximum positive and négative 
moments do not vary greatly for the différent spans, but for 
thèse end spans and supports they are considerably larger 
than for intcrmcdiate spans. The results are, aceordingly, 
arranged in two groups in the table. For the intermediate 
spans the greatest value for the several spans is given. The 
table also ineludes the previous results for two and three spans. 



Table No. 21A. 
OOEFFCIENTS FOR MAXIMUM MOMENTS IN CONTINUOUS BEAMS. 





Intermediate Spans and Supports. 


End Span and 2d Support. 


No.of 

BpUM. 


AtCenter ( + ) 


At Support ( - ) 


At Center ( + ) 


At Support (-) 




Dcad. 1 Uve. 


DcatJ, 


live. 


Dead. 


Uve. 


Dead. 


Uve. 


Two ! 






.070 


.095 


.125 


.125 


Three. . 


.025 1 .075 






.080 


.100 


.100 


.117 


Four . . . 


.036 1 .081 


.071 


.107 


.071 


.098 


.107 


.120 














(.115) 


Five 


.046 .086 


.079 


.111 
(.106) 


.072 


.099 


.105 


.120 

(.116) 


Six 


.043 .084 


.086 


.116 


.072 


.099 


.106 


.120 






(.106) 








(.116) 


Seven . . 


.044 .084 

1 
1 


.085 .114 
( . 106) 


.072 


.099 


.106 


.120 
(.116) 



The quantities in parenthèses are the coefficients for live- 
load moments over supports where the two adjoining spans 
only are loaded. The cffect of loading each ahemate span in 
addition to thèse two spans is seen to be small; and consider- 
ing that such a loading woukl bt^ extremely improbable, and 
also the fact that a comparatively small amount of load on 
the other spans would noutralize this effeet, it is apparent 
that the quantities in panuitheses may be taken as reason- 
able maximum values. The two-span beam should preferably 
be treated as a spécial case. 
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Finally, leaving out of account the two-span beam, the 
following values may be taken as reasonable maximum values 
for beams of any number of spans. 





Intermediate Spans. 


End Spans. 




At Center. At Support. 


At Center. 


At Support. 


Dead load moments 

Live load moments 


.045 ' .085 
.085 i .105 

1 


.075 
.100 


.105 
.115 







Practical Working Coefficients for Moments. — It is generally 
convenient to adopt some simple fraction, such as J, ^, or 
^ for the coefficient for both dead and live loads for ordinary 
calculations, and if the same coefficient can be used for both dead 
and live load it is désirable to do so. The live load will gener- 
ally range from two to five times the dead load. The average 
coefficients for the combined loads, for varions ratios of live 
to dead load, using the separate values above given, are as 
f oUows : 



Ratio of 
Live : Dead. 


Intermediate Spans. 


End Spans. 


At Center. 


At Support. 


At Center. 


At Support 


2:1 
3:1 
4:1 
5:1 


.072 
.075 
.077 
.078 


.098 
.100 
.101 
.102 


.092 
.094 
.095 
.096 


.112 
.112 
.113 
.113 



It will be seen from this table that for ordinary proportions 
a single coefficient may wcU be used for both dead and live 
loads. 

Before adopting final values considération should be ^ven 
to certain modifying influences. The beams and slabs are net 
freely supported as assumed, but are, to a considérable extent, 
fixed at the supports. This tends to reduce the maximum 
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moments. The supports, also, are of considérable width, so 
that if the span lengths be taken center to center, the négative 
moment at the edge of the support is considerably less than 
the caculated maximum. Thus if the width of support is ^jth 
the span length the négative moment at edge of supix)rt is 
about 25% less than at center of support. The slab also is 
greatly strengthened by the adjoining floor structure, as ex- 
plained in Art. 150, and is also much simpler in design than 
the beam, and hence need not be so liberally proportioned. 
Fiulhermore, it is generally convenient to use the same amount 
of Steel over the support as at the center, so that the moment 
at support will govem the design. Considering ail thèse 
éléments the foUowing coefficients are proposed for both dead 
and live loads, and for both positive and négative moments : 

For slabs of médium or short span : 

Intermediatc and end spans ^j 

For beams and for slabs of long span : 

Intermediate si)ans ^ 

End spans ^^ 

A value of ^^ is commonly used throughout, but this is 
unnecessarily large for most slab spans, although it might well 
be used for beams if it is desired to hâve a fixed value for ail 
spans. 

Remarkfi. — The foregoing calculations assume uniform 
moment of inertia and then^fore that about the same amount 
of Steel is us(^d for négative as for positive moments. The 
effect of variation in moment of inertia is discussed in Art. KiO. 
Equal spans arc also assumed. Where span lengths vary 
greatly, spécial calculations should be made, but the use of 
j)j for the gênerai coefficient will provide ample strength in 
ail ordinary cases. This would require an actual resisting 
moment at each support of only about ^pP in order that the 
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center moment be retluced to ^pP. Cases of heavy con- 
centrateil loads must be given spécial coDsideration. 

Shears. The niaximum shears near supports are not 
greatly affected by mo\'ing loads. For intermediate spans 
the maximum end shear may be taken at one-half of the span 
load: for eml spans the shear near the second support will 
be approximately six-tenths of a span load. 

156. Effect of Rigid Supports on the Resisting Moment* 
If a flat slab is held between unjielding supports, such as fixed 
I-beams, a strength, or resisting moment, will be developed 
in the slab even though there be no steel reinforcement. Fail- 
ure cannot take place without the crushing of the concrète 
either at the center or at the support. For short spans this 
resisting moment (the so-called " arch action '') is about as 
great as will exist in the slab if reinforced and simply sup- 
ported at the ends. In the case of a flat reinforced slab such 
rigid supports likewiso add considerably to the strength of 
the slab, giving the effect of partial continuity. 

In practice, the sup|X)rts of slabs of short span length, 
whether consisting of I-beams or of concrète beams of which 
the slab is a part, are rendered very rigid by reason of the 
action of the adjoining floor-panels. Even where the slabs 
are simply supportai on the tops of steel beams the adjoining 
slabs prevent to some extent latéral motion, rendering ail such 
spans partially continuous. The strengthening effect of rigid 
supports is, therefore, especially great in the case of narrow 
floor-spans and where thcre is a large numbcr of consécutive 
unbroken panels, l'nder such conditions reinforcement against 
négative moment is hardly necessar}\ For long spans and for 
spmis on the outside of a System the effect is small. 

157. Slabs Reinforced in Two Directions.— If the panel 
between beams is square, or nearly.so, the slab may advan- 
tageously be reinforced in both directions. The exact analysîs 
of stresses in such a case is difRcult, if not impossible, as the 
(effect of the more or less rigid supports is especially important 
aiitl the problem is otherwise difficult of exact treatment. 
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The following solution for square and rectangular slabs will 
serve to show, approxiniately, the relation of the loads car- 
ried by the tv\'o Systems of reinforcenient. The results are 
cortainly safe and do not vary much from rules of practiee, 
but ix)int to a soniewhat more economical use of material. 

158. Square SUM, — In this case the reinforcenient should 
be of equal amount in the two directions. It may be calcu- 
lated on the assumption that one half the load is carried by 
each System of reinforcement. The concrète is proportioned 
for only one System, or one-half the load, as the stresses due 
to the two Systems arc at right angles to each other and it is 
assumed that the stresses in one direction do not weaken the 
concrète with respect to stresses in the other direction. The 
loatling on each System is usually assumed to be uniformly 
dîstributed, resulting in an equal spacing of rods throughout 
the beam. This assumption is, however, far from the truth, 
and while giving safe results it is désirable to consider a more 
exact analysis of the problem which will show that the rods 
should be spaced doser at the center than at the edge. 

In Fig 73, ABCD represents a square slab supported on 
ail sides and loaded with a imiform load w per unit area. 
Consider the relative amounts of load carried by the System 
parallel to aaf and the sj^stem parallel to mmf. At the centre 
0, and at ail points on the diagonal Unes AD and CB, it fol- 
lows from symmetry that the loading is ecjually distribute;l on 
the two Systems and is equal to io/2. At pohit E the pro- 
portion of the load carried by the system aaf will be much 
greater than that carried by the System 7nm\ since for given 
loads the beam élément along aa' will deflect nmch less at 
point E than will the élément along mm'. In gênerai, there- 
fore, as we approach the sup{X)rt BD the proportion of load 
carried by the system oa' increases, reaching a value of w at 
the extrême end a\ The distribution of load on aa' may then 
be rouglily represented by the ordinates from AB to the ciirved 
Une aOa' of Fig. 74. Consider now the load along a Une 66'. 
At points F and F' the load wiU be w/2; at point G' it will 
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be ksB than fr/2. beîng the sanie as the kttd gh the System fnm^ 
at G- It will be shown in Fîg 74 by the oïdinate GH from 
Ot/ to the Hne aa". At the eal 6' the kttd will be u?. The 
curve of rlistribution \rill thoa be sonicwhat as repres^ited 
by the Une aG^a' in Fîg. 74, in which G^K =GH. 

Assuming the cun e aOc' to be a parabola it is found that the 
centre bending moment along the Une aa", for a beam one 
foot wide, will be è (m'/2)P instead of ^ (ir/2)P, as résulta 





H 




a' 



!G' 



FiQ. 73. 



K 

—i 

FiQ. 74. 



froni the usual assuniption. The spacing of the rods at the 
centre niay then be detemiined on this basis. At points inter- 
niecUate bet\vcen the centre and the e^lge, the rods might well 
be spaced so that the nuniber per foot would vary froni the 
re(iuired nuniber at the centre to zéro at the edge, following 
the lavv of the parabola. If N représenta the total number 
reciuircd on the ordinary assuniption of equal spacing, then 
flA'X§, or iN, would represent the niorc correct number 
whcîu spaced as hcre calculated. Practically as good résulta 
will l)(» secured if the rods are spaced uniformly at the usual 
8[)acing, (hitermined by the foniiula A/ = J(u'/2)P, for the cen- 
tre half of the slab, then gradually reducc the number per 
foot to the (îdge of the slab, using one- half as many rods for 
the rcîniaining two quarteis. The total number used would 
tluui be IN instea^l of IN as "al ove déterminée!, but the 
stnaigth would l)e ample. If the slabs are continuons, thea 
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à or à should be substituted for J in the formula for Af , as 
may be permissible. 

159. Rectangular Slabs of Greater Length than Breadth.— 
As a slab becomes oblong in form the relative amount of load 
carried by the longitudinal System 
becomes rapidly less. Fig. 75 
représente an oblong slab of length 
l and breadth 6. Consider a cen- 
tral strip one foot wide along the 
line aa' and also along the line mm\ 
Suppose the rods to be ^paced 
equally in the two directions so that the moments of inertia 
of the strips are equal. Let ii;=load per foot on the strip 
mmf and t(/=load per foot on aa\ The deflection of a beam 
uniformly loaded is proportional to ivl^j hence, since the deflec- 
tions of the two bcams are equal, we hâve wl*==v/b* or w:v/ 
=b^:l^. That is, the amount of the load carried (per square 
foot) by the two Systems is inversely proportional to the 
fourth power of the respective dimensions. For points nearer 
the ends of the slab the proportion carried by the longitu- 
dinal System will be greater, but in any case the longitudinal 
rods will be much under-stressed. 

In accordance with this theory the proportion of the total 
load carried by the transverse System for varions ratios of 
Z:& is as foUows: 



Ratio l:b. , . 


1 


1.1 


1.2 


1.3 


1.4 


1 5 






Proportion of load carried by 
transverse system 


0.50 


59 


0.67 


0.75 


0.80 


0.83 



In the report of the French Commission the factors recom- 
mended give greater weight to the strengthening effect of a 
double System. Thcy are as foUows: 



Ratio l:h. . 


1 


1.1 


1.2 


1.3 


14 


1 5 






Proportion of load carried by 
transverse system 


0.33 


0.42 


0.50 


0.58 


0.G5 


0.72 








Proportion of load carried by 
longitudinal system 


0.33 


0.26 


0.20 


0.15 


0.12 


0.08 
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It Ls évident in any case that if the length is as mueh as 
25% more than the breadth the working stresses in the longi- 
tudinal rods will be much less than in the transverse rods, and 
that, in gênerai, it is not economical to reinforce long and 
narrow panels in two directions. 

Froni this discussion it is évident that longitudinal rein- 
forcement should not be used to carry load in oblong panels 
where the length exceeds the breadth by more than 15 to 20 %. 
An excess of 25% would seem to be about the practical limit. 
Whatever steel is placed in the longitudinal direction is used 
uneconomically. 

i6o. Reinforcement to Prevent Cracks. — WTiile longitudinal 
reinforcement is of little value in can^ing loads, a small amount 
is nevertheless often désirable in preventing cracks and in 
bînding the entire structure together. For a close beam 
spacing such reinforcement is hardly necessary, as the beam 
reinforcement itself thoroughly tics the structure longitudînally 
along the beam lines. For wide beam spacing it is more im- 
portant. Just what amount of steel is needetl is a matter of 
expc»rience. The use of }-inch or i-inch rods spaced about 
two feet apart is common practice. If a métal fabric is used 
for oblong panels, the longitudinal métal should be propor- 
tioned in accordance with the principles discussed in this and 
the preceding articles. 

i6i. Floor-slabs Supported on Steel Beams.— Many "Sys- 
tems '* hâve been developed of this type of construction, dîffer- 
ing from each othcr in form of steel used, position of the con- 
crète relative to the beam, use of curval or flat slabs, use of 
various kinds of hollow tile in connection with the concrète, 
etc. Suflicient examplc^s only will be given to illustrate 
the principles involved ; furthcr information regarcling the many 
Systems can readily be had from trade catalogues. 

Fig. 76 shows the floor placed directly on the tops of the 
beams. The reinforcenient may be small rods or a mesh- 
work of expanded métal or woven fabric. If reinforced as 
showii, the slab must be calculated as a simple beam, there 
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being no reinforcement against négative moment over the sup- 
port. For spans of considérable length some reinforcement 
for ncigalive moments is désirable to secure economy and to 




hifmnnn 
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prevent cracks în the upper surface, although the latéral 
rigidity due to adjoining panels is of much assistance, as 
ezplained in Art. 156. 

Kg. 77 represents a slab constructed after Hennebique's 




Fio. 77. 

System, to be supported by walls or steel beams. Small rods 
are used for reinforcement, every alternate rod being bent up 
and stirrups of flat steel looped on the straight rods. This 
is a very effective design to secure strength against shear or 
diagonal tensile stresses, but except where the floor-load is 
verj' heavy spécial shear reinforcement is hardly nealed în 
floor-sbtbs. Fig. 78 shows a more common design of non- 
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continuons slab, the concrète being supi)orte(l on the lower 
flange and the entire beani surroundcd. 

Fig. 79 shows a standard form of construction in which 






FlQ. 



Hie slab is practically continuons. The reinforcing material 
may be rods or a métal fabric continuons over several spans. 
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Figs. 80 and 81 show two fomis in which a bar is hooked 
arountl the beani flange. 




FiG. 80. 




FiQ. 81. 



Many other forms are employée!, some usîng a concrète arch 
with niore or le'ss reinforeenient. In sonie, also, the concrète 
slab is brought clown soniewhat below the beani, giving a plane 
surface on the under side. 

162. Floor-slabs in All-concrete Construction.— \V hère con- 
crète beanis are used the slab and beani are usually built simul- 
tancously, giving a nionolithic structure. The slab thus con- 
stitutcs part of the bcani, but to be effective thèse two parts 
niust be well tied together. \\ hère cross-beanis are used the 
span of the slab will conmionly range froni 4 to 6 feet in length. 
For such short spans a reinforcement of rods or métal mesh- 
work near the bottom only uill be effective as explained în Art. 
156. This reinforcement. if of rods, should be laid v ith lapped 
and broken joints to give continuity and to prevent the localiza- 
tion of contraction cracks in undesirable places (Fig. 82). The 
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beam, if well bonded to the slab, will make a very rigîd sup- 
port comparable to the I-beam. 

In the case of spans longer than 5 to 6 feet it becomes dear- 
able to reinforce against négative moment. This may readily 
be done by bending up a part or ail of the rods and extending 
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the bent ends bcyond tho beani. Fig. 83 illustrâtes two arrange- 
ments of this kind. In either case the amount of steel at the 












.y 
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top abo^^ the beam is the sanie as at the bottoni m the centre 
of the slah. Tlie resuit niay also l)e arrived at by using sep- 
arate straight rods, as shown in Fig. 84. The plan of bent 
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rods has a slight advantage as it reinforces 8ome^vhat against 
shearing failures, but this is not usually important in slabs. 
For very heavy loads, howover, it beconies of importance, and 
the sanie care should ne used as in the design of large beanis. 
Fig. 85 shous the Ilennebique bent-rod and stirrup Sys- 
tem applied to long-span slabs. 



Fio. 86 



The length of span over which négative moment is likely 
to exist niay he c\stiinat(\l from Fig 72. It is scen that in 
the centre span of a tllree-i^{)an girdor, where the dead load is 
one-half the live load, négative moment may, under extrême 
conditions, occur entirely across the beam. For long sf>ans a 
top reinforcement at least to the third point ^^ill be désirable, 
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but for short spans a less extensive reinforcement will bé 
suffi cîent. The effect of a less aniount of st^l is discussed 
m Art. 165. Other examples of slab construction are shown 
m Art. 168. 

163. Beams and Girders. — Econorftical Arran/jenient- -The 
arrangement of columns, girders, and beams is dctc^rmined 
according to the same principles as in steel construction. The 
spacing of colunms and girders will be determined largely by 
architectural considérations. The best spacing of cross-beams 
will differ in différent cases. Where the spacing of girders is 
not too great (12 to 15 feet) and where cross-beams are not 
needed to secure latéral stiffness, it will be a question of omit- 
tîng ail cross-beams, of inserting them only at colunms so as 
to fomi a square or nearly square panel, or of spacing them 
at doser intervais of 4 to 8 feet, using tw o or mon> to a girder- 
panel. The preceding analysis shovs that double reinforce- 
ment will not be economical for oblong panels. Cross-beams, 
if used, should therefore be arranged to give very nearly square 
panels or else be spaced much more closely, designing the rein- 
forcement so as to carry the entire load to the beams and 
thence to the girders. 

If not otherwise nealed, the use of cross-beams to secure 
square panels cffects little if any saving. The amount of con- 
crète will be less, but the amount of steel required w îU be more, 
and the extra beam will be more costly per unit volume than 
the slab. However, for the sake of latéral stiffness it will 
usually be désirable to place cross-beams at colunms. 

Where close spacing of beams is adopted the best arrange- 
ment dépends upon tho loading and the working stresses, as 
well as upon the cost of tho matorial and fonns. Heavy loads 
and low stresses call for largo w eights of concrète and tend to 
require the use of the niaterial more in the form of deep ribs 
or beams, as the deepor the beam the groater its moment of 
résistance for a gîven volume. If cross-beams are used, a 
spacing greater than 10 or 12 feet or less than 4 or 5 feet will 
seldom be economical. Architectural considérations will often 
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govcm, and frequently building régulations relative to ratio 
of span to depth will control. 

164. Distribution of Floor-loads to Beams. — Whei*e the floor- 
slab is reinforcal in one direction only the load will prac- 
tically ail be transniitted to the correspond ing beams, but at 
the ends of the panels a sniall part will be transferred directly 
to the girder. This may be negkKîtod in the calculations. In 
the case of reinforcenient in two directions, unless the panel 
is nearly square, the load niay still be assunied as ail trans- 
ferred to the side beams. If the panels are square, or nearly 
80, the distribution may be assumed in accordance .with the 
discussion of Art. 158. Thus the loa<.l brought to point a' 
(ïlg. 74) will be one-half of the area below the curve aOa\ 
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and the loa<.l brought to 6' will be one-half the area below the 
curve 6(j'6', etc. The distribution along the beam will then 
follow some such law as represented l>y the shaded area in 
Kg. 86 (a), the total load being necessarily {wl, where w; = floor- 
load per- square foot. It will be sufîiciently accurate to assume 
this curve a [)arabola. The centre bending moment in the 
beam, assumed as a simple beam, will then be equal to 

A distribution of load as représentai in Fîg. 86 (6), as is sonie- 
times assumed, gives a centre moment e(iual to -i^icP, a value 
about 7% higher than the above. A uiiiform distribution gives 
a moment equal to ^uP, a value 20% lower. 
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165. Design of Cross-beams. — In the design of beams the 
chief features are the detennination of the cross-section, the 
aiiioiint of Steel and its niake-up, provision for shearing stress, 
provision for négative bending moment and connections \vith 
slabs, otherbeanis, and columns. The proportions of thebeani, 
Avhether considered as a rectangidar beam or as a T-beani, 
will be determined by considérations discussed in Chapter V. 
Ratios of depth to width greater than 2 or 2\ are seldom usai. 
Reqiiirements of head-room, space for roJs, and shearing 
strength will limit the possible variations in proportions to a 
comparatively narrow range. Deep beams are economical of 
concrète but cost more for fonns than do shallow beams. . 

If th(î beam may be calculatal as a T-beam, the width of 
slab which may be counted on as a part of the beam is an im- 
portant ([uestion. Spécifications usually allow a width of six 
to ten times the thickness of the slab, but not to exceed the 
width between beams. As regards strength it would be verj* 
diflicult to secure so thorough a reinforcement of web as to 
make it possible to crush a flange as much as four times the 
width of the web; the excessive shearing stresses in the web 
would cause failure. As regards stiffness, which controls the 
IX)sition of the neutral axis, the width of the slab to be counted 
as part of the beam may and should be taken relatively gn»at. 
The ^^idth of flange being known, the design of the T-beara 
consists chiefly in the design of the web and the calculation 
of the steel cross-section. It will be only in the case of large 
ginlers that the compressive stress in the concrète will be a 
determining factor. Usually there is a large excess of material. 

If the beam is to be considered as continuons over sup- 
ports, the moment of résistance at the support nmst also be 
investigated. At thîs point the tension side is uppermost and 
the effective beam is now a rectangidar beam. The maximum 
moment is about the same as at the centre, thus requiring 
about the sanu^ an;ount of steel at the top as is required in 
the centre of the si)an at the bottom. The maximum com- 
pression in the concrète vàW be greater than in the centre and 



{166.] BEAMS AM) GIRDERS. 319 

will probably detennine tlic size of beani required unlcss 
spécial provision is madc for thèse stresses. This may be 
done by increasing the depth of the beam near the end, as 
shown in Fig. 87, or by the use of conipressive reinforcement. 
Such reinforcement niay be provided to a considérable extent 
by merely continuing the horizontal steel sufficiently to give 
the necessary bond strength (see Art. 123). If the horizontal 
steel near the end amounts to as niuch as 1% of the rectan- 
gular section, then considering both of two adjoining beams 
there would be available about 2% of compressive reinforce- 
ment. By Plate XII, p. 286, this amoimt would reduce the 
compressive concrète stresses about 42%. This would usually 
be sufficient. Inasmuch as a slight excess of stress at this 
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Fig. 87. 

point does not in any way endanger tho stnicture, merely 
increasing somewhat the positive moment on the l)eam, it 
would seem to be proper to permit the use of a higher working 
stress than at the center. An increase of 10-15% would be 
entirely safe. The necessary top steel at the end may be 
provided, as in the slab, by bending up a portion of the lower 
rods, or by using separate short rods, or by lx)th methods 
combined. To provide thoroughly for n(»gative moment the 
upper nnnforcement should extend to about the thîrd point, 
and in some cas(s still farther. Varions arrangomc^nts of 
bent-up rods are ilhistrated in the examples cited in Art. 
168. 

It has been assumod in the d(*termination of positive and 
négative bending moments in Art. 155 that the» mom(»nt of 
inertia of the b(»am is imiform throughout. As there shown, 
the resulting maximum moments at centor and support are 
not greatly différent and for ail practical purposes may Ixî 
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taken as equal, so that if fully reinforced the amount of steel 
and the moments of inertia will accord with the assumption. 
It is the practice of some designers, however, to consider the 
bcam primarily as a simple beam and design it to cany ail, 
or nearly ail, of the load as such. A relatively small amount 
of steel is then placed in the top of the beam over the sup- 
port, mainly to prevent objectionable cracks, but which is also 
in some cases counted upon to carry a portion of the moment. 
It is therefore of considérable importance to détermine the 
actual moments and stresses which occur at the centre and 
support in such a case. 

This problem has been concisely analyzed by Mr. P. E. 
Stevens,* and the foUowing rosults are from his paper. He 
assumed a uniform moment of inertia, =/o, for that portion 
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over the support in which négative moments exist, and 
another moment of inertia, =/i, for that portion of the rentrai 
part of the span in which positive moments exist (see Fi g. 
87a). Let Mo = bending moment at support and il/i=-bend- 
ing moment at center. Then for a uniformly distributed load 
the ratios of thèse bending moments for various ratios of /o:/i 
are as given in the table on page 321. 

The table also gives in the third and fourth columns the 
values of thèse moments expressed as percentages of the centre 
moment, IwPj for a simple beam. In the last column are given 
the ratios of the corresponding unit stresses in the steel, /o 
and /i, assuming the moments of inertia to be proportional 
to the amount of steel used. If, for example, the moment of 
inertia is the same throughout, the moment at the centre 
is XlwP and at the end is §Xji^P, as is well known. The 

* Trans. Am. Soc. C. E., Vol. LX, 1908, p. 496. 
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MOMENTS AND STRESSES IN BEAMS WITH VARIABLE MOMENT 

OF INERTIA 



Ratio. /o:/i. 


RaUo, Mo: Ml. 


Ml 


Afo 


RatiO of Streaeea, 
/o:/i. 


i 


0.8 


.55 


.45 


4.1 


} 


0.9 


.52 


.48 


3.7 


i 


1.1 


.48 


.52 


3.2 


i 


1.4 


.42 


.58 


2.8 


1 


2.0 


.33J 


.66} 


2.0 


u 


2.6 


.28 


.72 


1.7 


2 


3.0 


.25 


.75 


1.5 


6 


5.8 


.15 


.85 


1.0 



amount of steel should then be based upon the end moment 
and made uniform. Again suppose the amount of steel at 
the support be made one-half that at the conter and that the 
center be designed for ^wP = ,8XlwP. The actual moment 
will be 1^ of the assumed moment and the stress at the center 
will be the same proportion of the assumed working stress. 
At the end the fiber stress will be j§X2.8 = 1.5 times the 
assumed working stress. If a small amount of steel be placed 
at the end, such that /o//i = J, and the full bending moment 
provided for at the center, the stress at the center will be 
55% of the working stress and at the end will be 4.1 X. 55 = 
2.25 times the working stress. 

The treatment of girders is the same as described for beams, 
ît being especially important that the reinforcement pass well 
through the colunm. 

The arrangement of shear or web reinforcement for beams 
and ghxlers is of great importance, as it is in thèse forms where 
the web tensile stresses will be high. At points where the 
allowable shearing stress in the concrète is exceeded steel must 
be added in some f orm to carry a part of the stress, as explained 
în Art. 125. Where bent-up rods are used, as in Fig. 87, thèse 
rods aîd greatly în carrying shear, and where not spaced too 
widely may be counted on to add perhaps 50% to the strength 
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of the web. For thorough web reînforcemefit the stimip is 
Usually eniptoyed, or soïiie fomi of bent bar elosely spaced. 
ThLs reinforceniCDl may be ealculata 1 as explaîned in Art. 125, not 
tOTi rnuch reliance being plaçai on one or two bent rods. Web 
reînforcenient will uaially be neeJeil only for the end quarter 
or thin! of the l^eam. Xear the support, where the moment is 
négative, the tendency is for diagonal cracks to start at the 
top, while farther along the cracks tend to start at the bottom, 
as shoun in Fig. 87. Stimips at points of négative moment 
should loop about the upper bars, and at points (rf positive 
moment shoukl loop about the lower bars. A correct appré- 
ciation of the diagonal stresses in such continuous beams is 
important. 

The beam shouW be well bonded to the slab, especially 
near the end where the differential stresses between the two 
parts are large. This is well accomplished by means of the 
bent rods brought up as high as possible, and by means of the 
slab reinforcement which crosses the beam. Along the centre 
of the beam the matter is not of so great importance, but it 
is better to provide such bond by some form of vertical rein- 




forcement, such as stirrups, extending up into the slab at 
occasional irit(»rvaLs. This is of especial importance in the case 
of ginh^rs where the main slab reinforcement runs parallel to 
the beam. A gcKxl bond is also more necessar}^ the thinner the 
sections. Sections shown in Fig. 88, (a) and (6), are more 
favoralilc than such a section as in Fig. 88 (c). Shaqj reentrant 
angles in such a hrittle niaterial as concrète are points of weak- 
n(\ss, and where they exist a steel bond is désirable. 

i66. Columns.- There is little to be said hère relative to 
column design. Much différence of opinion still exists as to 
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the use of large or sniall quantities of steel and methocls of 
calculatîon. A conservative course should be pursued in this 
niatter, as the columns and beams in a reinforced structure 
are the vital parts of the structure. Working stresses in 
columns such as 700 or 800 Ihs/in^ should not be employée!. 
Where large arcas of steel are uscd, and figured at onlinary 
working stresses, such steel skeleton should not rely upon 
the concrète for rigidity. Concrète may, however, be relied 
upon to transmit loads from ginlers to colunms. AVhere small 
areas of steel are used the rais should be well lapped at the 
floor-level, and those from the lower colunms should extend 
upwards the fuU depth of the Connecting beams. The rods 
should be wcll banded together by steel bands or large wire 
so as to hold ail parts in position and to strengthen the column 
circumferentially. l'nless such banding is spaced very closely 
ît should not be counted upon, however, as "hooping." 
Brackets under ail Connecting girders are serviceable in 
stiffening the frame as well as in decreasing the stress in the 
girders. Rods of Connecting girders should pass well through 
the columns. 

167. EcceiUric Loads on Columns. — Where loads are applied 
on free brackets or cantilcvers the load is definitely eccentric, 
and the moment due to the same can readily be calculated. 
Moments are also caused in colunms by unevcnlj'' loadal panels 
through the rigid beam connections. Aasuming the beams 
rigidly fixed at the ends, a panel load on one without a load 
on the corresponding one on the opposite side will cause a 
bcnding moment in the beam at the colunm equal to i^pP, 
where p = live load per lineal foot of beam. This moment is 
resisted mainly by the column and the members attachée! to 
it in the same plane as the loaded beam, and in proportion to 
their moments of inertia divided by their lengths.* If the two 
beams are about as rigid as the column, then the moment in 
the column above and below the floor will be about one-fourth 
of the given moment, =- A^^P. This indicates, roughly, what 

* See Johnson's Framed Structures, Art. 154. 
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may be expected from unequally loaded floors. In the lower 
stories of a high building such a moment would be of little 
conséquence, but in the upper floors it nught add a large per- 
centage to the column stress. 

i68. Examples of Floor and Column Design. — The follow- 
ing examples hâve been selected from published designs as 
representing good practice and as illustrating more or less 
specifically varions features of design. 



yi% Ban s'apart, altornate ban 
beat upwitrd as ahowa 

SECTION. BEAM9 







î W 



■--ff 



ELEVATION. GiRDERS 



Fio. 89. — Détails of the Robert Gaîr Factory, Brooklyn. 

Fig. 89 illustrâtes the détails of the Robert Gair factory, 
Brooklyn.* The reinforcement of the columns varies from 
eight IJ-in. round rods at the base to four J-in. rods at the 
top. In the lower stories the bars are threaded and connected 
by sleeves. The rods are connected by hoops spaced from 
4 to 10 in. apart. The girders arc about 16 ft. apart, and the 

♦ Eng. Record, Vol. 51, 1905, p. 279. 
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beanis about one-third of this distance. Features of design 
to be noted are the brackets on the columns, bent rods and 
stimips in the beams, bent rods in the slabs, and longitudinal 
reinforeement by the use of A-inch bars. The stirrups are 
rather widely spacea. The Ransome bar was used except in 
the coluinns. 

Fig. 90 shows the détails of the Park Square Garage, Bos- 
ton.* The slabs are reinforced with expanded métal brought 




Fio. 90. — Détails of the Park Square Garage, Boston. 

ncar to the top surface over the beams. They were calcu- 
lattil as continuons girders. Beams and girders were cal- 
culated as T sections and figured on the basis of 375 Ibs/in^ 
conipressive stress, and 30 Ibs/in^ shearing stress with no 
web reinforeement, and 100 Ibs/in^ with such reinforeement. 
The column reinforeement consisted of round rods from 2} in. 
to J in. in diameter. They were banded by J in. bands. The 
concrète used in the columns was 1:1^:3; for the lower parts 
of the beams, 1 :2J :4; and for the upper parts of the beams and 
for slabs 1:2^:5. The close spacing of the stimips is note- 
worthy. 

♦ Eng. Recoixl, Vol, 52, 1906, p. 373. 
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Fig. 91 shows the construction for the Thompson and Mor- 
ris factory, Brooklyn. Comigated bars are used throughout. 







GIRDER DETAILS 

Fio. 91. — Détails of the Thompson and Morris Factory, Brooklyn. 

The girders are spaced 12 to 15 ft. apart and the beams 3 ft. 
9 în. apart, four to a panel. The heavy reînforcement for 
n^ative moment should be noted. 

Plg. 92 shows détails of the Citizens' National Bank Build- 
ing, Los Angeles, Cal* Large girders connect the columns in 
both directions, forming panels 17 ft. by 22 ft. Thèse panels 
are then subdivided into four smaller ones by cross-beams in 
both directions, a soraewhat peculiar arrangement used prob 
ably for architectural effect. The slabs are reinforced both 




F(G. 92. — Détails of the Citîzens' National Bank Building, Los Angelea. 

ways by f-in. twisted bars, 4J in. apart. The stirrups arc flat 
bands A"X2" and spaced 18 ins. apart except near the end, 
as shown. They are looped about the rods in a very effective 
* Eng. News, Vol. 56, 1906, p. 16 
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nianner. Note the sleeve-splice for the column bars. The 
beams and cohmms are macle of 1:2:3 concrète. 

Fig. 93 shows a typical gircler constnicted wîth the Kahn 
bar illustrated in Fig. 7, Art. 33. By usîng înverted bars over 
the supports négative moment can be" provided for, and at the 
same time additional shear reinforcement. 



m. 




"^''^''''T'W<['''rcyx-^'Wïiy;''i^^>^>''>'' 
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Fig. 93. — Reinforcement with the Kahn Bar, 

In executing work a practical clifFiculty of considérable 
importance is that of placing and kccping ail bars in their 
proper position mitil the concrète is in place. Very considér- 
able labor is reqiiirod in wiring bars in position, or in provid- 
mg other means of support, and careful supervision is necessary 
during construction to see that they remain in place. To 
avoid thes(î difficuîties varions arrangements hâve been devised 
for fastening together ail, or a part, of the rais of a single span 
mto a group which can l)e handled as a unit, giving rise to the 
so-called "unit frame". Thèse unités are obvioujsly not so 
adaptable to a great varicîty of conditions as singl(» independent 
bars, but their advantages are considérable* and thoy are ]>eing 
used to quite an extent. Fig. 94 illustrâtes one .such type of 



^ ^. 



w 




Fig. 94.— Unit Frame. 



construction manufactured by the Unit Concrète Steel Frame 
Co. of Philadelphia, and has been used in several buiklings. 
Some of the trans^'erse slab rods pa?s through the upper ends 
of the stirrups as shown. 
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Fig. 95 illustrâtes a kind of unit reinforcenient on the Bertine 
System and used in the warehouse of the Bush Terminal Co., 
Brooklyn* Round rods are used and tied together by round 
Steel stirrups. 




iV/i* 



Fio. 95. — ^Unît Frame. 



In ail the examples hère given it is to be noted that the 
différences of détail refcr alniost entin^ly to the niethod of 
carîng for the shearing stresses and in handling the reînforcîng 
members. The beam and slab arrangement is used in ail. 

A System of construction quite radically différent from the 
foregoing is showTi in Fig. 96, called the '* mushroom " System, 
de\îsed by Mr. C. A. P. Tumer. No beams or ribs are used, 
the loads being transmitted from floor-slab directly to the 
column. The reînforcement is essentially radial and the colunm 
is enlarged at the top to increase the circumference at the line 
of maximum stress in the slab. The floor is of imiform thick- 
ness throughout. 

To a certain cxtent this type of construction foUows the 
natural Unes of stress more closely than the rectangular ribbed- 
panel type; it is best adapted to large areas with few large 
openings. 

The analysis of stresses in this System may be made 
approximately by the application of the method given in Art. 
150, Chapter VI, and Plates X and XI. In applying this 
method to a continuons floor like the "mushroom" System, 
an estimate must first be made of the position of the " line " 
of inflexion with référence to the column. Noting that the 
point of inflexion of a beam fixed at the ends and uniformly 

* Eng. Record, Vol. 53, 1906, p. 36. 
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loaded îs about one-fifth the span length from the end, a suf- 
ficiently close cstîmate of the "Une*' of inflexioii can be made, 
It wUl evidentJy bc nean^r the enlumn than if the support were 
a contînaous walL Havhig estimatetl the Mue of inflexion the 
area within niay be treated roughly sê a circular plate loaded 
with the given unifomi load on its area and a vertical loml 
aloûg its periphery etiual to the remaining part of the load 




PLAN SH O Wl bl G F LOO R R E I M FO RC E M ENT ÔECTI ON AL È L ÊV ATiaH 

FîG, 96,-The'*Mu«hTOom" System. 

tributary to the coluinn, The diagranis thon apply dîrectly. 
Thus, supi)Ose the colmiuia are spaced 16 ft. apart and are 20 
îns. in diamfter at their upi^er ends. Suppose the load to be 
150 lljs/ft^over the en tire area. With columns 16 ft* apart, the 
diagonal spacing wîll be al>out 22,5 ft. The linc of infle?don 
will probably not be less than 3 f t. nor more than 4 ft. from 
the eolumn centre. Call ît 3.5 ft. The area of thïs circle wîll 
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be 38.5 sq. ft. The area of the entire square tributary to the 
column is 16x16=256 sq. ft. Hence the total load applied 
along the periphery will be (256 - 38.5) X 150 =32,600 Ibs., 
which will be equal to 1480 Ibs. per lineal f t. From Plates 
X and XI the value of Af i and M 2 are f ound to be : (a) for 
the direct load of 150 Ibs/ft^, 3f^=280ft.-lbs., 3^2= 1040 ft.-lbs.; 
(6) for the perîpheral load of 1480 Ibs/ft, 3fi = 2960 ft.-lbs., 
Af2=8650 ft.-lbs. If ri had been assumed at 4 ft. the values 
of M2 would hâve been 1500 and 9180 ft.-lbs., respectively. 
An inerease in column diameter to 30 ins. would reduce the 
moments M2 to about 980 and 6600 ft.-lbs. respectively, as- 
suniing a value of ri of 4 ft. 

In the illustrations shown the columns hâve been mainly 
reinforced by longitudinal rods. Varions types of banded or 
hooped columns are used more or less, but usually in connec- 
tion with longitudinal reinforcement. From the discussion of 
Chapter IV it would secm that large amounts of hooped rein- 
forcement should not be counted upon too greatly in the strength 
of the column. In some forms the columns are banded with 
spirally wound hooping, as in the Considère column, in others 
flat Steel is usai in riveted or welded hoops. Expanded métal 
is also used by wrapping around longitudinal bars. 

169. Footings. — The problem of the design of footings is^ 
în gênerai the same as that of floors. On account of the heavy 
concentrated loads and the large unit upward pressures of the 
earth against the footings the beam construction will be rela- 
tively heavy. The beams will be short and deep and will 
require spécial attention to provide against excessive shearing 
and bond stresses. For single footings of ordinarj' size a single 
syTiimetrical slab is most convcniont. For larger footings and 
for footings carrying more than one column, a combination of 
beam and slab, similar to floor construction, is often most 
economical. 

It is difficult to calculate accurately the stresses in a square 
footing, but assimiptions may be matle which will simplify 
the problem and giveresults woll on the safe side (see Fig. 97). 
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As a gênerai prineiple the pressures should be carried as di- 
rectly as possible from the extreinities to the centre. T\vo 
sets of main reinforcing rods aa' and 66' will then be used 
as shown in the figure. The reinforcing of the reniaining cor- 
ners can best be done by sets of diagonal rods dd'. If thèse 
cannot cover the area, then a few short cross-rods may be 
useil. Reinforced in this way the total pressure on the area 
ABCD niay be assumed to be carried to the Une BC, where 
the bending moment and shear will be a maximum. Figured 
as a free cantilever the resulting stresses will be higher than 
actually exist. If the entire square be reinforced by rods in 
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two directions only, as ee', then a considérable part of such 
rods in the corners of the square are ineffective. 

The method of analysis of Art. 150, Chapter VI, may also 
be applied to tliis problem. 

In the case of cantilever beams such as in footings the 
maximum shearing stress is near the centre where the maxi- 
mum moment occurs. Shear cracks tend to form on the dottal 
curved Unes, Fig. 97 (6). Bent rods, if used, must be bent up 
just outside the column, and not at the end of the bcam, and 
stirrups nmst be spaccd closely at this point. The ])eam l)eing 
short it may require spécial attention to bond stress. 

For large individual footings a beam and slab may be eco- 
nomical. To secure the benefit of a T section and to give 
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a flat upper surface the beam may be placed under the slab 
as shown in Fig. 98. Thîs arrangement requires some atten- 
tion as to connection of slab to beam, as the upward pres- 
sure against the slab tends to pull it away from the beam. The 
use of an extra horizontal rod in the top of the main beam 




Fig. 98. 

bonded by stirrups wiU give a thoroughly good anchorage for 
the transverse rods of the slab. For still larger areas a Sys- 
tem of girders and beams may be adopted constituting a floor 
reversed as to loads. 

170. Walls and Partitions. — The reînforcîng of thèse parts 
is largely for the purpose of preventing cracks or of localizing 
them to dcsired Unes* AMiere latéral pressures occur, of course 
the beam action must be considérée!. Walls are usually 3-6 
inchcs thick and reinforced both ways with J- to J-in. rods, 
spaced about 2 feet apart. 



CHAPTER VIII. 

ARCHES. 

171. Advantages o£ the Reinforced Arch.— If the loads on 
an arch were ail fixed loads, it would be possible in any case 
to construct an arch ring so that the résultant pressure at 
ail sections would intersect the centre of gravity of the sec- 
tion. The compressive stress at any section would then be 
uniformly distributed over the section, and the arch would be 
proportioned only for this uniform compression. The 'Mine 
of pressure" would lie at the axis of the arch throughout. 
If, however, the arch ring is not made to fit the " line of pres- 
sure", or if part of the load is a live load, then the résultant 
pressure will not in gênerai coïncide with the axis of the arch. 
Thcre will exist both bending and direct compression. If the 
résultant pressure and its position are known, the analysis of 
the stresses at any section is made in accordance with the 
method explained in Arts. 80-85, Chapter III. 

In ordinary masonry or concrète arches tensile stresses 
are not permissible. The ring must therefore be designed so 
that the line of pressure will not pass outside the middle third. 
In reinforced arches this limitation does not exist. The arch 
rib is a beam, and if properly reinforced it may carry heavy 
bending mom^^nts involving tensile stresses in the steel. 

Theoretically the gain in economy by the use of steel in 
a concrète arch is not great. If the pressure line does not 
départ from the middle third, the steel reinforces only in com- 
pression and in this respect is not as economical as concrète. 
If the line of pressure déviâtes farther from the centre, result- 
ing in tensile stresses in the steel, the conditions are such that 
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those stresses must be provided for by the use of the steel at 
very low working values. That is to say, the direct compres- 
sion in the arch is so large a factor that the liniiting stresses 
in the concrète wiU always resuit in very small unit tensile 
stresses in the steel where any tension exists at ail. 

Practically the value of reinforcement is very considérable. 
It renders an arch a much more secure and reliable structure, 
it greatly aids in preventing cracks due to any slight settlement, 
and by fumishing a form of construction of greater reliability 
makes possible the use of working stresses in the concrète 
considerably higher than is usual in plain masonry. Further- 
more, in long-span arches where the dead load constitutes by 
far the larger part of the load, any possible increase in average 
working stress counts greatly towards economy. It affects 
not only the arch but the abutments and foundations. 

172. Methods of Reinforcement — ^The reinforcement of 
arches is arranged in varions ways. Since the arch is a beam 
subject to either positive or négative bending moments it is 
essentîal that it should be reinforced on both sîdes, but the 
shearing stresses due to beam action are relatively small, so 
that little is needed in the way of web reinforcement. The 
arch is also subjected to heavy compression, so that it is désir- 
able that the inner and outer reinforcement be tied together, 
somewhat as in a column, although in this case the necessity 
therefor is much less. 

A large proportion of the arches which hâve been con- 
structed hâve been built according to some one of the various 
"Systems" that hâve been devised. The most important of 
thèse Systems are the Monier and the Melan. In the Monier 
System, invented about 1865, the reinforcement consists of 
wire netting, one net being placed near the intrados and one 
near the extrados. The longitudinal wires are made smaller 
than those following the arch ring, as they serve only to aid 
in equalizing the load and in preventing cracks. A large num- 
ber of bridges hâve been built in Europe on this System. 

In the Melan type, îiivented about 1890, the steel is m 
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the fomi of ribs of rollcd I sections, or of built-up lattice gir- 
ders, which arc spaced two to three fect apart. The flanges 
constitute thc principal reinforcement, but the web enables 
the Steel franie to be self-supporting and to carry shearing 
stresses, and in the open lattice type it fumishes a good bond 
with the concrète. The Melan arch has been built extensively 
in this countrj', largely under the direction of Mr. Edwin 
Thacher. 

Many arches are now being constructed in which reinforcing 
bars of any ..atisfactory form are employed without référence 
to any particular system, being used in accordance with the 
requirenients of the case. The problem of reinforcement is 
quite as simple as in a beam, after the moments and thnists 
in the arch hâve been found. 

ANALYSIS OF THE ARCH. 

173. General Method of Procedtire. — The method of analysis 
presented liere is based on the elastic theory and îs of gên- 
erai application to arches of variable moment of inertîa and 
loaded in any manner. It îs mainly an algebraîc method, 
although ccTtain simple graphical aids may be used advan- 
tageously. It necessarily assumes that a preliminary design 
has been made by the aid of approximate or empirical rules 
or by référence to the proportions of existing arches. This 
arch is then exactly analyzed and the results used in cor- 
recting the design; the corrected design may then in tum be 
analyzed if it départs too greatly from the one first assumed. 
A discussion of the varions rules for thickness of crown and 
fonn of arch will not be entered upon hère. For this infor- 
mation the reader is referred to the varions treatises on the 
arch, and especially to those of Prof essor Gain and Prof essor M. 
A. Howe. The work of Prof essor Howe on " S jinmetrical 
Masonry Arches''* contains a very useful table of data of 
existing masonry and reinforced-concrete arches. 

* New York, 1906. 
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The BHïBly^ia of an arch roa^utâ in the detennination of 
Ihft forces acting at any àef:tion, usually expressed as the 
UiTmi, the sihear and the bending mcmerUj at such âection. 
The thriLst Ls hère taken to be the component of the résultant 
parallel to the arch axis at the given point, and the shear îs 
the component at right angles to such axis. The thru5t causes 
simple compressive stresses; the ahear causes stresses siniilar 
to ihfjim: prrjrluccd by the vertical shear in a simple b:am. 

The metho^l of procédure will be to détermine, first, the 
thrust, shear, and Ijending moment at the crown. Thèse being 
known, the values of similar quantities for any other section 
can reariily be determined. A length of arch of one unit wilI 
be consîden,'d. 

I74« Thnsst, Shear, and Moment at the Crown (HoyVoyMo)* 

Notalû/n. ^Sfîfr Fig. 100.) 

Let /fo = thrust at the crown; 
Ko = shf:ar at the crown; 

J/o = lxmding moment at the crown, assumed as 

fKisitive when causing compression in 

the upper fibres; 

N, Vf and Af = thru.st, shear, and moment at any other 

section; 

R = résultant pressure at any section = résultant 

of N and V] 
ÔH = Ifngth of a division of the arch ring meas- 

urod along the arch axis; 
n=numbfîr of divisions in one-half of the arch; 
/«moment of inertia of any section = /eoocwt» 

+ wWi <^8ec p. 92); 
P=any load on the arch; 
X, 2/=co-ordinatcs of any point on the arch axis 
rcforred to the crown as origîn, and ail 
to be coasîdored as positive in sign; 
t» = bending moment at any point in the canti- 
lever, Fig. 100, due to extemal loads. 
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Let AB^ Fig. 99, be a symmetrical arch loaded in any man- 
ner with loads Pi, P21 etc. Divide the arch into an even num- 
ber of divisions (ten to twenty usually), making the divisions 
of such a length that the ratio dsxl will be constant. This 
may be done by trial or by the more direct method explaîned 
în Art. 178. Mark the centre point of each division and num- 




ber the points as shown. Consider the arch to be eut at the 
crown and each half to act as a cantilever subjected to exactly 
the same forces as exist in the arch itself, that is, the given 
loads, the reactions, and the stresses at the crown, represented 




Fio. 100. 



by Hq, Fo, and Mq (Fig. 100). Hq is applied at the gravity 
axis. 

Let m=bending moment at any point, 1, 2, 3, etc., due to 
the given extemal loads P (considering the arch as two canti- 
levers). Dénote by m^ the moments in the right half and 
by rriL those in the left half of the arch. AU the moments m 
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win be négative. The values of Ho, 7o, and Mq wiU then 
be given by the foUowing équations: 

nimy-lmly 
y ^{rfiB-mL)x 

«,._SH^^. (3, 

In thèse équations the summations ly, Ii^, and i*x2 are 
for one-half of the arch only; the summation Im is for the 
entire arch and is equal to IiriR+Imi^; th^ summation 
2{mti-m£)x is a summation of the products {mR-mi)x, in 
which viR and rrti, are the bending moments at corrcsponding 
points in the right and left halves which hâve equal al)scissas x; 
and the summation 2my is for the entire arch, but since sym- 
metrical points hâve equal y's this quantity may be calculated 
as 2(mB+nii,)y. A positive resuit for Vq indicates action os 
shown in Fig. 100. Ail quantities are readily calculated 
Distances should be scaled and quantities tabulated.* 

* Démonstration. — Consider the left-hand cantilever of Fig, 100. Under 
the forces acting the point C will deflect and the tangent to the axis at this 
point will change direction (the abutment at .4 bcing fixed). Let Jy, Jx, 
and J<l> be, respectively, the vertical and horizontal components of this 
motion and the change in angle of the tangent . 'l'hen accord ing to the prin- 
ciples relating to curved beams * we hâve the values 

Jy=^IMx^, Jx^IMy^, and J<l>^i:Mp^, ... (a) 

in which the various quantities ha\e the same significancc as in Art. 174. 

In like manncr, referring to the right cantilever, let Jy\ Âxf ^ and J^ 
rep pèsent the components of the movement of C and the change of angle of 
the tangent. Thèse may be expressed in terms similar to Eq. (a). 

Now evidently 

Jy^Jy', Jx= — Jx\ and J(f>'="-J(l)' (6) 

Furthermore, since âs/I is constant and likewise E, the quantity ds/EI may 
be placed outside the summation sign. 

> See Churoh's Mechanics, or Johnson's Framed Structures, p. 230. 
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175. Thrust, Shear, and Moment at any Section.— The 

values of Ho, 7o, and Mo having been found, the total bend- 
ing moment at any section, 1, 2, etc., is 

M--m+Mo+Hoy±VQX (4) 

The plus sign is to be used for the lef t half and the mmus sign 
for the right half of the arch. 

The résultant pressure, R, at any section of the arch is 
equal in magnitude to the combined résultant of the extemal 
loads between the crown and the section in question, and the 
forces Ho and Vq. Thèse résultants can best be found graphic- 
ally. The thrust, N, is the component of the résultant, R, 
parallel to the arch axis and the shear, V, is the component 
pcrj:)cndicular to this axis. 

176. Partial Graphical Calculation.— Where the loads are 
vertical the calculation of the quantities m can be advan- 
tageously performed by means of an equilibrium polygon as 
f oUows : 

Let AB, Fîg. 101, represent the arch axis. The load Une is 
a-o^. Select any convenient pôle on a horizontal Une through 



Using the subscript L to denot« left aide and R to dénote right side we 
then dérive the relations 

IMLy-IMRV, \ (c) 

IMl ^-IMr. J 

The moment M may in gênerai be expressed in tenns of known and un- 
known quantities thus: 

M£,= mL+3fo+£roy+ Fq» for the left side 
and 

MR = mB-\- M^+H^ — Vffi for the right side. 

Hence, substitut ing in (c) and comhining terms, and noting that 2M^ for 
one half is equal to /t^U^, we hâve 

Imijz-' ImRpc-{-2Vç^Sx^=0, (d) 

2mLy+ ImBy+2M^2:y+2H^Iy^''(i, (e) 

Imi, ^Imu +2nM^-{-2H^Iy^0, (/) 

From Eq. (<f) is obtAÎned Eq. (2), p. 268; and from Eqs. (e) and (J) art 
obtained Eqs. (1) and (3), noting that 2mj^+ i'mu— £m, and ImLy+ i'mj^y— 
Imy. 
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the point c, at the junction of loads Ps and P4, the loads adja- 
cent to the crown C. Construct the equilibrium polygon efgh, 
producmg to i and k the segment fg between loads P^ and P4. 
Drop verticals from the pomts 1, 2, 3, etc. The desired bend- 
îng moments m, at the several points, will then be equal to 
the corresponding intercepts 22, 23, etc., on thèse verticals 
between the equilibrium polygon and the Une ik, multiplied 
by the pôle distance H; or in gênerai m^Hz. 




FiG. 101. 

Finally, after the values of Ho, Fo, and Mo are found by 
Eqs. (1), (2), and (3), the truc equilibrium polygon can be 
drawn, if desired, and values of thrust, shear, and moment 
at varions points detemiined graphically. The true pôle is 
found by laying off Vo and Ho from the point c. The dis- 
tance of the equilibrium polygon above or bclow the axis at 
the crown is equal to Mq/Hq, It lies above the axîs if the 
resuit is positive and below if négative. The equilibrium 
polygon b then drawn from the crown each way towards the 
ends. 
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Where the loads are inclinée! at various angles it is still 
possible to use a graphieal process for getting values of m, 
but there is little to be gained in such a case. Af ter the values 
of Hoy Vo, and Mo are found, however, it will be expédient to 
draw a final equilibrium polygon, or Une of pressure, as ex- 
plained above. 

177. General Observations. — The method of analysis just 
described is brief , gênerai, and easily foUowed. The arithmetical 
calculations are not longer than those required in the usual 
graphieal process, while the graphieal aids hère suggested are 
of the simplest character. 

The loads and thcir points of application hâve been con- 
sidered apart from the divisions of the arch ring, as the two 
things are in no wise related. Where no spandrel arches are 
used and the entire load is applied continuously along the 
arch ring, the load may for convenience be divided to corre- 
spond with the arch divisions and applied at the center points, 
1, 2, 3, etc. This division is, however, of no importance, the 
only requirement being a sufïiciently small subdivision of the 
arch ring and of the load so that the errors of approximation 
will be negligible. Where spandrel arches are used, the live 
load and a large part of the dead load will be applied at the 
centers of the arch piers. The weight of the main arch ring 
may also be considered as concentrated at thèse same points. 

If calculations are to be made for more than one loading 
it will be noted that the denominators of the values for Hqj 
Vqj and Af do not change. The quantities involving m are 
the only ones requiring recalculation, and if the load on but 
one-half of the arch is changed, then the values of m for that 
lialf only need be recalculated. In the case of a symmetrical 
loading, or a load on one-half only, the calculation of m is 
also necessary for one-half the arch only. For symmetrical 
loads, 7o=0. 

178. Division of Arch Ring to give Constant *s/I.— In most 
cases the depth of the arch ring increases from crown towards 
springing Une, giviog a variable moment of inertia. Consider- 
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ing the concrète oiily, the moment of inertia wiU increase as cP 
so that a comparatively small change in depth wiU cause a 
large change in moment of inertia. To maintain 8s/I con- 
stant, the value of ds will therefore be much greater near the 
springing Une than at the crown, and hence to secure the de- 
sired accuracy the length of division at the crown will need 
to be made fairly short. The value of ds/I to adopt so that 
there will be no fractional division may be determined as fol- 
lows: 

Let i=y; 

io = mean value of i; 
6' = half length of the arch ring measured along the 

axis; 
n = dcsircd number of divisions in one-half the arch. 

Calculate first the mean value of i for the half arch ring by 
determining several values at equal intervais along the arch. 
Then the desired value of ds/I is 

^ = ^^ (5) 

In ' 

The value of ds/I being known, the proper length of ds for 
any part of the arch ring can readily be determined. Begin- 
ning at the crown, the length of the first division is deter- 
mined, then the second, third, etc., to the end. The length 
of a division not being exactly known beforehand, the value 
of / for that division will not be exactly known, but the neces- 
sary adjustment is very simple. 

In determining the value of / the steel reinforcement must 
be duly considered. 

179. Température Stresses. — For a rise of température of t 
degrees the increase in span-length, if the arch be not re- 
strained, would be equal to ctl, where c = coefficient of expan- 



§ 180.] STRESSES DUE TO SHORTENING OF ARCH. 343 

sion and Z=span. The restraint of the abutments induces a 
thrust Ho at the crown given by the équation 

H =:^ '^^'' * rfi^ 

° as *2[ni-t/2- (i'j/)2J ^^' 

The sunimations refer to one-half the arch. 
Having detemiined Ho, then 

Mo=-^2£y* (7) 

The bending moment at any point îs 

M=Mo+Hoy (8) 

The thrust and shear at any point in the arch are found 
by resolving Hq parallel and normal to the arch axis at that 
point. Graphieally, the true equilibrium polygon is a hori- 
zontal Une drawn a distance below the crown equal to Mq/Hq 

i8o. Stresses Due to Shortening of Arch from Thrust.— A 

thrust throughout the arch producing an average stress on 
the concrète equal to /<. Ibs/in^ would shorten the arch si>an 
an amount equal to fcl/E if unrestrained. This action develops 
horizontal reactions in the saine manner as a loweriiig of tcni- 



* Démonstration. — For température stresses A^ of Eq. (a), p. 338, is 
ro and Jx is 
therefore hâve 

and 



dl 
zéro and àx is equal to the change in leugth of the half-span, = — . We 

„., ds cU 



In this case, there bcing no extemal loads, m— 0, and from symmetry, 
Vo=0, hence M==M^-\'Hf^, Substituting this value of M in the above 
équations we hâve 

and 

From thèse are readfly derived Eqs. (6) and (7). 
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perature. The value of the resulting réactions, or the crown 
thrust, niay thon be found by substituting JJi/E for cU of 
Eq. (6). There results 

The moments at crown and elscwhere are given by Eqs. (7) 
and (8), using the value of Hq from Eq. (9). 

The thrusts and moments due to arch shortening will not 
usually be large. They may be applied as corrections to the 
thrusts and moments found before. 

i8i. Deflection of the Crown.^The downward deflectîon 
of the crown under a load is given by Eq. (a), p. 268. It îs 

Ay^-Yi^Mx (10) 

If M is not detennined for ail points, use the value of M 
from Eq. (4), deriving 

ds 
Jy^-r^Imx+MoIx+HoIxy+VoIx'^l . (11) 

The summations are for one-half only. 
The rise of crown due to an incrc^ase of température is ob- 
tained from Eq. (11) by substituting from Eqs. (6) and (7). 
There results 

^ctl nixy- Ixly 
^^ 2 ' n2Y-(yy)^ ^^"^ 

182. XJnsymmetrical Arches. — If the arch is unsymmet- 
rical the value of ds/I should be madc constant for the entire 
arch, and the number of divisions made even as before. The 
central point of the arch with référence to the number of divi- 
sions may then be taken as the crown, and the X-axis made 
tangent to the arch at tliis point. The two halves of the arch 
are now unlike and ail terms resulting from substitution in 
Eq. (c), p. 269, must be retained. Explicit formulas for Hof 
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Vq, and Mo are very cumbersome, but the three équations 
derived from (c) are as foUows: 

( J^x- i'iîX)Mo+ (2i;rî/-. lRxy)Ho'\- IxWq = iRtrix- iLmx, (13) 

i'2/Mo+23/2£fQ+ (2*^X1/- Jbxi/) 70= -i'mj/, . . (14) 

2nMo+£roi*î/+(-^j>r-i'2îX)Fo=-i'm. . . (15) 

Where no subscript is used the summation is for the enth^ 
arch. Numerical values of the coefficients of Af o, iïo, and Vq 
should be obtained and the équations then solved. 

183. Application of the Preceding Theory. — Ezample 1, — 
An arch ring will be assumed of the dimensions shown in 
Fig. 102. Span length with référence to the axis = 30 ft., 
rise = 8 ft. Thickness at crown = 1 ft., at springing Unes = 
1 ft. 6 in. For a small arch such as this great accuracy is not 
needcd, hence a small number of divisions may be used. The 
number will be four for each half. Thèse divisions are deter- 
mined so that ds/I is constant. The loads are applied at 
the centre-points 1, 2, 3, 4, and are assumed to be somewhat 
inclined (excepting loads P4 and Ps), the several vertical and 
horizontal components being as given in the figure. 

Table A. 
CALCTTLATIONS FOR H^, F», AND M^. 



1 





3 


4 


5 


6 


7 


8 


9 


Point. 


X 


y 


X» 


y" 


IWL 


ms 


(mL+mR)y 


{mR-mL)x 


1 
2 
3 


1.55 

4.90 

8.45 

12.85 


.09 

.68 

2.10 

5.35 


2.40 

24.01 

71.40 

165.12 


.01 

.46 

4.41 

28.62 




- 13,840 

- 46,800 
-116,680 




- 8,640 

- 29,560 

- 75,490 




- 15,300 

- 160,400 
-1,028,100 



+ 25,500 
-h 145,700 
-h 529,300 






•^.22 


262.93 


33.50 




-1,203,800 




y 


-291,010 


-h 700,500 


Spring- 
ing. 


15.00 


8.00 






-180,820 


-120,640 







„ ,,, . „ 4(-120 .iS00) -(-291010X8.22) , ,„„„,. 
Eq. (1) gives H, 2[(8.22)' -4X33.50] ■"+ ^^^^^ 

Fxi. (2) gives Fo-j^^^- + 1,330 Ibs. 

„ ,«, . ^ -2910104-2X1823 0X8.22 , ^nn r. tu 
Eq. (3) gives Af p- ^^ - 1 ,090 ft-lbs. 
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Table B. 
BENDING MOMENTS, THRUSTS, AND EOTENTRIO DISTANCES. 



1 


2 


3 


4 


5 


6 


7 


9 


9 


Point. 


Hoy 


Vor 


Bending Moment M. 


Thruste. 


Eccentric 
Distances. 




Left. 


Right. 


Left. 


Right. 


Left. 


Rifl^t. 


1 
2 
3 
4 
Spring- 
ing. 


1,640 
12,400 
38,300 
97,500 

145,900 


2,060 

6,530 

11,260 

17,120 

20,000 


+ 2,610 
+ 4,000 
+ 1,650 
-3,100 

-16,070 


-1,520 
-3,860 
-3,620 
+ 3,850 

+ 4,140 


18,450 
19,580 
22,050 
28,800 

28,800 


18,640 
19,310 
20,770 
24,970 

24,970 


+ .14 
+ .21 
+ .07 
-.11 

-.56 


-.08 
-.20 
-.17 
+ .15 

+ .17 



The calciilations of the scveral quantitics in the formulas 
for //o, T'o, and Mq (p. 338) are given in Table A. Tlie eo- 
ordinales x, y of the several points are given m cols. 2 and 
3; then x^ and y^ in eoLs. 4 and 5; then in cols. 6 and 7 are 
given the quantities mi and m^, considering each half-areh a 
cantilever. Thèse are readily caleulated. Thus, on the left, 
for pomt 1, m=0; forpomt2, m=4130X(4.90-1.55)=13,&«); 
for pomt 3, m = 4130 X (8.45 - 1 .55) + 5035 X (8.45 - 4.90) + 310 X 
(2.10-.68) =46,800; and for point 4, m = 4130X(12.85-1.55) + 
5035 X (12.85 - 4.90) -h 5950 X (12.85 - 8.45) + 310 X (5.35 - .68) -h 
725(5.35-2.10) =--116,680. The value of m at the springing 
Une is also caleulated and placed m this table for future use. 
The moments on the right are similarly found. AU moments ?w 
are négative. In cols. 8 and 9 are then given the products 
{m /,+ mR)y HXid {mR-mi,)x, 

Substituting m Eqs. (1), (2), and (3), p. 268, then» are ob- 
tamed the values for Hq, Vq, and Mq given below the table. 

The values of the bending moments, thnists, and shears at 
any point may now be found eithor graphically or algebraically. 
The force-diagram method wîll be nmch the better for obtaining 
thrusts and shears; the moments may then ho obtained either 
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by coiistructing an equilibrium polygon or by the application 
of Eq. (4), p. 339. 

Tn Fig. 102 thc graphical construction is given. The load- 
line is a-c-6. The true polo is fourni by laying off Vq = + 1330 
froni point c (at the junction of the loads aljacent to the 
crown, P4andP5); then Ho = 18,230 horizontally to 0. The 




Fig. 102. 

force (Uagrani is drawn and then the equilibrium polygon, 
beginning at the crown and drawing the segment 1 — 1 at a 
distance below the crown equal to 1090/18230 = .06 ft. The 
résultant, R, acting at any section may be scaled from the 
force polygon, and the moment at any point will be equal to 
this résultant miiltiplied by the f)erpendicular distance at that 
point from the arch axis to the equilibrium polygon. For ex- 
ample, the bending moment at point g is equal to the force Od 
multiplied by the arm gk. The tangential component of the 
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rcmiltant R fthe true thrust .V) may be found by resolving the 
force R paralld and iiomial to the arch axis at the point în 
question. In niost cases the thriLSt X niay be taken as cqual 
to R, The shear V will be the normal coniponent oi R; ît will 
not asually rerjuire considération. 

Table B con tains calculated values of nionicnts and eccen- 
tric distances for p<jmts 1 , 2, 3, 4 and the springing Unes. The 
moments are calculated from the formula (Eq. (4)) .1/== 
m+Mo + Hoy±Vox, The quantities m are obtained from 
Table A, cols. 6 and 7. The thnists are scale*! from the force 
polygon, Ixîing in each case the thrust on the abutment side of 
the point ûi question. The eccentric distances are equal to 
the moments divided by the thnists; they are of use in cal- 
culating stress<»s in the arch. Obviously the V)ending moment 
at any other point, such as g, may be calculated m the same 
way as those h(;re given. 

184. Examplc 2. (Fig. 103.) — For another example an arch 
will be assunu^l of l(K)-ft. span and 20-ft. rise; thickness at 
cro\vn=30 in., thickness at springing line-42 in. It will be 
assumed that the roalway is supported on spandrel piers 10 ft. 
apart, thus concentrating most of the load at points 10 ft. 
apart as shown; the v.cight of the arch ring will also be as- 
sumed as applied at thèse points. The loads as given represent 
an arch with livc loal on the left half only. The half arch is 
divided into ten divisions, making ds/l constant. The loads in 
this case arc vertical, so that the graphical method may be used ' 
to alvantago in determining the cantilever moments w, The 
load Une a-c-h is drawn and a pôle 0' selected on a horizontal 
luie through c at the cc^nter of the crown load P5. The pôle 
distance is //. An eciuilibrium polygon, ejqhy is then drawn, 
and the mom(Mits m will be equal to the intercepts, 2, from this 
polygon to the horizontal line ik, multipliai by //. Thèse 
moments, and the romainder of the calculations for i/o, ï'o, and 
Mo are given in Table C. The true pôle is then found as 
before and the correct eciuîlibrium i)olygon drawn. The 
thrusts are then scaled from the force polygon, and the eccentric 
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distances from the equîlibrium polygon. Thèse are gîven in 
Table D, togother wîth resulting bending moments. The bend- 
ing moments may aiso be calculated as done in Ëxample 1. 

Table C. 
CALCULATIONS FOR H^ F», AND M^. 



1 


2 


3 


* 


5 


6 7 


8 


9 


Point 


X 


V 


1» 


F» 


"L 


IBJÏ 


{M£+fflj^}-/ 


{m^-m^}x. 


t 


2M 


.W 


4.3 


*00 


^ 13,500 


- 13,500 


2.000 




S 


fl.Hfl 


,30 


35.5 


,00 


- 3H.700 


- 38.700 


23,000 




S 


10,00 


,72 


100.0 


.52 


- fl,%00n 


- 6.^.000 


&4.000 




4 


I4.tfi 


1.10 


aoi.i 


1,06 


- 148,600 


« î27,7fJ0 


- 387.000 


4- 29e,000 


A 


18,43 


2,'xr 


3:^9,7 


5,^2 


- ï^.eoo 


- 191, 4W 


- 1.007,0(« 


+ 777,000 


e 


^i.Ofl 


3.77 


-SU. S 


14-21 


- 3flO,OfJ0 


- 2RS,400 


- Z-f?9,000 


+ 1,«.^9 00(1 


7 


3^,f)A' 


-x*M 


7S7.4 


31. fil 


- 539.000 


- 40f*,400 


- ^.34H.0O0 


+ 3.6fi.î.DQO 


R 


a^î.w 


».2a 


iV2Sà.Q 


67.73 


- i%\,^m 


- 577.400 


-11.183.000 1 


+ 6.S;i4.000 


% 


.-tq.eo 


n.80 


i;>fiH,2 


139.24 


-1.07 5. 100 


- 7^1.400 


-21.910.000 


+ n.')4 3.000 


10 


46. ic^ 


je.aO 


2i^^.O 


2fi2.24 


-1,511,000 


-l,OK:iOO0 


-43h5SO,000 


+ 19.859.000 






M . lÛ 


a^k.'îo.o 


:^3.42 




"86.013,000 




X 


-8,3,y>.l(H/ 


+ 44.9.^2.000 



„ 10X(-8r)013000)-(-8350100)X51.10 ,_„,„„,. 
^•= L'.[(.51.10)'- 10X543.42] + '^'^^ ^''*- 

1^ -8350100 + 2X76700X51.10 _^ o«. oah r* ik- 
Ifo" 2XÏÔ ^ 25,260 ft-lbs. 

Table D. 
THRUSTS, ECCENTRIC DISTANCES, AND MOMENTS. 



1 


2 


3 


4 


5 


6 


7 




ThrUiitB. 


EcccQtric 


DiBtâacea. 


Ben dm K 


MomentJ». 


fUat. 














L«ft. 


77,400 


Lpft. 


+ ,i;t 


Left. 


Riffht. 


1 


76,800 


+ -31 


+ 23,700 


+ 10,100 


2 


7G,8iH> 


llAm 


+ ,38 


-a:\ 


+ 29,21K) 


- 10,100 


3 


TS^nm» 78,8(HJ 


+ -61 


— .2*2 


+ 48,000 


- i7;ino 


4 


7!i,0lM> ' 78^00 


+ ,39 


-.53 


+ 30,700 


- 41,700 


5 


7S.aoo 


78,800 


+ .44 


-.57 


+ 34,700 


- 45(MW> 


6 


82,700 


81,600 


+ .26 


^.61 


+ 21,200 


- 49,700 


7 


82J00 


81,500 


+ 14 


-.52 


+ 11 400 


- 42,400 


8 


SÔ^OO 


85,3f)0 


-.15 


-/M 


"13,1.'X> 


- 30,700 


9 


sô;îoq 


S5,30(ï 


-la 


+ .23 


-14,300 1 


+ lïljiOO 


10 


9fi,H0O 


90,700 


-.44 


+ .88 


-43,400 


+ 80,000 


Sprinpnit 


98,000 


90,700 


-.21 


+ 1.07 


-20,700 


+ 152,000 
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Température Stresses. — Suppose in Ex. 2 ît îs desîred to 
know the thrust and bendmg nionient at the crown due to a 
lise of température of 30^ Eqs. (6) and (7), Art. 179, will be 
used. Assume S = 2,000,000 lbs/in2 = 288,000,000 lbs/ft2. Sup- 
pose the value ds/I, m foot-units, îs 3.1. Thon from Eq. (6) 

288^000000 .000006X30X100X10 ^^^ ,^ 
^^" 3l ^ 2(10X543- (51.1)2) -^^0 Ibs., 

M = - 2970 X '^ = - 15,200 f t-lbs. 

The equilibrium polygon is a horizontal Ime drawn a distance 
below the crown equal to 15200/2970 =-5.11 ft. The moment 
at any point is equal to the thrust Ho multiplied by the vertical 
distance from such point to this equilibrium polygon. At the 
springing Ime, M =ffoX (20 -5.11) =2970X14.89 =44,200 ft- 
Ibs. This may also be calculated by Eq. (8). 

Stresses Due to Shortening of Arch. — The modification of 
the thrust due to the compressive déformations of the arch 
ring is found by Eq. (9). The average compressive stress at 
any section is found by dividmg the thrust at that section by 
the area of the transfomied section of arch rmg. This is nearly 
unifomi throughout the arch and equal to about 150 Ibs/in^. 
Thea 

1 150X144X100X10 
^^"■"3.1^2[10X543- (51.1)2] -^^^ iDS. 

This thrust is equal to 42% of the thrust due to température 
change, already foimd. ITie resulting moments and stresses 
will then be 42% of those due to température change. They 
will be of opposite sîgn. 

185. MflTimiim Stresses in the Arch Ring.— From the 
values of thrust, moment, and eccentric distance, as given in 
Tailles B and D, the stresses in the concrète and steel can be 
found at any section of the arch, as explained m Chap. III and 
also in Art. 147, Chap. VI. The maximum value of fibre stress 
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wîll be where the sura of the stresses due to thrust, JV, and 
monient, M, îs a maximum. This will not in gênerai be where 
eitlier the thrust or tlie moment is a maximum; but as the 
thrust varies slowly along the arch rmg the maximum stress wîll 
coeur very ncar to the point of maximum moment. 

The position of live load causing maximum moment at any 
point will (liffer in arches of différent proportions. In designîng 
an arch it is sufficient generally to détermine the maximum 
stresses at th(^ crown, the haunch, and the springing line. This 
will require several différent positions of the live load. For the 
crown the maximum positive moments are caused when a 
short length of the arch (one-fourth to onc-third) at the center 
îs loaded, and the maximum négative moments when the re- 
maining portions are loaded. The maximum positive and 
négative moments at the haunch (about the \ point) are caused 
when the arch is loaded about two-thirds the si)an length and 
one-third the span length respectively. The same loading w ill 
gîve practically the maximum moments at the springing Unes. 

Thèse conditions make it désirable to analyze the arch for 
various assumed loadmgs about as foUows: full load; one-third 
of span loadcnl; two-thirds of span loaded ; center third loaded; 
and end thirds loade<l. In the case of large and important 
structures it may be found désirable to place the loads some- 
what differently than hère indicated. A complète and exact 
solution can reaiHIy be macle by analyzing the arch for a load 
of unity at each load-pomt of one-half of the arch. Influence 
lines can then be drawn for moment or fibre stress and the 
exact maximum values detemiined. 

i8sa. Ezample of Complète Analysis for Maximum 
Stresses. — ^To further illustrate the methods of analysis hère 
described, and the use of influence lines in determining max- 
imum stresses, a complète analysis will be made of the arch of 
Fig. 103, modified, for sake of illustration, by the addition of 
Steel reinforcement amounting to 2 in^ per foot of arch along 
both the extrados and the intrados, and placed 3 in. from the 
surface. 
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Ccdcidation of Values of I and of ds. — ^The half length of the 
arch axis is found to be 55.17 ft. The depth at crown = 2.5 ft., 
and at springing Une =3.5 ft. The moment of mertia at any 
section =/=/c+15L, where h and /« = moment of inertia of 
the concrète and steel sections respectively. Following the 
procédure of Art. 178, the half arch will first be divided into 
a convenient number of equal divisions and the value of / 
determined at the center of each division. The reciprocal, i, 
is thcn found. It is convenient to use the same number of 
preliminary divisions as is desired for the final divisions. The 
résulta of thèse calculations are given in Table E. The calcu- 



Table E. 
DIVISIONS OF ARCH RING. 



Properties of Preliminary Equal Divisions. 


Properties of Final Divisions. 


No. of 
Divi- 
sion. 


Depth. 
d 


^c 


167. 


7-/^+167, 


••-f 


% 


08 


I 


d 


1 


2.55 


1.38 


.44 


1.82 


.549 


.560 


3.57 


1.78 


2.53 


2 


2.65 


1.65 


.48 


2.03 


.492 


.620 


3.85 


1.92 


2.59 


3 


2.75 


1.73 


.53 


2.26 


.442 


.480 


4.16 


2.08 


2.67 


4 


2.85 


1.93 


.67 


2.50 


.400 


.440 


4.53 


2.26 


2.75 


5 


2.95 


2.14 


.62 


2.76 


.362 


.406 


4 95 


2.47 


2.84 


6 


3.05 


2.36 


.68 


3.04 


.328 


.370 


5.42 


2.71 


2.93 


7 


3.15 


2.61 


.73 


3.34 


.300 


.333 


6.00 


3.00 


3.03 


8 


3.25 


2.86 


.79 


3.65 


.274 


.300 


6.67 


3.33 


3.15 


9 


3.35 


3.13 


.85 


3.98 


.251 


.265 


7.50 


3.75 


3.28 


10 


3.45 


3.42 


.9v 


4.33 


.231 


.235 


8.51 


4.26 


3.42 




3.629 


55.16 





îa = 3. 63/10= .363. By Eq. (5) as . i=- 



65. 17 X .363 
10 



2.00. 



lations are made in foot-units. The first part of the table 
relates to the preliminary ten equal divisions, each =55.17/10 
= 5.517 ft. long. The resulting values of i are plotted in 
Fig. 103a. The Une AB is 55.17 ft. long and is divided irito 
ten equal divisions, 1, 2, 3, etc. At the centers of the several 
divisions the values of i are laid oflf as ordinates, ii, 12, 1^, etc., 
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55 17 
and the curve CD drawn. The area ABCD=-,^x^i 

= 55.17 X la. This area is now to be divided înto ten equal 

parts, each equal to âsi. Each of thèse parts will then be 

55. 17 xi 
equal to —-jri — ^ = 2.00, as given below Table E. Beginning 

at one end of the diagram, Fig. 103a, the several equal areas 
are then laid off, the values of i being scaled from the diagram, 
and ds being equal to 2.00/î. Thèse calculations are given 
in the latter part of Table E, where are also given the values 
of / and d for the center points of the final subdivisions. The 
diagram of Fig. 103a is not really necessary but is hère intro- 
duced partly to make clear the methods employed in the 
calculations. 

CalcidcUion qf Hoy Vq, and Mo for a Load Unity at Each Load 
Point. — Fig. 1036 shows the arch ring with the subdivisions 
made and the center points numbered 1, 2, 3, etc., as in Fig. 
103. The load points considered are those on the right. A, 
By C, /), and E. Thèse are the center points of the supporting 
spandrel walls. [In the case of an arch with continuous load- 
ing, arbitrary load points may be selected suflSciently close 
to secure the desired degree of accuracy in the influence Unes. 
Four of five such points will generally be suflScient.] The 
problem now is, first, to calculate ^o, Voy and Mo, for a load 
unity placed successively at thèse several load points. The 
computations are performed in the same manner as in the 
preceding examples. Table F pves ail the calculations. The 
quantities m are equal to x— Xi, where Xi is the abscissa of 
the load point in question, measured from the crown. For 
the load point A the entire load is, for convenience, assumcd 
as acting just to the right of the crown and hence as belong- 
ing to the right half. The shear Vq is evidently equal to 0.5 
in this case. The quantities Wx do not appear. For load 
points By C, Dj and E the calculations become progressively 
less numerous. 
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Table F. 
CALCULATIONS FOR H^, r», AND M^. 













Load at A\ xi> 


-0. 


Points. 


X 


y 


x^ 


y* 


















mji 


m/jv 


mj^x 


1 


1.78 


0.02 


3.2 


.00 


1.78 


.0 


3.2 


2 


5.49 


0.29 


30.1 


.08 


6.49 


.8 


30.1 


3 


9.47 


0.62 


89.7 


.27 


9.47 


2.9 


89.7 


4 


13.76 


1.32 


189.3 


1.74 


13.76 


9.1 


189.3 


6 


18.38 


2.37 


337.7 


5.61 


18.38 


21.7 


337.7 


6 


23.34 


3.86 


544.7 


14.89 


23.34 


45.0 


544.7 


7 


28.67 


5.91 


821.8 


34.92 


28.67 


84.7 


821.8 


8 


34.37 


8.67 


1181.5 


75.10 


34.37 


148.9 


1181.6 


9 


40.44 


12.33 


1635.5 


151.93 


40.44 


249.3 


1635.6 


10 


46.82 


17.15 


2192.5 


294.08 


46.82 


401.5 


2192.6 


Z 




52.54 


7026.0 


578.62 


-222.52 


-1927.9 


-7026.0 



Table F — (Continued). 





Load ai B; xi-] 


lO.O. 


LoadatC; xi-20.0. 


PoinU. 
















mR 


mRV 


mRX 


mR 


mjiv 


mfff 


4 


3.76 


4.9 


51.7 








5 


8.38 


19.8 


154.1 








6 


13.34 


51.5 


311.2 


3.34 


12.9 


78.6 


7 


18.67 


110.3 


635.1 


8.67 


61.2 


248.4 


8 


24.37 


211.2 


837.6 


14.37 


124.6 


494.6 


9 


30.44 


375.2 


1231.3 


20.44 


252.0 


826.6 


10 


36.82 


631.5 


1724.3 


26.83 


460.0 


1255.2 


Z 


-135.78 


-1404.4 


-4845.3 


-73.65 


-900.7 


-2903.4 



Points. 


Loadat D; xi-30.0. 


Load at E; xi-40.0. 




MR 


^Ry 


mRX 


m/j 


m/jy 


m^g 


8 

9 

10 


4.37 
10.44 
16.83 


37.9 
128.7 
288.5 


150.4 
422.5 
787.9 


0.44 
6.83 


5.4 
117.0 


17.8 
31.96 


S 


-31.64 


-455.1 


-1360.8 


- 7.27 


-122.4 


-337.4 
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From Table F we then hâve for the denominatore of eqs. (1), 
(2), and (3) of Art. 174, 

2[(2i/)2-nSy2]=2[ (52.54)2- 10X578.62]= -6051.4, 
22x2=2x7026=14,052, 2n=20. 

The values of Ho,'Vo, and Mo then resuit as foUows: 

„ 10X(-1927.9)-(-222.52)x52.54 , , _ . 
"0 = lû^xTTi = + 1-254; 



Load at A 



Load at B 



Load at C 



-6051.4 
,, -7206 

^•'=n;ô52=-o-^; 

-222.52 + 2X1.254x52.54 ^ ^^ 

-, 10X(- 1404.4 ) - (- 135.78) X52.54 ^^ ^^„ 

//o= Z6Ô5T1 +l-l^î 

-4845.3 

- 135.78 + 2x1.142x52.54 ^-_. 

Mo = ~ ôrj == "T "«oU. 

10X(-900.7)-(-73.65)X52.54 
«0^ -6051.4 +U.»4y, 

ro=^;^= -0.207; 



Load at D 



Afo= - 
ffo= 



14,052 
- 73.65 + 2 X 0.849 X 52.54 



o- ~ 20 

lOX (-455.1) - (-31.64) X52.54 



-6051.4 



0.78. 
= +0.477; 



LoadatS 



-1360.8 

^<'="ï4;ô5r- ^■^^' 

-31.64+2X0.477x52.54 .-. 
Mo= 20 = -0.92. 

Tj 10X(- 122.4)- (-7.27) X52.54 

Ho= -6051.4 ~ +"-"y' 

*°- 14,052 "•"-*' 

-7.27+2x0 .139X52.54 .„_ 
Mi}= ^ =" — u.rf/. 
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Cdculation of Moments and Thrusts ai any Given Section 
of the Arch Dite to Unit Loads at the Load Points. — Consider, for 
example, a load unity at C, Fig. 1036. The values of ^o, Vq, 
and Mo being known, the moments, shears, and thrusts at 
any given section can now be found pither graphically or 
analytically, as already explained. The graphical method is 
much the simpler. For this purpose draw the force polygon^ 
Fig. 103c, the load AB being equal to unity, and lay off the 
shear ^0=— .207 from B, upwards to C, and then the thrust 
Ho=M9 to the right, fixing the pôle 0. Then from the center 
of the arch at the crown measure down a distance equal to 

c=^ = -^7g=.92 f t., fixing one point on the equilibrium 

polygon. Lines KG and GL drawn parallcl to OB and AO, 
intersecting in the load vertical at G, complète the polygon. 
The other polygons are drawn in a like manner. 

Having thèse polygons drawn, the bending moment at any 
section, due to any one of the unit loads, is equal to the vertical 
ordinate measured from the proper equilibrium polygon to 
the gravity axis of the arch, multiplied by the corresponding 
pôle distance. From thèse several polygons the moments can 
therefore be found at any section for a unit load at any load 
point on either half of the arch, and the influence line drawn 
for such moment. The tangential thrusts can likewise be 
determined. 

Influence Lines for Fiber Stresses at any Section. — Instead of 
constructing influence Unes for moment and thrust it will be 
more direct to construct them at once for stress on extrême 
fiber. 

From Art. 82 the stress on extrême fiber is 

. Mu N 

in which u is the distance from the neutral axis to the fiber 
in question and N is the thrust normal to the section. The 
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bending moment is equal to the thrust times its eccentricity, 
or M = Ne. 

If r= radius of gyration of the section, we hâve A7^ = L 
The above expression for/c may then be written in the fonn, 

^ Neu u 
= -^,-^ (16) 



r2 / r2\ . 

The quantity — is a length, and N\e-\ — I is a moment 

which may be written M\ Then we hâve 

/=^^ (17) 

This new moment, M', is equal to the thrust N, multiplied 

r2 
by the eccentricity e plus the additional distance — . We 

r2 
may then compute the value of — for the section considered 

and take the center of moments at this distance above or 
below the neutral axis, according as the lower or upper fiber 
stress is desired. By so selecting the center of moments the 
fibre stress becomes equal to the moment multiplied by the 

11 
usual factor y, and therefore varies with the moment. An 

influence line drawn for such moment will therefore serve as 
an influence line for fiber stress. 

In this problem influence Unes havc thus been drawn for 
upper and lower fiber stress at sections taken at the varions 
load points and at the springing line F. They are given in 
Fig. 103d. To explain further their construction consider 
the section at /), and suppose the arch is loaded with a unit 
load at C. The arch near D is shown to a larger scale in 
Fig. 1036. The force R is the résultant of the forces on the 
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left and acts on the Une GL, Fig. 1036. In amount it is equal 

to AO in the force polygon. The neutral axis is at a, Fig. 

103e, and the distances abi and 062 

arc the values of r^/u calculated 

for this section. The point 61 is 

therefore the center of moments 

for M' for upper fiber stress and 

62 is the center of moment for 

M' for the lower fiber stress. 

(The points 61 and 62 are at the 

edges of the '* kem '' of the section. 

In a simple rectangular section 

they are at the edges of the mid- 

dle third and in a truss or plate girder, where the flange takes 

ail the moment, they are at the flange centers.) 

Thèse values of A/' are given graphically by RxhiCi and 
22x62^2; or by the more convenient products Hxbidi and 
H X 62^2. Thèse moments are calculated and plotted in Fig. 
103d at point C, under the load unity. They are the ordi- 
nates cci and cc2, and are plotted as positive ordinates since 
they represent positive bending moments. In the same manner 
values of the moments are determined at section D for unit 
loads at A, B, /), and E^ and plotted at corresponding points 
in the diagram. For loads on the left half of the structure 
the values are found by considering the section /) to be on 
the left half of the arch at D', and measuring the several 
ordinates to the reaction Unes as drawn for loads on the right. 
The complète influence Unes are given in the diagram. The 
upper Une faicLJ is for upper fiber stress and the lower Une 
f'a2d2f is for lower fiber stress. The dotted Une (midway 
between, for symmetrical sections) is the influence Une for the 
usual bending moment, center of moments at the neutral 
axis. Since positive ordinates indicate positive moments it 
foUows that for the upper fibers positive ordinates indicate 
compression and for the lower fibers positive ordinates indi- 
cate tension. Négative ordinates indicate respectively tension 
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on the upper fibcrs and compression on the lower. The actual 
fiber stress at section D due to a unit load at any point is now 
given by the ordinate to the influence Une at the point, mal- 

tiplied by -j for this section. 

In Table G are given values of u, /, r^, and — for each 

of the sections A ... F. The distances r^/u are shown by the 
dotted Unes in the arch ring, Fig. 1036. 

Table G. 
PROPERTIES OF SECTIONS A . . . F. 



Sec- 
tion. 


Depth, d. 


u=èd. 


/ 


A 

(.4^+15.1,) 


r« 


a 


A 


2.50 


1.25 


1.70 


2.92 


.58 


.46 


B 


2.78 


1.39 


2.10 


3.20 


.65 


.47 


C 


:^oo 


1.50 


2.54 


3.42 


.74 


.49 


D 


3 . 18 


1.59 


3.00 


3.60 


.85 


.53 


E 


3.35 


1.67 


3.70 


3.77 


.98 


.59 


F 


3.50 


1.75 


4.46 


3.92 


1.14 


.65 



Where the arch is continuously loachnl the influence Unes 
should be dravvn as smooth curves through the points deter- 
mined by the ordinates at the load-points selected. 

Maximum Fiber Stress at Any Section. — Having the influence 
Unes drawn for sevcral sections, as in Fig. 103d, the maximum 
fiber stress at the various sections can readily be determined 
for any given loading, either uniform or concentrât éd. In 
the figure the various positive and négative areas above and 
belovv the axis liave been measured and are written within 
the respective areas. The upper figure refers in ail cases ta 
the area between the axis and the upp(T curve. For uniform 
loads thèse areas, multiplied l)y the load per foot, give the 
respective moments. For concentrated loads the moments are 
found by summing the products of the several loads times^ 
the corresponding ordinates. The maximum values can 
readily be determined by trial. The influence Unes show very 
clearly the extent and gênerai position of loads for maximum 
stresses. 

For example, at the crown, section A, the moment for upper 
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fiber stress, due to a uniform dcacl load of, say, 800 pounds 
per foot, =[76.4-(2Xl2.2)]x800 = 41,600 ft.-lbs. The stress 

/,=M'|=41,600X^ = 20,700 lbs/ft2, =330 lbs/in2. For a 

uniform live load of 500 Ibs. per foot, the maximum stress is 
caused when the load extends from K to L, and the stress for 

such load = 76.4x500X^^-144 = 195 Ibe/inz. 

Again, at section C, the dead load upper fiber stress = 

1 50 
(111.7-61.1)X800X2^-144 = 166 Ibs/in»; and the maxi- 

1 50 
mum live load stress = 111 .7 X 500 X ô^ - 144 = 230 lbs/in2, the 

load extending from A' to /. For the maximum lower fiber 
stress the load extends from/' to L and the stress = 237 Ibs/in^; 
the dead load stress = 120 Ibs/in^. Othe rstresses are found 
în a similar manner. 

The influence lines show that in arches of proportions such 
as hère considered, the loading for maximum stresses is about 
as notcd in Art. 185. For the crown, the center third should 
be loaded; for the haunch (sections C and D) the load should 
extend over about two-thirds or one-third the span length, 
and about the samc for the section at the springing Une. 

Case in which the Résultant Stress is Tensile. — If the résultant 
stress is tensile at any section and the tension in the concrète 
is to be neglected then the formulas for fiber stress of Art. 83 
must be uscd, which makes it necessary to plot the influence 
lines for the true bending moment and to détermine the thrust 
as well as the moment. The diagram, Plate XIV, p. 288, 
ean then be used. 

i86. Illustrative Ezamples of Arch Design.— Fig. 104 
shows a longitudinal section and part plan of a bridge at Grand 
Rapids, Mich.* It consists of five spans of lengths from 79 to 
87 feet. The reinforcement is composed of IJ-in. Thacher bars 
spaced 14 in. apart near both the extrados and intrados. Each 
pair is connected by f-in. connecting-rods spaced 4 ft. apart. 

♦ Eng. News, Vol. LU, 1904, p. 490. 
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LONGITUDINAL SECTION 

Fio. 104.— Arch Bridge ai Grand Rapids, Mich. 




Fto. 105.— Arch Uridico on (hc (liioago à Eastern lUinoîs RJL 
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Fig. 105 illustrâtes a 38-ft. span reînforcefl arch on the 
C, à E. L R Jî,* JuhnBon cornigatecl bars were used. 




■^I^Oft- 



■vv'* ?^' 



r 






Fio. 106. 

Figa, 106 and 107 show the détails of a design for a concrète 
via^Iuct Rt Milwaukee, Wis.t The design was inade by the 

♦ R.R. Gass., April 13, 1906, p. 390, 
t Eng. News, Vol. LVU, 1907, p. 178, 
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Concrete-Steel Engineering Co., of New York CStjr, and is a 
typical Mclan arch. The reinforcenient consists of built-up 
ribs of 3"x3"xr' angles connected by lattice bars 2"Xi'\ 
A 




CftÛSSSECTIOM AT CflÛWN 



♦ — 10 'ûT — JL M 'qZ 1 io^»* J_"LLJ, — iJB^t^ 






■■itli'T-!-!-;- 

-TTtr-rrTt:; 

TS-jr-r-r-if^ 




H AL F VERTICAL SECTÎDN 

AT CET^TER LIH£ 

OF F(£R 



HALF VERTICAL SECTION A-B 



FiG. 107. 



The ribs are spaced 3 ft. apart. Thèse ribs are designed to 
carry the entire bending moment at a stress of 18,000 Ibs/in?, 
The stress in the concrète was limited to 500 Ibs/in^ in com- 
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pression, or 600 Ibs/in^ inclue! ing température stresses. The 
roadway is supportée! over a considérable portion of the span 
length by nieans of a reinforced floor carried on vertical walls. 




HALF SECTION AT PIER 

Fio. 109. 

The vîaduct contaîns eîght spans of the dimensions shown in 
the illustration. 

Figs. 108 and 109 illustrate another design for the same vîa- 
duct mcntioned in the preceding paragraph* This design was 



* Eng. News, Vol. LVII, 1907, p. 178. 
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submitt<Kl by Mr. C. A. P. Tumer, of Minneapolîs, Minn. In 
this case the arcli is coniposed of three ribs 4 ft. 9 in. square at 
the crown and 7 ft. 3 in. square at the pier. The rib reinforce- 
nient is coniposed of longitudinal rods arranged in a circle and 
connectée! at fréquent intervais by bands of 2J"X|" métal. 
The stirrups and bent bars in the floor-beams and slabs give a 
very effective reinforcement. 



CHAPTER IX. 

RETAINING-WALLS AND DAMS. 

187. Advantages of Reinforced Concrète.— Retaînîng- 

walls, danis, bridge abutnients, and thc lîke constitute a class of 
structures in which the outside forces actmg are mamly hori- 
zontal, and in which, thereforo, the question of stabilîty is 
largely a (luestion of safety against ovortuniing. Where ordî- 
nary masonry is used in thèse structures the weight of the 
niaterial niust be depended upon to balance the overtumîng 
forces; for though the structure be anchored to the foundation 
no tensile stresses can ho allowed m the masonry. As a con- 
séquence of thèse limitations the maxinmm compressive stresses 
in such structures are not high, except m extren\e cases, so that 
generally the dimensions are determined by the weight of the 
material. The application of reinforced concrets in such cases 
enables the design to be so malificîd as to utilize the weight of 
the material to be rotained as part of the rosisting AVeight and 
to ealculate the sections to develop more n(^arly th(î full strcngth 
of the concrète. A verj' considérable gain in economy therefore 
results. 

RETAINING-WALLS. 

188. Method of Determining Stabîlity.— No att<>mpt will 
be made hère to présent the varions mathematical théories of 
earth pressure. T'nless the results obtained from such théories 
are carefuUy controlleil by the residts of expérience they are 
apt to be YCTY mlsleading. Probably the most satlsfactory way 
to design a reinforced concrète retaining-wall, as regards sta- 
bîlity against overtuniing, is to proportion it so that it will be, 

370 
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as nearly as possible, équivalent to a solid niasonry wall of such 
a section as is known to hâve given satisfactory results under 
the given conditions. Rules of practice as to solid niasonry 
walls hâve long been established. They represent the accu- 
mulateil expérience of many engineers and are based upon data 
obtaîned f roni many faîlnres as well as froni successful designs. 
Until expérience is had directly with the reinforced type of wall 
îts stability may, therefore, well be determined by conipaïison 
with the older forai of construction. The analysis given hère 
w^ill consequently be limited to a convenient method of coni- 
parison of the two types. It may be said in passing that good 
construction requires quîte as niuch attention to the earth 
fillmg itself and to its drainage as to the design and construc- 
tion of the wall. 

In dimensîoning a reinforced concrète wall which will possess 
stability equal to that of a given solid wall, it will be convenient 
to detennine the équivalent fluid pressure under which the 
solid wall will be stable and then apply this pressure to the 
reinforced type of wall. The basis of th(^ calculatîon of this 
fluid pressure will be to détermine the weight per cubic foot of a 
fluid which will exert such a pressure against the solid wall as 
to cause the résultant of ail forces above the base to înt^rsect 
the base at the edge of the middle third. If, then, the reinforced 
wall be designed so that it will be equally stable agamst this 
pressure, it will be practically équivalent to the solid waJl. 

It will be seen that this method is very simple and adapts 
îtself readily to the utilization of présent rules of practice. If 
desû-ed, the theory of earth pressiu^e may of course be directly 
applied to the problem. 

189. Equivalent Fluid Pressure for Ordinary Ifasonry 
Walls.— Two forms of wall will be considérée! (Fig. 110). Form 
(a) is the more conmion form of wall. A small batter is iisu- 
ally given to the front face, and the back face is sloped in an 
irregular line, the width of the top bemg as narrow as cîrcum- 
stances may warrant. Such a wall will be stable when the 
w^îdth of the base is made from one-third to one-half the height, 
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four-tenths 1)eing a common nile of practice. Form (6) is osed 
for relatively low walls. Its wklth may be a lîttle less than that 
of form (a) for equal stability. W'hile the calculations hère 
gîven apply only to the two fonns as représentai in îlg. 110, 
the résulta wîll be but little différent for walls siniilar in foim 
but which vary considerably therefrom. 

Form (a).— The heîght îs h and the bottom width L The 
batter of the front face will be 
taken at 1:12, and the top 
width at 1/6 of the bottom 
width. The weight of the 
masonrj»^ will be assunied at 
150, and that of the earth 
fillmg at 100 Ibs/ft-'. It will 
be assunied that the fluid pres- 
sure acts against a vertical 
plane FC] the stability of the p^ ^q 

entire volume to the Icft of this 

plane, including the weight of the earth, will be determîned. 
Let TFi dénote th(» weight of masonrj' per lineal foot, and TFa 
the weight of the earth filling to the lef t of FC. Let P dénote 
the résultant fluid pressure acting at a distance J/i above the 
base. Let p dénote the weight per cubic foot of such fluid. 
ThenP = \])P. 

Assume that tho résultant pressure due to the weight of the 
wall TFi. the weight of tho (»arth TF^, and thi» pressure P, înter- 
sects the base at the edgo of the middle thirtl. Equatmg mo- 
ments about this point we deri\e the relation 




*1 






. (1) 



Forw (h), — In this fonn the only forces to be considered are 

the weight M\ and the pressure P. Equatmg thèse as before 

there results 

P 
P=^150,^ (2) 
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If thc top wîdth în form (a) be made zéro the effect on the 
resuit woukl be to change thc coefficient in Eq. (1) from 132 to 
127, thus showing that a considérable variation în top width 
bas little effect on thc resiilt. 

Substituting varions values of l/h in E<i8. (1) and (2) we hâve 
the following values of p, or équivalent fluid weight, under which 
the wall is stable as above assunied. 

l/h p 

1/3 14.71bs/ft3 

Fomi(a) \ 4/10 21.1 

1/2 33.0 



Form (6) 



1/4 
1/3 
4/10 



9.4 
16.7 
24.0 



According to thèse calculations a fluid weight of 20 to 
25 Ibs/ft^ may be taken as a basis of design to secure sta- 
bility équivalent to the ordmary wall, assuming the résultant 
pressures to eut the edge of the middle third and counting the 
weight of earth vertically above the back slope as part of the 
resîsting load. It is to be noted that the pressures herem 
deternûned are not necessarily the actual earth pressures; the 
results are to be used only as a means of securing stability of 
reinforced walls approxiniately equal to that 
of solid walls of known proportions. 

190. Stability of Reinforced Concrète 
Walls. — Fig. 111 represents in outline the 
usual type of reinforced wall. It consLsts of 
a vertical wall .4S attached to a floor DC. 
For low walls the upright part AE may act 
sîmply as a cantîlever; and lîkewise the parts 
EC and ED. For larger walls the part AE\a 
tieci to EC at întervals by back walls ACE in 
the form of narrow transverse walls with ten- 
sion reînforceraent. The projecting portion ED may stîU act 
as a cantilever, or it, also, may be connected to the vertical 
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^^all AE by nieaiis of buttresses. In either case the eartb 
pressures act in essentially the saine inanner and the necessaiy 
wîdth of base is fouiid in the sanie way. 

Let /=uidth of base; 

a: = distance froni toe to back of wall AE; 
/i^height; 

p= équivalent fluid weîght as detemiined in Art. 189; 
K;2=weight of earth filling per cubic foot; 
Wi =weîght of niasonry per lineal foot; 
W2=weight per Ihieal foot of earth above the floor EO; 
a-^lever-ann of Wi about point F, the edge of the 

middlc third; 
P= total fluid pressure = ipA^. 

Then equating moments about the point F we hâve 

T7ia+ir.(§/-^) = y, (3) 

or 

Wia+W2h(l-x){^l-^'Y^)=^ (4) 

If the wall AE is plaeeil wcll towards the front the moment 
of the masonry will be small. Neglecting this tenn and puttîng 
x=kl we may solve for Z, getting 



This is a miniinuiu for A = J, that is, f or a; = JZ. Wîth this 
value of k we hâve 

Z-.87^,./i (6> 

For w = 100 _ 

l=.087\'p.h (7> 

If, for cxample, the value of p be taken at 21.1,correspond- 
îng to a value of //A =4/10 for a solid wall, the value of l i» 
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equaJ to .087X^ 21.1XA=.4A, or the same as the wîdth of the 
solid wall. 

As it niay be desîra])le to use a smaller or larger value of x 
thari J/, Table No. 22 lias been preparetl gîvmg the values of 
l/h for varîous valueKS of x/l aiicl various values of p. An ex- 
amînatîon of the table shows plamly that the length of the pro- 
jection X makes very lîttle différence in the required total 
length of base. However, with x niade very small or very 
large the weight of the wall should be taken into account. A 
further fact brought out by the table and by the table of Art. 
189 is that the stability of the reinforced wall is about the sanie 
as a solid wall of form (a) shown m Fig. 110 and havmg the 
same base length. 

Table No. 22. 

PROPORTIONS OF REINFORCED-CONCRETE RETAINING-WALLS. 

(See Fig. 111.) 

Values ov l/h fou Différent Values of p and for tr2=-100(EQ. (5)). 



Valucd oi 


Values of Equivalent Fluid Weight p. Pounda per Cubic Pool. 


15 


20 


25 


33 


.5 


.35 


.40 


.45 


.51 


.33 


.34 


.39 


.43 


.50 


.25 


.34 


.39 


.44 


.50 


.20 


.34 


.40 


.44 


.51 


.15 


.35 


.40 


.45 


.52 


.10 


.36 


.41 


.46 


.53 





.39 


.45 


.50 


57 



The résultant forces acting upon the three parts of the wall 
AE, DE, and EC niust be detemiined. On the wall AE the 
force niay be taken as a horizontal force equal to P, = ipA^, and 
applied a distance \h above the base. The résultant force 
acting on any length N from the top is likewîse \ph'^ and ap- 
plied a distance §/i' below the top. The pressure on the founda- 
tion wîll equal the total weight W\ + W2 and will be applie 1 a 
distance \l from pomt D. The average unit pressure wîU be 
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(Il'i i-ir2)//, and the niaxiinuiu pressure at D ivill be tmioe 
ihis vjiluo. 

Tlu» upwanl pressure under the cantilever DEvfïU vaiy from 

a maximum of 2 -, — at /) to a value under the point B at 

2 —j — ^X -T-. Thîs îs a "trapezoîd** of pressure, and 

\\ hcn» j is large the centre of gravîty of the trapezoid may be 
fourni aiul the n^sultant applied at this point. Usuall}' it will 
hv aeeumte enough to assxmie the pressure on DE as uniformly 
(ILstrihuted at an average value and applied at the centre of 
the i)n)jeetion outside of the vertical wall. 

The upward pressure on the floor EC varies from the value 
above gîven at E, to zéro at C. It varies uni- 
formly l)etAveen tinsse points. The downward 
pr(\»^sur(» is the weight of the earth above the 
floor, IFj. This maj' l>e assumeil as imiformly 
distributed and equal to vji per unit area at ail 
pohits. The total do^vn^vanl pressure on-ECwill 
])e greater tlian the upward pressure uidcss x is 
very small. 

IQI. Design of Wall.— In dîscussing the design it will be 
neccssary to consîder two fonus : (1) llui cantilever wall witliout 
back titvwalls as in ¥ig. 112, and tlu» ^vall provided with such 
back 'walls as in Fig. 1 13. 

The forin of Fig. 112 is adapte<l to lioights of about 12 to 
IS fiK't. For high ^valls the fonn of Fig. 113 will l)e more 
ocononiical. 

Form (a). (Fig. 112.)— The maximum moment m the 

h Tih^ 
upright portion ilB is P'ô=~â~' At any distance A' below 

the top the moment is ^^. Only a portion of the reinforcîng- 
rods need be carried up the full height. The shear at the bot- 
tom îs ^= 2 • Thîs will be very small and will requue no 
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spécial attention. The reinforcing-rocls of a cantilever beam 
hâve thcir maximum stress at the end of the beam, hence spécial 
care must be given to secure an effective bond or anchorage. 
In the figure the vertical rods hâve an insufficient length below 
the point of maximum moment to develop their fuU strength, 
and therefore they should be anchored m a substantial man- 
ner. ITiis may be donc by screw-ends and nuts, or by loop- 
ing the rods around anchor-bars near the bottom of the floor 
DC. 

ITie cantilever DE must be treated m the same manner as 
the upright cantilever. The pressures will be much heavîer 
and the shear and bond stress may need attention. The rein- 
forcement should extend far enough beyond E for bond strength. 

The cantilever EC is acted upon by an upward and a down- 
ward force as shown in the figure. The maximum moment will 
be at -E and will bé négative. It is provîded for by reinforce- 
ment as shown. 

To secure maximum economy each one of the cantilevers 
may be tapered towards the end to a minimiun practicable 
thickness. The bending moments at varions sections in a 
cantilever beam uniformly loaded vary as the squares of the 
distances froni the free end. The resistmg moments vary ap- 
proximately as the squares of the depths of the beam. Hence a 
bean\ tapermg uniformly to zéro depth at the end w^ould be of 
the necessary depth at ail pomts. The moments in the vertical 
beam AE vary as the cubes of the distances below the top, so 
that a straight taper will in this case give a beam whose weakcst 
point will be at the bottom. At the top point A some form of 
coping is usually added, of a width acconling to the require- 
ments of the case. 

To prevent unsightly cracks a certam amount of longitudmal 
reinforcement is necessary. The amount requîred per square 
foot of cross-section will be less the heavier the wdl, as tem- 
pérature changes will be less m such a wall. On the basis of 
the discussion in Chap. V, Art. 142. the percentage required 
may be placed at about 0.4% as a maximum for thm walls, to 
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perhaps one-half of thîs for heavy walls. Hîgh elastic-liniit 
material îs aclvantageous for this purposc. 

Form (b). (Fig. 113.)— So far as the extemal pressures are 
concemed they hâve l)een cxplained in Art. 189, and are prao- 
tîcally tho saine as in the previous case considered. The loads 
or pressures on the concrète are, however, carrîed quite dîffer- 
ently. The too DE is the same as in fomi (a) and reînforced 
in the same ^vay. The pressure against the longitudinal wall AE îs 
carried laterally for the most part and given over to the inclined 




(«) 

CROSS-SECTION 
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ELEVATION 
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back \\alls. The wall AE must therefore be designed as a slab 
supportai aloiig the Unes AE and A'E' (Fig. 113 (6)), and sub- 
jected to a pressure per square foot at aiiy point a distance A' 
below the top cqual to ph\ Near the bottom, the load on AE 
is transniitted more or less to the fioor EC. The wall should 
therefore be bonded to the floor with a sinall aniount of vertical 
reînforcement, which may well extend to the top to prcvent 
cracks, although under ordînary conditions the wall AE is under 
some vertical pressure. 

The floor EC is subject^ to both upward and downward 
pressures, the latter excealmg the former towards the end C> 
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and possibly throughout, as previously cxplamed. This floor 
is supported by the back wall AEC and îs therefore reinforced 
longitudmally as a floor-slab m accordance with the résultant 
pressure at any point. Hère, agaîn, it is wcU to bond the floor 
to the wall AE by extendmg the transverse reinforcement of 
the toe DE into the portion EC. 

The back wall ACE acts as a cantilever beam anchorerJ to 
the floor. It is also a T-beam, the flange behig the longi- 
tudinal wall AE. The tension along the edge AC is carried by 
rods near this alge, whose stress at any point is found with 
sufficiont accuracy by an équation of moments taken about the 
center of the front wall. The maximum stress will be at the 
bottom, if the wall is made with a straight profile. At the 
connection of the wall AEC to the floor, it is to be noted that 
the floor load is transferred to the wall along the Une EC^ 
but mainly near the end C The main tension-rods in AC 
ehould therefore be distributed somewhat at their lower ends 
and well anchored to the reinforcing-rods of the floor EC. A 
few^ additional vertical rods should also be put in to insure 
thorough bonding of floor to wall. Thèse will also carry a part 
of the tension m the back wall, but will not be as efficient as 
the rods nearer the outside edge. It îs désira- 
ble, likewise, to bond the vertical wall AS to the 
back wall with short horizontal rods as shown. 
The slabs formed by the walls AE and the 
floor EC are continuons over supports, and if 
the span is long should be provided with some 
reinforcement for négative moments at thèse 
supports. 

Fig. 114 shows some additional features of 
design which hâve been used. A longitudinal 
beam is built at C and the floor is thus supported 
on ail four edges. The main rods along AC 
are then anchored mto the beam. 

A horizontal beam may also be made of the copmg at A, 
thus gîvîng some support to the wall AB along its upper edge. 
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A projection may be ncces?ary at the toe 7), or cbefwhefe, in 
OprJcr to increase the résistance against forwaid siklîng. The 
beam C aîds în this respect. 

192. nitsstrative Examples.— Fig. 115 shows the form of 
tetaining-^all used on the Great Northern R.IL at Seattle 




SECTION 




5 



7:6- 
ELEVATlOtt 






tqsE 



-4:\- 






jji£ 



Fio. 115. — Retaininp-wall, Great Northern Railway. 



Wash.* This is a gocxl illustration of the second type above 
discussinl. An cstiniate by Mr. C. F. Graff of the amounts of 
niaterial per lineal foot required in reinforced and plaîn con- 

♦ Enp. News, Vol. LUI, 1905, p. 262. 
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crête walls, made in connection wîth the design of Fîg. 115, gave 

the folloMing rosiiUs: 



Heightof Wall. Feet. 


Antount of Concrète per Lmeal Foot. 


SAvinc: Per Cent of 
aeinforctt! WmU. 


Plftin Wall. 
Cubic Feet. 


R«^inforc«Hl Wall. 
Cubic Feet. 


40 
30 
20 
10 


396.4 
226 
110 
44 


218 

127.8 
69.9 
34.9 


45 
43.3 
36.4 
20.4 



■x 



The Steel was included by addmg its concrète équivalent. 

Fig. 116 illustrâtes a standard form of abutment used by the 
Wabash R.R. Co.* 

193. Retaining-walls Supported at the Top.— Frequently a 
retainiiîg-w ail inay be supported at the top. In such a case ît is 
designed as a simple beani supported at the top 
and bottoin; or vertical ribs or beams niay thus 
bo calculatal and the slab reinforced horizontaUy 
and supported by thèse ribs. 

Awall AB (Fig. 117) acted upon by a pressure 
uniforiiily varjîng froiii zéro at the top to a maxi- 
mum at the bottom will be sul:)jocte(l to a bending 
moment whose maximum value will be cletcnnined. 
Let the pressure l)e that due to a fiuid weighing 
p Il)s ^h\ Theii P = hph^ Ri = iP = èpA2, Ro - iph^. 

The l)ending moment M at a distance x l)elow 

This is a maximum for x = h\^ = .5Sh. The maximum moment 

is then 

iV-.064p/i3 (8) 

If the pressure is water pressure, as in a réservoir, the value 
of the maximum moment becomes equal to 

il/ = 4/^3, (9) 

where tlie units are the foot and pound. For an earth retaining- 
^vall with 7^ = 20, then A/ = ].3/î-\ etc. 

♦ Ry. Rev , Vol. XLV, 1905, p. 523. 
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Z94. The dani is a form of retaining-wall, but is subject to 
soniewhat différent eondîtîons as to pressures. For thîs case a 
fonn of wall as shown in Fîg. 118 îs poorly adapted, owîng to 
the fact that the water pressure wîll probably penetrate beneath 
the floor DC and exert an upward force nearly cqual to the 
downward pressure, thus destroyîng the usefulness of the floor 
EC. To obvîate thèse objections the wsM AE must be brought 
back to the pomt C Increased stabilîty will then be secured 
by niaking it inelined. In this position it will naturally be 
supported by transverse walls or buttresses, restmg on a floor 
DC, or dîrectly on the foundation material, as shown in Fîg. 
119. The water pressure on the floor may then be relieved by 
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dram-openings allowing free exit for seepage-water. Thus 
built it fomis a stable and efficient type of dam. Jts design as 
to stresses and sections is simple and obvions. The wall or 
floor AC may be supported directly on the cross-waJls and re- 
hiforceil with longitudinal rods, or longitudinal beams may be 
used as shown and the slab supported on thèse. The pressure 
on the foundation is déterminée! by considering the résultant 
of water pressure and weight of dam. The buttresses or cross- 
walls are subjeeted only to compressive stresses. Ample longi- 
tudinal reinforcement should be provided to thoroughly bind 
the structure together. Dams are often subjeeted to dynamic 
loails as well as static pressures, and sections must be provided 
more liberally than in many othor structures. 
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CHAPTER X. 

MISCELLANEOUS STRUCTUREa 
GIRDER BRIDGES AND CULVERTS. 

195. For short spans, the gîrder bridge or box culvert îs 
likely to be a more economical form than the arch, owing to 
the less rigid requirements for foundations and abutnients. 
For purposes of analysis this type of structure may be divided 
roughly into three classes; (1) Simple spans in which the 
girder rests upon independent abutments or piers; (2) con- 
crète trestles or bridges in which the gîrders, abutments and 
piers form a raonolithic structure; and (3) pipe culverts and 
box culverts built as square or rectangular pipes. 

196. The Simple Beam Bridge. — Thèse are desîgned in the 
same manner as any other concrète floor. Spans up to 20 to 
30 feet may well be made as a simple slab or uniform thickness 
spanning the opening. For railroad structures the loads are 
relatively so large that shearing stresses wîll usually require 
careful attention. For longer spans a gain in economy will 
rcsult by the use of main horizontal girders of relatively great 
depth, with a floor supported by the girders and reinforced 
transversely. The bridge may be made either a " through " or 
" deck " girder, according to the requirements of the case, the 
latter being the more economical. Floors of reinforced con- 
crète are also used for steel truss and girder bridges to a con- 
sidérable extent where a solid floor is desired. The détails are 
arranged in a variety of ways^ but the calculation and design 
of tho reinforcement to meet the given conditions require no 
spécial considération. The proper allowance for impact is an 
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important point in this connection. Uurability is an important 
factor favorable to the use of reinforced concrète for bridge 
floors. 

197. Concrète Trestles. — WTiere several short spans are 
requirecl and concrète is used for both the girders and the 
piers, the latter may usually be made of comparatively small 
cross-section, — much snialler than ix)ssible if ordinary masonry 
be used. The structure then approaches the ordinary floor 
and column construction in the relations of its parts. The 
piers, if lightly loaded, may consist merely of two or more 
columns connectée! by a suitable portai. In some extrême 
cases designs hâve been carried out in which the supporting 
piers or towers hâve been arrangeil in a manner similar to a 
Steel trestle, even to the diagonal bracing. It would seem, 
however, that the treatment of concrète should be on some- 
what différent lines than is best suited to such a material as 
Steel, and that structural forms in concrète should be somewhat 
massive and limited in gênera! to the t)eam and the compression 
inember. 

Where the piers are made small, as hère assumed, they must 
he bui!t rigidly in connection with the girders of one or more 
spans, as are the columns in a building. The girders must be 
designed with propor référence to their continuity, and the piers 
must h)e able to resist a certain amount of bending moment. 
This moment can be estimated in the manner suggested in 
Chapter VII, Art. 167. 

As an example, let Fig. 121 represent a concrète trestle of 
monolithic construction. The girders are continuons and the 
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piers are rigidly attached to them. The greatest moment in 
the picr BF will occur when one of the spans AB or BC is loaded. 
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Suppose BC be loaded. Then calculate the négative moment 
at B, assuming BC to be fixed at the ends. This moment will 
be equal to — A p/^ where p = load per foot and / = span 
length. Now this moment is distributed at the joint B among 
the three members AB, BF, and BC in proportion to the 
value of I// for the three members, the length / being taken as 
the estimated length to the point of inflection in each case 
(the full length of BF). This will détermine approximately 
the moment in BF. The maximum négative moment in BC 
and AB will occur when both spans are loaded and will be 
approximately equal to A pP. (See Chapter VII, Art. 155.) 
The end piers or abutments must be désignée! also as retaining 
walls. 

198. Pipe and Box Culverts. — For small openings the mono- 
lithic pipe or box form is very advantageous. This form crf 
structure is a complète opening in itself and so long as intact 
will do good service. Considérable settlement, as a whole, 
may be permissiblc, and hence solid foundations may not be 
needed. 

The cross-section may be circular, elliptical or rectangular. 
Theorctically, the elliptical form is the best as corresponding 
more nearly to the requirements for resisting the earth pressure. 
The circular is practically as good for small openings, while 
for large openings the rectangular form will often be the best 
on account of its simplicity and the lesser head room required. 
Where the culvert is manufactured at a shop and transported 
to the site, the circular or elliptical forms will usually be the 
most advantageous. As the loads coming upon such structures 
are not accurately known an exact analysis of the stresses is 
impossible, but the results obtained for certain simple cases 
will be useful as a guide to the judgment. The gênerai method 
of analysis employed in Chapter VIII has been used. The 
détails of the analysis will be omitted. 

199. The Circular Cvlvert. — Two cases hâve been 
analyzed; (1) for a uniform load, and (2) for a concentrated 
load. 
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Case I; Uniform loacl. (Fig. 122.) It is assumed that the 
pressure on the pipe is exerted in parallcl Unes (as downward 
and upward) and is unifornily distributed wîth 

resjx'ct to a plane perpendicular to the direction ^ ^ 

of the pressure. liiiliiii 

Let d = diameter of pipe; f /\ 

p = pressure per unit area as measured par- r /^ ^j 

pendicularly to the pressure; \^ ^ 

M = bending moment in pipe in a length of ttHUttt 

one unit; ' -i> 

Then the foUowing équations resuit. Fia. 122. 

M,= M,= ^pd^ ....... (1) 

M, = il/^= - Apd^ (2) 

If the latéral pressure, measured in a simîlar way, be 31/ per 
unit area, then the moments due to this pressure will be 

A/« = A/ft= - T^j.p'd' (3) 

and M, = M^ = tV p'd' (4) 

For equal horizontal and vertical forces (équivalent to a uni- 
form radial pressure), the moments at ail points are zéro. 
Usually the latéral pressure will be much less than the vertical 
pressure; probably not more than one-fourth or one-fifth as 
much. Assuming a ratio of one-fourth, the resulting total 
bending moments at the points o, 6, c, d, will he ^\ pd\ 
positive at the top and bottom and négative at 

0the sides. 
Case II; Concentrated loads at opposite points 
(Fig. 123). 
In this case the moments are 
M„ = M, = .16 Prf (5) 

Fio. 12a. Me = Mj = - .09 Pd (6) 
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200. The Reclangular Cvivert. — Case I; Uniform loads 
(Fig. 124). 

Let II = width of cul vert; 
/j = hcight of cul vert; 

/j = moment of inertia of top and bottom, assumed as equal ; 
/j = moment of inertia of sides; 
p = vertical load and foundation reaction per unit area. 

Then 






The moments at e and / are equal to Me 
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. (7) 
. (8) 




For a square culvert with uniform section M « = tV pP and 

For equal vertical and latéral loads the moments in the square 
culvert become Ma = Me = + ^ pP and 3/^ = — A pP as iu 
a beam with fixed ends. 

Case II; Concentrated loads. (Fig. 125.) 

For vertical loads applied centrally, 






(9) 
(10) 
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For the sr^uare form, J/. = A P/, and M^ = - ^ p/^ ; and 
for ec^ual latéral and vertical forces J/. = M^ = J P/, and 
A/^ = - I P/j &? for fixed beani:?. 

201. Arrangement of Reinforcement — ^The bendmg moments 
hère deterniined are baseil on the assumption that the entire 
section Is reinforced so as to act as a monolithic structure. 
Thls of course requirc^s proper reinforcement for négative as 
well as positive moments. 

In the circular form a wire mesh is convenient, especiaUy 
for small diameters. A single mc^sh will be sufBcient, placed 
near the intrados at top and bottom and near the extrados 
at the sides, crossing the central axis at about the quarter 
point. 

In the rectangular form, if reinforcement for négative moments 
at the corners is omitted, then the four sides will act as simple 
beams, the concrète cracking more or less on the outside near 
the corncTS. 

Longitudinal reinforcement should be provideil to some 
ext(înt. Where foundations are good a very small amount will 
be sufficient, but if settlement is likely to occur the longitudinal 
rcûnforceiiK^nt bcîcomes of much imf)ortance. The entire cul- 
vert will act as a beam subjected in the main to positive bend- 
ing monHîiits. Most of th(î reinforcement should therefore be 
placed along the tottom of the culvert. 

20 la. Tests of Reinforced Concrète Rings and Culvert 
Pipe. — Large» reinforced concrète rings and pipe hâve been tested 
by Professor Talbot, with results agreeing dosely with the 
theoretical analysis of Art. 199. Loads were applied in two 
ways, (a) as concentrated loads, in which the pipe was sup- 
portée! along an élément at the bottom and the load was applied 
along an élément at the top; and (b) as distributed loads, in 
which the pressures at ])()ttom and top were distributed as 
uniformly as possible over the entire horizontal projection of 
the pii)e by means of a carefully constructed sand box.* Thèse 



* For full détails see Bulletin No. 22, Eng. Exp. Sta., University of 
Illinois, 1908. 
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methods of loading correspond to thc cases of concentratcd 
and distributed loads discussed in Art. 199. AU rings and pipe 
were 48-in. internai diameter and 4-in. thick, the rings being 
24 in. long, and the pipe sections 102-104 in. long. The latter 
were made with the usual bell end. The reinforcenient con- 
sisted of J-in. comigated bars exeept in No. 982, inwhich 
i-in. bars were used, and in Ne. 988, in which No. 3 Clinton 
wire mesh was used. The rings were made circular and the 
reinforcenient placed near the intrados at top and bottom and 
near the extrados at the sides. In the pipe, the reinforce- 
nient was made circular and the concrète cast with a vertical 
diameter 4 ir. greater than the horizontal, giving a similar 
relative j)osition for the reinforcement. The results are given 
in Tables 23 and 24. In thèse tables the value of t is the 
net or effective thickness of the pipe as measured to the center 
of the steel. In the last column of Table 23 the theoretical 
strength is the strength calculat^d by means of eq. (5), Art. 199, 
assuming the bending résistance of the pipe to be .87 Afst per 
lineal foot, using the yield-point of the steel for the value 



Table No. 23. 

RESULTS OF TESTS ON REINFORCED CONCRETE RINGS. 

(Talbot.) 

(Concentrated Loads.) 

Diam. of rings = 48 ins. ; thickne8s = 4 ins.; âge 1-3 mos. 





Renforce- 


Load at 


Maximum 




Ratio of 


No. 


ment. 


Finit Crack. 


lA>ad, 


t inches. 


Theoretical 




Per Cent. 


Lbs/lin.ft. 


Lb»/lin.ft. 




to Actual 
Strength. 


92() 


0.73 


1500 


2850 


2.75 


1.12 


928 


0.80 


1400 


3550 


2.5 


0.82 


9:n 


0.73 


2150 


2.500 


2.75 


1.28 


9;^2 


0.00 


1500 


3000 


3.0 


1.10 


9:?3 


1.00 


1170 


3170 


2.0 


0.73 


9:u 


0.80 


1300 


3150 


2.5 


0.92 


952 


1.00 


1000 


2350 


2.0 


0.99 


953 


0.89 


1200 


3000 


2.25 


0.73 


971 


0.73 


1500 


4120 


2.75 


0.77 
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Table No. 24. 

RESULT OF TESTS ON REINFORCED CONCRETE RINGS AND 

PIPES. 

(Talbot.) 

(Distributed Loads.) 

Diam. of rings and pipe — 48 ins.; thickne8s = 4 ins.; âge of rings 1-3 mos.; 
âge of pipe 4-6 months. 

REINFORCED CONCRETE RINGS. 



No. 


Rein force- 
ment, Pcr 
Cent. 


Load at 
Firet Crack. 
Lbslin.ft. 


Critical 

Load. 

Lbs/lin.ft. 


Maximum 

Ix>ad. 
Lbs/lin.ft. 


/ inches. 


Ratio of 

Theoretiral 

to Actual 

Strençth at 

Critical 

Load. 


923* 


0.80 


2250 


7000 


10500 


2.5 


1.06 


921 


0.80 


3500 


10000 


23500 


2 5 


0.74 


922 


0.80 


3250 


10000 


18500 


2.5 


0.74 


927 


0.80 


3250 


8000 


26000 


2.5 


0.93 


951 


0.80 


3200 


9000 


25000 


2.5 


0.83 


972 


0.73 


4500 


8000 


17500 


2.75 


1.03 


976 


0.66 


4000 


9000 


19000 


3.0 


0.99 


977 


0.66 


4000 


10000 


21000 


3.0 


0.89 



REINFORCED CONCRETE PIPE. 



981 


0.66 


8360 


19500 


31500 


3.0 


0.55 


982 


1.39 


10960 


15000 


24800 


3.0 


1.49 


983 


0.66 


4950 


12500 


23800 


3.0 


0.86 


988 


0.88 


6700 


9000 


31400 


3.0 





* No latéral restraint. 



of /.. This was taken at 46,400 lbs/in2 for the rings and 
55,000 lbs/in2 for the pipe. The tests showed that the primary 
cause of failure was the failure of the steel in tension. In 
Table 24, similarly, the theoretical strength is determined on 
the basis of eq. (1) of Art. 199. In the case of the distributed 
load tests the '^ critical load " was estimated as the load 
beyond which the increased résistance was primarily due to 
increased latéral résistance of the sand filling and not of the 
ring or pipe itself. The ultimate résistance would obviously 
be chiefly dépendent upon the character of the filling about 
the pipe. 
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The results of the concentrated load tests show close agree- 
ment between the theoretical and expérimental values. This 
means merely that the resisting moment of a pipe may be 
taken the same as that of a straight beam of the same thickness 
and reinforcement. The tests under distributed loads show 
that the theoretical strength can be secured by very carcful 
bedding and testing. It would seem that in practice nothing 
should be allowed for latéral support and that the theoretical 
moment of 1/16 pcP may be used if the filling and beddng 
are carefuUy done. If poorly done a larger bending moment 
will exist and will need to be considered. 

202. Illustrative Ezamples. — Fig. 126 illustrâtes a simple 
beam bridge or " trestle**' on the Chicago, Burlington and 
Quincy R.R.* The girder consists of a slab twenty-four inches 
in thickness, reinforced as shown in the illustration. The piers 
are separate structures. 

Fig. 127 represents a concrète highway bridge as an ovcr- 
head crossing of the Big Four R.R. This design illustrâtes 
the deep girder with floor-slab reinforced transversely, and also 
the '* trestle *' in which the piers are columns built as one pièce 
with the girders.f 
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CROM SECTION 




Fia. 128. 



Fig. 128 illustrâtes a standard design for a monolîthîc box 
culvert. It is not reinforced for négative moment at the 



♦ R. R. Gaz., Vol. XL, 1906, p. 713. 
t R. R. Gaz., Vol. XL, 1906, p. 497. 
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corners. This form of construction is applicable to many other 
structures as subways, tunnel linings, etc. No spécial con- 
sidération of thèse various applications of the reinforced beam 
is required in this place. A clear understanding of the gênerai 
principles of reinforced concrète design will enable the détails 
to be suitably niodified to nieet the conditions of the case. 



CONDlTrS AND PiPE LiNES. 

203. For conduits not under pressure, large sewers and the 
like, reinforced concrète lends itself to convenient and economi- 




lU 1^«:^ 



Fio. 12a 



cal construction. As to the analysîs and design, thèse struc- 
tures are only sjxîcîal cases of the monolithic pipe or box 
discussed in preceding articles. The character of the foundation 
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and convenience in construction will lead to varions modifi- 
cations of design. 

Fig. 129 is a typical cross-section of a large sewer for Harris- 
burg, Pa. A mesh of expanded métal is used for reinforce- 
ment, arranged to resist positive moments excepting at bottom 
and corners. 

Fig. 130 illustrâtes a large conduit of the Jersey City Water 
Supply. This section is employed where the bottom is soft, 
spécial reinforcement being used in the invert. The position 
of the reinforcement to carry |X)sitive moments at crovvn and 
négative moments at sides should be noted. 

Reinforced concrète has also been used to some extent for 
pipes under pressure, but it is very difficult to secure impervious- 
ness under heads of considérable magnitude. In pressure 
pipes the tensile stress is entirely taken by the steel, the concrète 
furnishing merely the impervious layer and resisting bending 
due to earth loading. 

Tanks, Réservoirs, Bins, etc. 

204. For covered réservoirs reinforced concrète is very well 
adapted. The rectangular form with flat cover is usually the 
most convenient; its design in volves the same features as build- 
ing design with the additional one of imperviousness. Elevated 
tjwers and tanks niay also be made of concrète, but high 
pres^sures are difficult to deal with. 

Bins and coal pockets are structures for which concrète is 
well adapted. For the storage of coal unprot^cted steel is not 
durable, but reinforced concrète furnishes an almost idéal 
material, lending itself readily to the necessary form for strength 
and furnishing the desired durability. 

Reinforced concrète is advantageously used in other minor 
fonns of structures and structural éléments. Notcworthy 
among such uses are its cmployment for i)iles, fence posts, and 
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j)ol(»s for varioas purposes. For.piles it is especially advantago- 
ous m situations where continuai subniergence is not certain. 
For further illustrations the reader is referred to the largcr 
Works on tlu» subject and especially to the American works of 
Messrs. Buell and Hill and Mr. Reid. 



CHAPTER XI. 



REINFORCED-CONCRETE CHIMNEYS. 

205. General Description. — Over 400 reinforced-concrete 
chimneys hâve already been built in America, one at least 
350 ft. high, and 18 ft. in diameter. Fig. 131 
représenta the gênerai features of such 
chimneys as usually built; they are the 
shaft or outer shell, the base, and the lining 
or inner shell. 

The outer shell is usually made of two 
or more thicknesses, the maximum thick- 
ness being about 12 in. in a large, tall 
chimney, and the minimum is as small as 
4 in. in some. Outer shells are usually built 
with an offset at the top of the lining to 
avod a large change in internai diameter, 
and for architectural effect, but as an offset 

J's a weak place unless very well reinforced, 
some chimneys havc been built with uni- 
I form outer diameter. Shells are generally 

^ made cylindrical, but at least one firm of 

builders advertises taper or conical chim- 
neys. 

Bases are generally square or octagonal 
in plan, and thinner at the perimeter 
than at the shells; but small bases hâve 
been built unifonn in thickness for sim- 
plicity, and large ones hâve been built 
thin near the center as well as at the 
perimeter to effect a saving of con- 
FiQ. 131. crête. 

Linings for the protection of the outer shell from excessive 
beat, were built to the top in some of the earlier chimneys. 

398 
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Now they are gcnerally built to about one-third the height; 
but there are soine ch mneys in use without any 1 ning. There 
s no rigid connection bctween the shells except at the base, 
hence the hning is free to expand and contract and is not 
subjectod to wind stresses. The thickness is generally 4 or 
5 in. and the air sj)ace between the shells is made as small 
as the forniing will allow, about 4 in. The air space com- 
municates with the outer air through vent holes. 

2o6. Design of a Chimney. — The inner diameter and the 
height of the chimney are determined by the requirements of 
draft and capacity — matters which do not fall within the 
scoiH* of this work. 

The outer shell may be made 4 to 6 in. at the top, depend- 
ing on the diameter, the thickness to be increased one or more 
timos in the height as required. While many changes in 
thickness would resuit in a saving of concrète, it must be 
noted that each change means an altération in forms and 
hence an expense. Thicknesses are chosen tentatively, also 
amounts of reinforcements, both vertical and circumferential, 
and then various sections are investigated for stress. Methods 
for Computing wind and température stresses are explained in 
Arts. 207-209 and 211-214. 

A base should be made with such an extent of bottom 
that its great(»st pressure on the earth due to weight of chim- 
ney, weight of earth filling over the base, and wind pressure, 
will not exceed the permissible limit; and the base itself must 
be strong enough to withstand the pressures on its top and 
bottom. Methods for investigating thèse points for a given 
base are explained in Arts. 215-217. 

Linings are designed, as yet, by précèdent. In the report 
on his investigations of reinforced-concrete chimneys,* Sanford 
E. Thompson recommends that for températures above 750° F. 
firo-brick be used for linings, but for lower, suitable cément 
mortar may be safely used. Inasmuch as a number of outer 

♦ For abstract, see Eng. News, Jan. 9, 1908. 
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shells hâve cracked badly near the top of the lining, he sug- 
gests that linings be built higher than one-third the height 
or else that the outer shell be extra-roinforeed near the top 
of the lining. No reports of injured linings were reeeived 
by him. The usual thickness, 4 in. for moderate heights, 
and the reînforcements used would seem adéquate but it 
should be noted that comparatively few owners hâve examinêd 
the linings of their chimneys. Published descriptions of 
reinforcements are meager. In one Hning, 90 ft. high, the 
percentage of hoop steel is J and the hoops are spaced 20 in. ; 
in another 60 ft. high, it is J% and the spacing is 36 in. In 
the latter the percentage of vertical steel is 1.8. 

207. Wind Stresses in the Outer Shell.— On a horizontal 
section of a chimney sustaining no wind pressure, the " fiber 
stress " in the concrète is a uniforni compression. Wind 
pressure changes this uniform stress, incrcasing the înten- 
sity of the compression on the lee side and decrcasing it on 
the windward. The decrease may be larger than the pré- 
existent intensity, the net resuit being a tcnsile stress. Two 
cases will be distingulshcd ; in both it is assumcd, just as in 
the most widely used floxure formulas for the working strength 
of an ordinary reinforced-concrete beam, that the fiber stress 
is a uniformly varying one. 

Notation. — In this connection see Figs. 132 to 136. Also let 

A = arca of chimney section under considération; 

Aa= ioi^l aroa of ail steel sections therc; 

'P7 = wcight of supcrincumbent portion of chimney; 

P = wind pressure on that portion; 

A/ = bending moment at the section; 
e= distance from the center of the section to where the 
résultant of the wcight and wind pressure cuts the 
section, ^' eccentric distance^'; 

/c = unit stress in concrète adjacent to the steel at lee side; 
y/ = unit stress in concrète adjac(^nt to steel at windward side; 

/=unit stress on concrète at the lee side; 

/'=unit stress on concrète at the windward side; 
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/, = unit stress on steel at the windward si de; 
m = a coefficient such that fc^mW IA\ 
m' = a coefficient such that/c' = m'W/A; 
p= steel ratio, î.e., AJA) and 

n= ratio of modulus of elasticity of steel to that of concrète 
(taken as 15 in ail numerical work following). 

203. — Case L The stress at the windward side is compressive 
or a tension of low intensity, say, 50 lbs/in.2 This case obtains 
m ail sections where the résultant of W and P falLs within 
or not far without the kem* of the section. (The kem is a 
circle concentric with the hoUow circle, its radius being 
}r2[l-f (ri/r2)2]. Since in chimneys r,/r2 is nearly 1, the 
kem radius is nearly \r2] it may be taken as \r), Fig. 133a 
represents the variation in the concrète stress (wholly com- 
pressive) when the résultant faUs well within the kem, and 
Fig. 1336 represents it (part tensile) when the résultant falls 
outside. I 

First Method, — This is carried out graphically by means 
of a diagram (Fig. 132); it will be described by examples, 
and then the analysis on which the diagram is based will 
be given. At the base of the diagram there are given values 
of the cccentricity, e/r from to 0.8 ; at the left side values of 
the coefficient m, and at the right values of the coefficient m'. 



* Imagine ail the forces acting on either side of a section of a beam, or 
column, etc., to be compoimded into a résultant /?, or if that is impossible, 
into two forces: one, A', perpendicular to the section and one in the sec- 
tion (always possible). If /? or \ ciits the section at its centroid, then 
the normal stress at the section is ail one kind, tension or compression, 
and it is a uniform stress. If R or X cuts the section and not very eccen- 
trically, then the normal stress will still be of one kind but it will not be 
a uniform one. That part of the cross-section within which R or A' must 
eut the section in order that the normal stress may be of one kind, is called 
the kern of the section. 

When the normal stress varies uniformly, then the kem for any section 
can be determined easily. For this kind of normal stress the kem for a 
hollow circle is described above and for a square an octagon and a circle 
in Art. 216. 
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Thi» obliciuo Unes relate to various j)ercentages of steel from 
to 2, and may be called '* percentage lines/' It will he 
notieed that there are no m' percentagi» lines for eee(»ntricities 
less than 0.5; for such sniall values, the stress // is coni- 
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pn^ssive (and less than /<•) and there is no need ever to déter- 
mine th(\^e sniall values of fc. 

Examples. — (1) A rcinforced-concrete chimncy is 150 ft. high; its 
outcr diameter is constant and e(iual to 12 ft. 2 in.; thc upjjer 100 ft. 
of thc shell is 6 in. thick and the lower 50 ft. is 8 in. thick. At a 
section 50 ft. from the top the vertical reinforcement consists of sixteen 
5 -in. rods. The extrême unit stresses at this section are required, the 
chinmey l)eing under wind pressure assumed to be équivalent to 30 
Ihs ft^ of ''projected area." 

Taking the weight of concrète as 150 Ibs/ft', W is about 137,500 Ibs., 
and since -1/ is about 5,475,000 in-lbs., e = M/W = 39.S in., and p/r = 0.57. 
Since .4« = 7.07 in', and /1=2636 in», /) = 0.0027 = 0.27%. With thèse 
values of p and e/r, the diagram (Fig. 132) gives m = 2.06 and m' = 0.135; 
hence /=2.06 W/A = 107 Ibs/in», and / = 0.135 W/A=7 lbs/in^ This 
/' Ix^ing a small tension, the stress condition at the section under con- 
sidération does fall under Case I. 

(2) At the section 100 ft. below the top of the chimney the vertical 
reinforcement consists of forty-eight J-in. rods. It is required to déter- 
mine thc extrême unit stresses there. 

Herc W is about 275,000 Ibs., and M about 21,900,000 in-lbs.; 
hence e = M/W=^79.6 in. and e/r = 1.137. Since i4« = 21.2 in», and 
A =2036 in», /> = 0.008 = 0.8%. Thèse values of e/r, and p fall beyond 
the liniits of the diagram; hence the stress condition does not fall mider 
Case I probably. Substituting in eq. (6), it will be found that 
w' = 1.15; and hence /' = 1.15 17/^4 = 120 Ibs/in» approximately ; this 
b(»ing a high tension, the stress condition does not fall under Case I and 
the methods of Case II should be applied (see ex. 1, Art. 209). 
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Ancdysis for the Diagram. — In the case of a unifonnly 
varying stress, the average unit stress for any portion of the 
section ecjuals the actual unit stress at the centroid of that 
portion (or at any point of the section whose distance from 
the neutral axis equals that of the centroid). Hence the 
average unit stress in the concrète is iifc-\-fc); ako the 
average unit stress in the steel is ^(fc-\-fc')n (see Fig. 133). 
(It is supposed that the vertical steel is securely tied to the 
circumferential so that the fonner will not buckle.) 

And since the total stress on the section ecjuals ÏF, 

Wc+fc')A + h(fc-^f/)npA = W (1) 

In the case of a uniformly varying stress, the point of applica- 
tion of the résultant of the stress on any portion of the section 
lies at a distance from the neutral axis e(iual to the ratio 
between the square of the radius of gyration of the portion 
with respect to the neutral axis and the distance of the centroid 
of that portion from the same axis. Now the radius of gyra- 
tion of the concrète section is nearly the same as that of the 
steel circle (radius r), and hence the résultants of the concrète 
and steel stresses practically coincide. The square of the 
radius of gyration of this circle with respect to the neutral 
axis is ir2+(l — A)2r2 (see Fig. 133); hence the ami of the 
résultants with respect to th(î neutral axis is 

[ir2-f(l~A)V]/(l-A)r, 

and the arm with respect to thiî centor of the section is 

r/2{l — k). Since the suni of the moments of thèse two 

résultants with respect to the center equals the bending 
moment, 

Wc+fc^A^^^^+n^ . (2) 

From eqs. (1) and (2), it follows that 
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From the similar triangles in Figs. 133a and 1336, and eq. (3), 
ît f ollows that 

fj^ -/cA:/(2-A:)=/c(l-26/r)/(l+26/r), 

and îf thîs value be substituted in (1), then the équation gîves 



hence, aiso, 



l + 2e/r Ty. 
-^^=T+^Z' . • (4) 

^'^ 1 + np A (^) 



Since by définition, /c=wTF/A and fc^mfW/A, 

l + 2e/r . , l-2e/r .^. 

m=-ï— , and mf=-T-. . . • . (6) 

The straight Une in Fig. 134 was plotted from eq. (3), and 
ail Unes in Fig. 132 from eqs. (6). 

It should bc noticed that fc and fc are not the unit stresses 
for the extrême fiber; thèse latter might be obtained from the 
former and A; by proportion (see Figs. 133a and 1336), or by the 

Second Meihod. — This is the ordinary method for com- 
bining " direct '' and flexural stress; it givcs the unit stresses 
for the extrême fibers. Thus, / denoting the moment of inertia 
of the concrete-steel section about a diameter, computed as 
explained below, then 

W^ Mr2 
^"A + / ' 

, -, W Mr2 

and /' = j — J-. 

If, in a given instance, /' comes out négative, then the stress 
at the windward side of the section under considération is 
tensile. The greatest compressive unit stress in the steel is 
less than nf, and, if some of the steel is under tension, its 
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greatest tensile unît stress is less than nf. The first of thèse 
maxinia is safe if/ is safe, and the second is insignificant. 

In Computing the moment of inertia /, the steel sections 
must be weighted n-fold; thus let /c = moment of inertia of 
the concrète section with respect to a diameter, and /« = moment 
of inertia of ail the steel sections with respect to the same 
line, then /=n/« + /r. Instead of using the actual steel sec- 
tions to compute /, one may substitute with sufficient accuracy 
the section of a cylindrical shell rolled from the steel, the mean 
radius of the shell being r. Then, as th:» concrète sectional 
area is practically the same as the total, 

/ = nA,ir2-f^}(n2 + r22)=M(2npr2-fri2-fr22). 

For Ex. (1), / = i 2636(30 X 0.0027 X 702 + 672 + 732) = 
6,731.685 in^; hence /=111 and /'= -7 lbs/in2, the négative 
sign indicating tensile stress at the windward side. For 
Ex. (2), / = 6,970,000 in^/= 334 an(l/'= -126 lbs/in2. 

209. Case IL — The eccentricity is so great that the résultant 
stress at the windward side is a tension whose intensity is so 
high that the concrète has been cracked or is near the crack- 
ing stage; in other words, the tensile stress condition resem- 
bles somewhat that at the section of maximum moment in an 
ordinary reinforced-concrete beam under full safe load. In 
the computation for this case the tensile strength of the 
concrète will b(» entirely neglected, as is almost imiversally 
donc nowadays for concrète beams. 

Practical formulas for unit stresses based on this ** common 
theory " cannot be deduced for this case. But a diagram 
can be constructed by means of which unit stresses can be 
easily determined for any section of a given chimney; also the 
amount of vertical reinforcement required at any section of 
a given concrcîte shell can be readily determined by it. Such 
a diagram will now be described by example, and then the 
analysis on which its construction is based will be given. At 
the base (Fig. 135) thiTe are given values of *' eccentricity '' 
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e/r, and at the left side values of m, The curves relate to various 
percentages of steel, from to 4%, and will be called pereentage 
ines; and the straight Unes relate to various ratios of /,//« 
and will Ix» called ratio Unes. 

Examples. — (1) Ex. (2), Art. 208, will be used as illustration. From 
lis solution, 1^ = 275,000 Ibs., 37 = 21,900,000 in-lbs., p = 0.8%, and 
A«2.636 in» ; hence 6 = 21,900,000/275,000 = 79.6 in., and e/r=79.6/70 
«=1.14; also W/A = 104 Ibs/in». Now entering the diagram at e/r = 1.14, 
we trace vertically upward to a point corresponding to an 0.8 percentage- 
line, and then horizontaUy to the left side, taking out the value m = 3.65. 
We also note that the tuming point is practically at the 20 ratio-line. 
Hence /c = 3.65 X 104 = 380 Ibs/in', and /, = 20X380 =7600 Ibs/ in^ It 
may be noticed that fr is not the unit stress at the remotest fiber, and 
hence not the maximum compressive unit stress in the section. The 
maximum can be readily computed from 

/=/c4-(/c+/,/n)^/4r, 

in which t dénotes thickness of the concrète shell. (The formula may 
be deduced from similar triangles in the lower part of Fig. 136.) Hère 

/=3804- (3804-500) 6/280=399 Ibs/in». 

(2) How much vertical reinforcement is needed at the base of the 
chimney, the working strengths of concrète and steel being limited 
to 500 and 15,000 Ibs/in» respectively? 

W is about 450,000 Ibs., the wind pressure about 54,750 Ibs., and 
M about 4.106,000 ft-lbs.; hence 6 = 4,106,000/456,000=9 ft. = 108 in., 
and e/r = 108/09 = 1. .56. The section area A is 3490 in», and ir/.4 
= 130 Ibs/in-; hence if the amount of steel is just sufïicient to makc 
/c = 500, then m =500/130 = 3.85. Now entering the diagram at f/r = 
1.56 and m = 3.85, we trace vertically and horizontally from thèse places 
respectively, and note the intersection at about p = 1.9% and/«//c = 19. 
With this i>ercentage of steel, /, = 19X500 = 9500 Ibs/in*. (This is a 
low working stress; use of a thicker shell will make higher values 
possible without increase of amount of steel. Several trial sections 
with différent thicknesses may \yc quickly analyzed by means of the 
diagram, and an economical size determined.) 

Analysi.s for the Diagram.— The ring NPNQ (Fig. 130) 
represents a section of a chimney, NN the neutral axis, and 



410 



REIXFORCED-COXCRETE CHDCNEYa 



[Ch. XL 




XQX the compres^on area, the wind blowing from the rîght. 
In addition to the foregplng notation, let 

Ce = résultant compresive stress in 

the concrète: 
C« = résultant compressive stress in 

the Steel; 
T= résultant tensile stress in the 

Steel: 
Oe^arm of the résultant compres- 
sion Ce 4- C« with respect to 
the center O: and 
eu=arm of the résultant tension 
T with respect to the 
center O. 

The résultant normal stress on the section equals the bending 
moment, that is, 

Ce+c-r.=ir a) 

and (Cc-{-C.)ac^TMf=^M (2) 

Thèse two équations constitute the basis of the solution: how- 
ever, they must be modified considerably, and this will be 
done presently. Let 

Xi = distance from AW to the centroid of the arc XPX; 
X2 = ilû;tance from A\V to the centroid of the arc XQX: 
yi = railius of gjTation \i-ith respect to A\V of arc XPX: 
^2 = rai lia- of gjTation with respect to AW of anr XQX; and 
^= angle XOP. 
Xow the average unit compressive stress in the concrète is 
ftX2 1 -cas ^ T, that in the compressive stei4 is nfcX2 \l -r cos ^V, 
and that in the tensile steel is n/oTi/vl-cos^V. And since 
the area of the section of the compressive concrète is practically 
4.1_/?Vri. that of the section of the ciMnpressi\*e steel 
pA l-"^ t\ and that of the tensile steel pAO x. it foUows that 

Cc = A\l-0 ')fcX2 \l-rCOS O^r. 



Cm^pAI-O :r»n/cJ2 vl-cas^>r, 
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and r.=pi4(l9/r)n/cxi/(l +COS 0)r. 

Thèse values of Ce, C*, and T, substituted in eq. (1) give 

(1 -^/r)(l -f np)x2/r- (^A)np Xi/r= (1 + cos d)W/Afc. (3) 

From any source of information on the centroid of a circular 
are, it can be shown that 

/sinO \ j /sin» \ 

Xi=r(— 5 cos^l and X2 = r( -— 5+co8^l. 

Imagining thèse values substituted in eq. (3), it will be seen 
that the left-hand member is a function of d, n, and p only. 
Denoting this function by Fi(0, n, p), the équation can be 
written thus, 

. l + cosO W 

^'"¥,(0,71,^) A' ^^^ 

hence, also, 

1+C03» ^_ 

^=F,(^,n,p) (5> 

that is, m dépends on 0, n, and p only. 

Referring to statement in the preceding article about the 
point of application of résultant stress and to Fig. 136, it will 
be seen that 

at=yi^/xi-\-rcos0. 

And since the résultants Ce and C« are practically equally 
distant from the neutral axis, the arms of Cc-f-C, and C« are 
practically equal; that is, approximately, 

ac=î/2^/j2 — rcos^. 

If now thèse values of at and Oc and those for Ce-^C» and Tt 
be substituted in eq. (2), it ¥v41I reducc to 

W e 
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It can be shown that yi^-=r^l + ^ cos2e-l{sm2d)/d] and 
yj2 = ^1 -f. j cos 2^ + î(sin 20)/(;r-0)]. Imagining thèse values 
of yi and 1/2 substituted in eq. (6), it will be seen that the 
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left-hand inomber is a function of O.n, and p only. I>enoting 
this function by F^\d. n, /)\ the eijuation can be written, 

vl ^civs ^\t- r^W Afc = F2{0, M, ;>\ ... (7) 

Division of ev|, v"^ by t\|. yA^ gives 

^4^-^; (8) 

that 15, c' "^ dofx^nds on ^. n. and /> only. 

Equations ô' aiul ,S^ an^ the dt^inxi nuxiitications of 
evp. 1 and 2 . If Ivîh U^ plott<\l on a ^ l>aso fora g^^*en set 
of vaku^ of 'i and :' 'i - lô anvl :>-=iVOl. say\ a j\ùr of cunnes 
rvsuhs as sk^:oru\î in Fi^. 137. fr\^:n which may be taken the 
^"aIue of ^i for a:iy \-aluo of «r '*. Firially. if suoh simultaneous 
vïïduos of '^i ar.d «r - oorr^^ivnvUui: to one anvi iho sauie ^^due 
of ■ be taken otf frv^ni this j^ir of curvvs ainl thèse ^'ldues 



be rIo::ei; or, ar. € •- ^ei^t\ : 
of :he iia*r:a::.. Fu. Uvk. 
penrenta^' îir.es :a:i bx^ ■i-.ît: 
t-s^ rj^Av *oe 



^e r\^uî:in^ ourve is the 1*^^ Ui^ 

1:: a sîr.ùlar :r.A:uier the other 



rtiùr.^\l AS followvi: From 



The ra:io Ii 
çj^t'at :r^ar..j::es in '-b:* low^^r ixe: oc Fu. i;¥ t: bs rlain tha( 
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From this équation it appears that for fjfc^h^ say, and 
n=15, ^ = 60°, irrespective of the value of p. Now the values 
of e/r for ^ = 60°, and p=0, \, 1, IJ, etc., may be read off 
from the corresponding pairs of eurves (like Fig. 137), and 
thèse values of elr may be marked off on the corresponding 
percentage eurves in the diagram; the points so marked off 
fix the f»lfc = h Une. In a similar manner the other ratio 
Unes can be determined. 

Since kr=r—rcosO (see Fig. 136), k=l{l—cos0). From 
this formula and Fig. 137 the value of k may be obtained for 
any value of e/r and p=l%. In this way the 1% curve in 
Fig. 134 was obtained; and in a similar way the others. 

210. Wind Pressure. — Récent experiraents made on the 
Eiffel Tower and at the National Physical Laboratory of Eng- 
land show that the pressure per square foot on square flat sur- 
faces from 10 to 100 square feet in extent is 0.0032 times the 
square of the wind velocity in miles per hour. There is some 
évidence that the pressure on a cylindrical surface is about two- 
thirds that which would exist on an axial section of the cyUnder 
(**projected area'')- On the basis of the above, 20 pounds per 
square foot of projected area is a safe value for chimneys. The 
Prussian Régulations permit use of 17 pounds per square foot; 
in American practice considerably higher values are used. 

211. Température Stresses. — Fig. 138, which is from a 
photograph, shows plainly some large vertical and horizontal 
cracks in the outer sheU of a chimney. The vertical cracks 
are doubtless due to température and probably the horizontal 
ones also. For since the inner part of the shell is hotter than 
the outer, the inner tends to expand more circumferentially 
and vertically than the outer, so that it stretches the outer 
part and is itself compressed vertically and circumferentially 
by the outer part. If the circumferential or vertical tensions 
in the outer part are excessive, the concrète will crack on 
vertical or horizontal planes respectively. 

212. Circumferential Température Stress, — The foUowing 
are formulas for the greatest unit compression in the con- 
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chîmney; 

/c -- TKEcma îiiiii /rt = vKEvith, 
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139) for percentages of steel from 0.2 to 2, for proportionate 
depths of steel from 0.3 to 0.4, and for ratios of outer to inner 
radii from 1.1 to 1.2. Inspection of the diagram shows: 

(1) The higher the percentage of steel, the lower is the 
unit stress in the steel /« and the higher is that in the con- 
crète /c. 

(2) Increasing the thickness of the shell within practical 
limits decreases the unit stresses in concrète and steel but 
not materially, less than 10%. 

(3) Moving the steel inward from 0.3^ to 0.4/ decreases 
both unit stresses, from 10 to 20% depending upon the amount 
of reinforcement. 

Example. — The internai diameter of a chimney shell is 12 ft., the 
thickness of its walls is 6 in., the hoops are ^-in. rounds 10 in. apart, 
and are placed so that the center of the steel is 2 in. from the outer 
surface of the shell. What are the température stresses in steel and 
concrète due to a température différence of 200° F.? 

The percentage of steel is 0.1964/(6X10) -O.CXm- 1.3%, r,/ri-l.l, 

and ik' = 2/6-l/3. For A/ = 0.3, /)«1% and rj/ri = l.l, the diagram 

gives r7ic-=0.18 and m, -=0.375; for â:' = 1/3, rr«««0.19, and m, -0.40 

about. Hence if /Il -0.000006, JFc« 2,000,000 and ^, = 30,000,000 

Ibs/in», 

/c = 200X0.000006X2,000,000X0.19=456 

and /, = 200 X 0.000006 X 30,000,000 X .40 - 14,400 lbs/in>. 

Analysis for the Diagram. — In Fig. 139, MNPQ represents 
a portion of a horizontal section of a chimney and the center 
of the section. The ** neutral line *' represents the neutral 
(cylindrical) surface which is not stressed, within and without 
which the concrète is under compression and tension respect- 
ively. The distance of the circumfercntial steel from the 
outer surface of the shell is called k^t; r dénotes the radius 
of any circumfercntial '' fiber,'' C the total compressive stress 
on the vertical section MN per foot of height, and T the 
total tension in the circumfercntial steel per foot of height. 
Also let 
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^=thickness of concrète shell at the section under con- 
sidération; 

ri=inner radius of shell; 

r2 = outer radius of shell; 

T= différence of températures of concrète at outer and inner 
faces; 

K = coefficient of expansion of concrète and steel ; 

Ec=modulus of elasticity of concrète in compression; 

£«=modulus for steel; 

/c= température unit stress in concrète (circumferentiaJ) at 
inner face; and 

/«= température unit stress in circumferential steel. 

In this analysis the tensile value of the concrète is neg- 
lected and an average modulus of elasticity for concrète in 
compression is assumed for ail unit stresses, just as in com- 
putations on the strength of reinforced-concrete beams. The 
température gradient is assumed to be straight and the coeffi- 
cients of linear expansion for concrète and steel are taken as 
equal and constant for ail températures involved (see Art. 28). 
Furthermore, it is assumed that the thickness of the shell 
remains imchangcd and that the radii of aU circumferential 
filxîrs are increased equally. (Strictly this is not true for 
there are radial expansions and contractions accompanying 
the circumferential stresses, and then there is radial shorten- 
ing accompanying the radial compressive stress; but thèse 
are small and their observance is out of place in this analysis 
involving as it does, approximation of a larger ordcr. On 
account of the unequal vertical expansions there will be cir- 
cumferential expansion at the top, the chimney " belling *' 
out there, and some contraction lowcr down. In the follow- 
ing analysis, thèse are neglected; the rasulting error is prob- 
ably small exccpt for stresses near the top. The assumption 
that the modulus of elasticity is constant for the range in 
température may be quite erroneous, and if so, the analysis 
foUowing is in error; if the modulus is lower for the higher 
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températures then the actual unit stresses are lower than 
those hère found.) 

If Jr dénotes the radial increase mentioned, then the actual 
elongation of each cireumference is 2;r Jr, and the actual unit 
elongation is Jr/r. The température at the distance r from 
the center (reckoned from the température at the outer surface 
as zéro) is T(r2— r)/i, and hence the free elongation of the 
circle of radius r would be 2;rr/iLT(r2— r)/^ and the free unit 
elongation ivT(r2— r)/^. The différence between the free and 
the actual unit elongations is the prevented unit elongation, 
and hence the corresponding preventing unit stress in the 
concrète is 

f=[\{r2--r)K--^'^Ec; (1) 

for the steel, r becomes equal to r2—k'i and 

At the neutral surface /=0, and r=^ri-\-kt\ hence on substi- 
tuting thèse in eq. (1), it will be found that 

Ar = TK{l-k){ri+kt) (3) 

A value of the compression at the inner face may be obtained 
from (1) by substituting for r its value there and for Jr it^ 
value from eq. (3) ; the expression will reduce to 

/c=TÀ'^c[l-(l-W^l]^- (ir 

A new value of /, can be obtained from (2) by substituting 
for Jr its value from eq. (3) ; it will reduce to 

m^k){\+kt/r{) ■] 
/• = ^^^'l i^r,/r,)-kVr. "M' ' ^ ^^^ 

Thèse expressions for fc and /« contain only quantities ordi- 
narily knowm and k\ it remains to détermine k. This is done 
by means of the condition that C and T are equal. Now, 
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r+Jkl 
fUdr and T»-/«pl2/; and if in thesCi the values 

of / and /« from eqs. (1) and (2) be inserted, and the resulting 
expresâons for C and T be equated, and then if the opérations 
indicated in the équation be performed, the following may 
be arrived at: 

Jr^Ktt{k-ilfi+npkn{r2/t-kf)'i'[np+ir2/t-h^)logil + 

The logarithm is Naperian, or natural. E!quating this value 
of Jr to that given by eq. (3) and simplifying, one may arrive at 

Now thîs équation détermines k for ^ven values of kf, n, and 
T2/ri, and yet it cannot be solved for k on account of the 
logarithmîc terni. However, values of p can be determîned 
for given values of i, A/, n, and ra/ri, and thus a diagram 
can be made like the group of k curves (Rg. 139) but with 
much larger vertical scale, from which k may be taken off 
for any given case (p, k', n, r2/ri). Then this value may be 
used in eqs. (1)' and (2)' to détermine the bracketed coeffi- 
cients, that is, me and Wm, 

213. Vertical Température Stress. — A satisfactory analysis 
is not available; the following approximation indicates the 
" order of magnitude " of thèse stresses. Horizontal sec- 
tions through the unheated chimney are still horizontal after 
heating just as plane sections of a beam remain plane during 
bending. Henec the inner part of the chimney shell when 
hot is compressed while the outer part is stretchcd, and some- 
where bctween there will be a neutral surface whose distance 
from the inner surface is hère called kt (see Fig. 140). If 
the tensile strength of the concrète is neglected, then the 
entirc vertical tension must l>e ascribed to the stecl, and the 
neutral surface located between the steel and inner surface 
as shown. 
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The température différence between the inner surface and 
the neutral surface is rkj and the température différence 
between the neutral surface and the steel is r{\^k)\ hence 
the unit stress at the inner surface /e, and the unit stress in 
the steel /« are pven by 

fc^kzKEc, (1) 

and f.--{i-k)TKE. (2) 

To détermine k equate the total compression and the tota 
tension per unit of circumference; thus p denoting the (ver- 
tical) "steel ratio," or total vertical steel area divided by 

l/Neotnd 
^ Une 




FiG. 140. 

total area of cross-f^ection of the shell, then ikrKEekt'm 
(i—k)7KEspt, whicli siinplified and solved for k gives 

^•=^îp[\ (l-M//i;;)-ll (3) 

From this ocjuation the foUowing table was coniputed, n taken 
as 15: 



7' = 


0.05 ! 0.10 


0.15 


0.20 


0.25 


0.30 


0.35 


0.40 


/; = 


0.21 ! 0.20 


0.30 


0.32 


0.34 


0.36 


0.37 


0.38 



For 2% of stwl, r=200°. and A' =0.000006, fonnulas (1) 
and (2) give/c=770 and /, = 0500 Ibs/in-. 
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2 14. Chimney Températures. — Sanford; in thc report alludcd 
to in Art. 206,state8 that " the tcniperatiure in an ordinary chimney 
seldom exceeds 700° F. at the base and 400 to 500 is more usual." 

Wliatever the différence betwcen the températures of the 
chimney gas and the out<T air, the différence r between the 
températures of the concrète at the inner and outcr face ot 
the chinmey shell (on which the température stresses dépend) 
is less, for it is known that at the surfaces of a beat barrier 
there is a drop in température in the direction of the beat 
flow. And at the outer surface of a chinmey the drop is con- 
sidérable», as is known to any one who bas placed bis hand 
Uj)on the surface on a cokl day; to him it felt warm while 
the air température may bave been zéro or less. Lange* bas 
computed the température* drops at thc surfaces of some brick 
chimneys (varions diametcrs, thickness of walls, gas, and air 
températures) and wbîle the computations seem to be based 
on uncertain values of thermal conductivity, emissivity, and 
absori:)tion of the chimney material, still they are doubtless 
reliable enough to indicatc that the température différence 
for a concrète shell may be as little as 50% of the température 
différence for the chinmey gases and air. 

215. Bases. — In the two succeding articles there are ex- 
plainccl methods for Computing the maximum pressures 
botw(»en the base of a giv(»n chimn(»y ami its earth or stone 
foundation, and the strength of the base to withstand those 
pressures and the forces on its top. The notation is as follows 
(see also Figs. 141 and 142): 

]r = total weight of chimney and earth filling over the ba^e; 
il/ = \vind moment at thî* I)ottom of the base; 
il=area of the bottom of the base; 
p2 = niaxinuim unit pressure on lx)ttom; 
pi = minimum unit pressure on lx)ttom; 

r=kem radias of bottom in direction of wind; 

e=eccentricity at l)ottom of résultant of the wind pressure 
and W,e = M/W. 

* Der îSchonisteiubau. 
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2i6. Eartk Pressures. ^It is assumeci that the pn»ssure is a 
uniformly varying one. If the résultant of the wind pressure 
on the chimney, the weight of the chimney and earth fiUing: 
over the base cuts the kern of the bottom of the base, then 
there will be no tendency for the windward toe to lift, or, in 
other words, there will be no tendency to tension between 
the earth or rock foundations and the windward toe. Fig. 141 
shows the kems for square, octagonal, and circular bottonis. 
It is good practice to make the bottom, in a given case, large 
enough so that its kern will intercept the line of action of 






Fig. 141. 



the résultant R; howevtT, this is not an absolutely essential 
requisite for stability and safety. 

// the résultant R cuis the kern then the computation for the 
gréa test and Icast unit pressure is comparât! vcly simple. Thèse 
arc th(; formulas: 



W M 



W M 



P'=Â-^Tr ^"^' P^^ = J-Jr- 



(1) 



Evidently the greater pressure pi is a maximum when the 
kern radius is minimum; hence 2^1 is maximum when the 
wind pressure is parallel to the longest diameter of the base. 

// the résultant R does rwt eut the kern then there is a 
neutral axis as it were, that is, only a ])art of the bottom is 
under pressure. This noutral axis îs perpendicular to the 
direction of the wind pressurer Tlirce cases inv noted: 

(a) Square Ba.scv. — If the direction of the wind is parallel 
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io a side of the square, then the distance x of the neutral 
axis from the wîndward of the square îs 

, x==Kib-_e),, , •. x__.^_^„^_.._aX. 

and the greatest umt pressure is ; 

4 W ï 

P^~3(l-2e/6)62- ••••;• (2) j 

I 

Thèse formulas follow from two équations obtained by equat- 
ing the total pressure on the bottom to TF, and the moment 
of that pressure about the dîameter parallel to the neutral 
axis to M=W€, 

If the direction of the wind is parallel to a long diatneter j 
of the square, then the position of the neutral axis (see Fig. | 
142) is given by j 

6(l-ifc)-fA3-r' ^"^^i 

I 

and the value of the greatest unit pressure by 

^''l-k + llc' 6-'- • • • • ^^^ 

In Fig. 142 there are two curves markcd "square;" one 
gives values of k and the othcr values of m for use in pi =mW/ll^. 
E(\s, (3) and (4) were deduced from the same principles em- 
ployed to deduce (1) and (2). 

(6) Octagonal Bases. — Exact formulas are not practîcaL 
Since an octagon docs not diffcr much from a co-ccntric circle 
whosc diameter equals the niean of the greatest and least 
diameters of the octagon, it must be that the neutral axis 
and the greatest unit pressure for an octagonal bottom do 
not differ materially from those for such 

(c) Circular Bases, — In Fig. 142 there are two curves marked 
" circle; " one of thèse gives values of k and the other values 
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of m for use in pi^mW/A, A denoting area of the circle and 
pi the greatest unit pressure on it. 
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217. DeMgn of Bases, — Having determinod the diaiiiete'' 
of the base froni a considération of th(î earth pressures as 
explained in the i)receding article, it renia* ns to détermine 
thicknesses of the bases and the reinforcenient. Only rough 
approximate niethods are available. A chimney base is essen- 
tially a column footing for methods of the design of which 
see Art. 1G9. But while colunin footings are rogarded as 
always subjectetl to a uniform earth pressure, a chimney base 
should not Ixî so regardée!; and the outstanding cantilever 
part of a base should be figured for the earth pressure, dis- 
tribution obtaining with the maximum wind pressure as 
explained in the preceding article. Also while the colunm 
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is solid, the chimney is not; and in the lattcr case tensile 
stresses may arisc at the top side of the base at its center, 
Such tension will probabiy obtain when the înner diameter 
of the chimney is grcater than twice the length of the out- 
standing cantilever and no wind blowing. 
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